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Abstract

This paper addresses the problem of finding hedging strategies in an incomplete
market. We study the Féllmer-Schweizer decomposition of a life insurer’s liabilities
(involving stochastic mortality and financial profit sharing), splitting them into a
component that can be hedged on the financial market and a component that
cannot. Using Malliavin calculus tools, we obtain an explicit formula for each part,
and therefore a complete probabilistic description of both components of the lia-
bilities (the hedgeable and non-hedgeable). In addition to the optimal risk-mini-
mizing “hedging" strategy, it allows to compute various business-related
quantities, such as e.g. the risk margin (as defined in Solvency Il) associated with
the balance sheet. Two different models for the financial asset available for in-
vestment are considered.
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1 Introduction

The problem of hedging the balance sheet of a financial institution has drawn the scientific commu-
nity’s interest for many decades. In very simple cases, the classical theory describes a methodol-
ogy allowing to build a dynamic portfolio of financial instruments that perfectly hedges the balance
sheet. Such a portfolio does unhappily not exist when the framework becomes a little bit more com-
plex, that is when the market is incomplete. This question is meaningful, as the pricing of financial
assets is straightforwardly linked to the existence of these hedging strategies.

The market that we consider in this paper belongs to the problematic category: we study hedging
strategies associated with the liabilities of an insurer selling life insurance contracts. There is no
hope in perfectly hedging these liabilities with financial instruments, as they generate mortality risk
(and as the mortality-linked securities market is not sufficiently liquid).

The scientific community has proposed many different methods to overcome the incompleteness
problem. Among them, we consider in this paper the Félimer-Schweizer quadratic risk-minimization
approach. It starts with the following idea: it may not be possible to find a perfect hedging strategy,
but one can select among all imperfect strategies the less risky. Féllmer and Sondermann (in [7])
and Folimer and Schweizer (in [6]) showed that under some assumptions, for any conditional asset
H there exists a unique risk-minimizing strategy attaining H. This very nice result is however only
an existence result, it does not give the explicit expression of this strategy.

The point of this paper is to explicitly compute the Follmer-Schweizer optimal strategy in the case of
life insurer’s liabilities. The tool we use to achieve this goal is the Malliavin calculus. Our main result
is the explicit decomposition of the liabilities into two components, the first one being the hedgeable
part and the second one being the non-hedgeable part. Additionally to the optimal strategy, it gives
us a complete description of both parts and therefore grants us useful information about the non-
headgeable component of the liabilities. Hence we can compute, among many other quantities, the
risk margin of the insurer’s balance sheet as defined by the Solvency Il directive.

This paper is structured as follows. In Section 2 we describe the liabilities we consider throughout
the analysis. We then present the mortality model and the underlying assumptions in Section 4.
Our main decomposition result comes in two distinct variants. The first one, considering stocks as
available financial instruments, is described in Section 5, while the second one, considering bonds
as available instruments, is described in Section 6. A recapitulation of the assumptions made all
along the paper is given in Section 7. In Section 8, the error generated by our main mortality
assumption is analysed. A final conclusion is given in the last section, while the Appendix contains
a satellite technical lemma.

Notations. Throughout this paper we consider a probability space (2,PP). We will denote by
W, W! and W? standard Brownian motions on it. The space (Q,P) is equipped with the filtration
Z which is associated with the values of W' and W?: &, = o ({W{ :s€[0,1]}U{WZ:s€[0,1]}).
We will denote as usual the normal density and cumulative distribution functions by ¢ and ® re-
spectively. The notation D!? stands for the set of all Malliavin-differentiable random variables, and
D, D' and D? are the Malliavin derivative operators along W, W' and W? respectively. More de-
tails about these definitions and more generally about the Malliavin calculus can be found in [11]
and [12].




2 Expression of the liabilities

2.1 Pure endowments with profit sharing

We consider the liabilities of an insurance company selling life insurance contracts, or more pre-
cisely 1 year pure endowments. We consider contracts running from ¢ = 0 to ¢ = 1 and offering
to the insured a rate i on a capital Cy. The amount payable on survival is thus Cye’ = C;. The
liabilities of the insurer consist of two components: on one hand the guaranteed capital C; paid
on survival, on the other hand the profit sharing. We consider here a profit sharing based on the
financial results of the insurer only, i.e. we do not incorporate the mortality benefits in it, assuming
that the premium paid by the insured has been fairly computed.

Let us begin by determining the amount the insured will receive at ¢t = 1. Denoting by ¢, the
proportion of surviving insured in the portfolio with age x (that we will assume to be continuously
differentiable, the force of mortality is defined as u, = —mgf". We consider a stochastic mortal-
ity model, meaning that the force of mortality randomly changes with time: py4+s(S) = tx+s(s, W)
(where w € Q and s € [0,1]). This is the actual modelled quantity, i.e. it is for u that we shall choose
a model later on.

As the preceding definition implies

t
0,(t) =exp (—fo Hxts(S) dS),

the total number of surviving individuals in the portfolio is

Wmax Wmax t
Pi= ) Nly(= ) Nxexp(—f0 ux+s(s)ds),

X=Wmin X=Wmin

denoting by IV, the number of insured with age x in the initial portfolio and by wmin (resp. wmax) the
age of the youngest (resp. oldest) person in the portfolio.

If our study did not include the profit sharing, the amount payable by the insurer at the end at the
year would thus be L; = Py Coei. However we consider a framework where the insurer shares his
profit with his clients, giving them a capital surplus, which is proportional to the difference between
the returns generated by the assets and the liabilities (when this difference is positive). The total
amount to be paid by the company at the end of the year is hence

Sl Plei

L1:C()eiP1(1+,B(S——P_O) );
0 +

where f is the PS rate, i.e. the proportion of shared benefit, and S; is the market value of the

financial asset held by the insurer.

2.2 Reference age assumption

Unhappily, the plurality of the ages contained in the portfolio raises technical problems. As will be
seen in the following, the considered mortality model will assess to ¢, (t) a log-normal distribution.
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In the case of a portfolio containing insured with different ages, we would thus work with a sum of
several log-normally distributed stochastic processes, a framework which is very difficult to handle
(even in the case of the sum of only two log-normally distributed processes, no closed formula
exists for the distribution, and the numerical methods to overcome the difficulty are not very efficient,
see [2]).

For this reason, we assume that the effect of time is equal for every age, i.e. that we can write

Pxts(8) =K(X) + tz45(8),

where « is a deterministic function of the age, and X is a reference age chosen among the age
spectrum of the portfolio. Hence we obtain

Wmax t
Pi= ) Nxexp(—f0 ux+s(s)ds)

X=Wmin

Wmax t
Y Nxexp(—tK(x))exp(—fO u;cﬂ(s)ds)

X=Wmin

t
G(1)exp (—fo Hs+s(8) dS),

where G is a deterministic function. The impact of the assumption on the modelling is now very
understandable: as ¢;(t) is log-normally distributed, so is P;. It is clear that if the portfolio contains
individuals with the same age, choosing k¥ = 0 and X = x does the job. In the case where xk =0, &
can really be viewed as the age with average survival index:

Wmax

t Wmax t
Y. Nyexp (—f ux+s(s)ds) = ) Nyexp (—f Uits(S) ds)
X=Wmin 0 X=Wmin 0

whence

t Wmax Nx t
exp|— t+s(8)ds| = exp|— s)ds|.
p( fo Hi+s(S) ) x:%‘,min A p( f() Hx+s(8) )
Let us finally mention that this assumption has never been formulated in the literature to our best
knowledge. Section 8 is devoted to the analysis of the error it introduces.

3 Liabilities decomposition

The crux of this paper is the following decomposition of the insurer’s liabilities. As explained supra,
we will apply to L; the Folimer-Schweizer decomposition and then compute the resulting terms
using the Malliavin calculus.

From now on, we work under a particular probability measure. More precisely, we select one of
the martingale equivalent measures (being the risk neutral measure in Section 5, and the forward
neutral measure in Section 6). The stochastic process S we will handle, which is related to the
financial asset S of the insurer (in the first case it is the actualized stock price, in the second case
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it is the forward price of the bond) is therefore a martingale under this measure: there exists a
process K and a (maybe multidimensional) standard Brownian motion W such that

t
st:§0+f Ko dws.
0

On one hand, the Félimer-Schweizer decomposition (which actually reduces to the Kunita-Watanabe
decomposition as S is a martingale, see [14]) allows to write

r_ 1
LIZ[E[LI]+f 93d83+11:[E[L1]+f gdeSS+Il,
0 0

where 6, 6 and I, are martingales enjoying the following properties: 0 is square-integrable with
respect to S, 6 is square-integrable with respect to W and I; is square-integrable and orthogonal
to all integrals of the form [0 dWS. The term I, only different from 0 when the market is incom-
plete, stands for the component of L; which is not hedgeable on the financial markets (thanks to its
orthogonality property).

We now make a crucial hypothesis: we assume that the orthogonal term I; lives in a Gaussian
universe, i.e. that there exists a process ¢ and a (maybe multidimensional) standard Brownian
motion W such that

1
Ilz‘/(; é‘desI-

We thus obtain the decomposition

1 1
L :[E[L1]+f esdwss+f Esdw, (1)
0 0

On the other hand, we can consider the random variable L; as a functional of the n-dimensional
Brownian motion W = (W1,..., W"™). Assuming at this point that L; is sufficiently regular (this fact
will be a straightforward consequence of the chosen models for S and u, see infra), we can apply
to it one of the master results of the Malliavin calculus, the Clark-Ocone formula (see [11]):

1

n 1 . .
L =[E[L1]+f0 E[D;L|%) dW; =E[Li]+ 0 [E[D;Lﬂ%] dw. @)
i=1

As the Kunita-Watanabe decomposition is unique, there exists an integer k such that, upon rela-
belling of the indices,

wS=mwl,... wk),
wl=wk+l . wn.

The computation of the Malliavin derivatives therefore gives the explicit expression of the integrands
of the decomposition into hedgeable and non-hedgeable parts.
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4 Stochastic mortality model

Stochastic mortality models drive a lot of attention since the last decade. Among other authors
considering this topic, see [4] and [5].

We assume that the force of mortality process follows the same dynamics under the historical
probability measure as under the martingale equivalent probability measure. This means that the
mortality is not affected by the evolution of the financial market, its behaviour being the same re-
gardless the world (real, risk-neutral of forward-neutral) in which it is observed. This assumption
seems rather natural on short and midterms: the market conditions should not influence the popu-
lation’s rate of death. However it becomes much more doubtful when considering the long term.
One could indeed argue that bad economic conditions lead to bad life quality and thus bad health
care, which of course impacts the mortality. Everything is fine since we only consider here one
year contracts, but this limit should be kept in mind when trying to generalize our results to longer
contracts.

We impose now a dynamics to u in order to explicitly compute the decomposition terms. The model
we have chosen for the force of mortality is a one factor Vasicek model (for a discussion about the
mortality models, see e.g. [4]). As X has been previously chosen and won’t change, we write
Usz+: () = 1y when the context is clear.

Vasicek model for the force of mortality
dur=al@-u)di+oy, dw?,

t
o= pase 09 019 o, [ e aw,
N
2

o
felits ~ A prse ™09 4.0/(1 = 719, £ (1 - e_z"(t_”)) ,

peD“ and Dy, = oy

Parameters: o, a,0,0, > 0.

Remark. The Vasicek dynamics allows the modelled process to become negative. This would
result in an upward jump for the number of living individuals, which of course does not make any
sense. However the probability of such an event is rather low, and can be explicitly computed as in
the case of interest rates (see e.g. [3]). The scenarios giving rise to non-monotone populations will
thus be excluded from the numerical computations.

The force of mortality p only appears in the decomposition through another quantity, the process
¢, =exp(— [y sds). The following result gives the probability distribution of the latter.

Lemma 1. One has, foreveryO<v<t

-0 1] —eali-u)
;=10 exp 'UOT(e_‘”—e_“”)—O(t— v)) exp (_U”_[ ea aw?
v




and therefore

¢ —0 toy,
Llg, ~log | B2 (e — ey — 61— V),f £ (1-e 90y qu|.
l, a v a®

Moreover ¢ € D2 and

o
Dgl;= ftju(e_a(t_s) = Dys<t-
Proof. One can write

t
Zt:exp(—f /,Lsds)
0
t
:évexp(—f usds)
v

=0 exp (— fyt (Hoe™*+6(1-e™")) ds)

t prs
-exp(—apf j(; e_“(s_”)dWL%ds).
v

The multi-dimensional Ito formula for the product of two processes applied to [, e** dW? and —%ﬂs

gives
—at t e—av v t prS e—as
fe“udWL%:— fe“”dW5+f f e“”dWid(— )
a Jo a Jo v Jo a
te—llS N
[ Al o
v a 0

t S t e—as
:f / e s~ dWLfds—f —e™dW?.
v JO v a
Hence one obtains

t ps t]—eali-uw 1 !
f f e~ als—w dWL% ds= f - s dWL% - _ (Wt -W, _f e ai-u) dWL%)
v JO v v

e

a a
which allows to write

-0 r]—ealt-u
ft:Eyexp(uoT(e_‘”—e_“”)—G(t—v)) exp (—qu ¢
v

sz).
a u
We thus know the distribution of ¢;/¢,, conditionally to ¢, at every instant > v:

t 0'2

-0
¢, ~log NV (NO—(e_‘”—e_‘”’)—H(t— v),f —g(l—e_“(t_”)z) du).
a v a

Cy

ly
The Malliavin derivative gives:

t t
D} (f a- e‘“”‘”))dwj) =DiW; - e—‘”Dﬁf e dW?
0 0

—at ,as
=Xsst—€ € X<ty

whence the result follows using the chain rule (see e.g. [11] for details about Malliavin calculus
results). O
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5 First model: the asset is a stock

5.1 Model specification

In this section, we only work under the risk-neutral measure. We assume that the insurer’s financial
asset is a stock modelled by a geometric Brownian motion.

GBM model for the financial asset (in the risk-neutral world)
dSt = rStdt+0'SStth1,
1
S;=Ssexp ((r —~ Eai)(t— s)+os(W} — Wsl)) :

1
Se Ss ~log N ((r — Eo?s)(t— s),05(t— s)),

N

SeD"? and DSy =058t xs<t-

Parameters: Sg,r,05 > 0.

As the asset S itself is not a martingale, the quantity of interest in the following will be the actual-
ization of S:
Tt = e_”St.

It is straightforward to check that
dT; = osS,dW}, To = So,

1, 1 1 T;
T; = Tsexp —Eas(t—s)"‘US(Wt -Wg) |, ?
S

1
T ~log N (—Eag(t— s),05(t—9)|,
TeD"?, DsTy=05Tiys<t-

The insurer’s liabilities can then be rewritten as

, e'Ty Ppél
CoelPI (1+ﬂ(—1—1—) )
So Py )4

It is easy to show that L; € D2

5.2 Explicit decomposition

The following decomposition is rather technical. Corollary 3 shows the practical benefits of it. In the
following, we denote by [E the expectation under the risk-neutral probability P*.

Theorem 2. The Féllmer-Schweizer decomposition of L, is given by

1 1
L :[E[L1]+f E[D}Li|Fs] dWsl+f E[D3L,| %] dW?
0 0




i 1,
=Coe ' G(1)| exp v0+51'0

Bo + ao(vo +T5)

1
+ Be’ exp (—VO - ET%) )
\/1+2a373

ﬂ() +2a9(2vy + 4T(2)) )

— Be' exp (—2v - 273) @

1
N [ Cofose’™" G(1) Tl
So
0

1+32a375

Bs+as(vs+12)

1
- exp (—vs— ET§)® ] aw;
\/1+2a272
1
Coe!G(1)o y (e~ 419 — 1) 1
+ 0 ”a (!sexp (v5+5‘r§)
0
+ pe’ Tsls exp (—V —1‘[2)(1) ﬁs"'as(vs""[%)
S Soas
0 \/1+2a272
—2pe' (2 exp (-2vs—277)
+2a,2v,+412
| Pot2a@vs A7) )]dWsz,
\/1+32a272
where
-1
aS )
osvV1l-s
T, o
In PRI +5(1-9)
,68 = )
osV1—s
-0
vi=B ety —9(1 - 9),
a
1 0'2
2 _ M —a(l-u))2
S_fs ?(l—e A= du.

Proof. Let us compute successively every term of the decomposition. The liabilities L, can be
viewed as a functional of the two Brownian motions W' and W?, so that we will consider Malliavin

derivatives in two different “directions”.
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Derivative along W!. As the function x — (x— K). is Lipschitz, the chain rule allows to compute

, e'T, Pié
D}L1=D§(c0elpl(1+ﬁ( Lo )))
+

So Py
= Cpe' P1SD! (ﬂ - Pl—el)
So Py )y
_ CoeiPlﬁe’
= —So
_ CoeiPl,Be’
= —So

xmDy Ty

AMOsT1)s<1
denoting by M the set {x € Q: T1(x) = SoP; (x)e!™"}. Let s < 1. The derivative appears in the

Clark-Ocone formula through its conditional expectation:

CoelBosG(l)e"
E[D}Li %] = 0 ﬁsi E[61S1xmIFs]. (3)

In order to treat successively the two sources of randomness, let us define
Fsn =0 (W} tel0,shu{W?:te[0,11}).

This new o-algebra stands for the information available about W' until the instant ¢ = s and the
information available about W? until the instant ¢ = 1. By the law of iterated expectations, we have,
as Fs € Fs 1),

E[D;L1|%] =E [E[DiL1| Fis,p)] | Fs]. @)

We therefore first consider the expectation with respect to the new filtration. The crucial point is of
course that P is % s,1)-measurable:

CgeiPlﬁ CgeiPlﬁase’

E [D§L1|j(s,1)] =k ymose’ T1|9(s,1) = S—O[E [)(MT1|§(s,1)]- (5)

As in the classical derivation of the Black-Scholes formula (see e.g. [10, Theorem 3.1.1]), we define
an auxiliary measure on (2, %) with the help of the Radon-Nikodym density: gﬁ* = A1, where the
process A is given by

2
_ Og 1
As =exp (—?s+aSWs )

By Girsanov Theorem, the process th = th —ogt is a standard Brownian motion under the new
measure P. Note that the asset’s dynamics is now

dT, =T, (o5dt +osdW}),
or

02 _ -
T, = Tsexp(?s(t—s)+05(th—Wsl)). (6)




We can now compute the conditional expectation:

E[TiymlFsn] =E

Texp|- %S0 ) gl 2
s€xp 2(1 ) +os(Wy —Wo) | xm|Fs1)

=T,E

oy 1 >
exp|——>(L=8)+asWi_g |y F(s,1)

= TS[E [Alﬂs_lleg(s,l)]
= TsEs [xm| Fs 1]
- TP [Tl > SOPlei_rITs,Pl] . (7)

as the Bayes Theorem implies (see e.g. [10, Lemma 9.6.2])

Ep+ [xmh | Fs)]
Ep+ [A1]|F (5]

Epe [MAS x| Fisn)] = =Ep [xm|Fsn)] -

We now use the dynamics of T under P given by (6):

2

- . - [ o - - .
P|T; = SOPle’_rITs,Pl] =P | Tyexp (?5(1 —8)+os(W} - WSI)) > SoPre | T, Py

[ i— 2
il SoPre™  Tsq _
W, In T, > (1-39)

v1- - osvV1l—-s

Il
N

Srpl

i 2
SoPre™" 5 _
In T, > (1—9)

osV1l-s

=1-®

2
T. [0}
lnw +78(1—S)

= )
osV1-s

as Wj is a standard Brownian motion under P. Gathering (5), (7) and the last equation, we obtain

. T o5
~ Coe'P1fogTse” lns Prei-" +7(1_3)
E[DsLi|F )] = — rer

So Usm
Let us come back to the conditional expectation with respect to % by recalling (4):
i r (Il 1%
Coe' P1fosTse —r T T
E[DlLy| 7 =k | DEDLISTC o) SR |5,
S() O'S\/m
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2
T. o
lnwsei—r-i_Ts(l_S)

Coe'BosTse"
= 200 PISISC Elpo Z| .
SO osv1—-s )

We can rewrite this expectation as

2
In—=—+Z5(1—5)
SoP1el " 2
E|PD F
osvV1—s :

Fs| .

T o5
=G/ E b - (81) + In g rome, * 2 19
- S

— @ ———=In|—
gs osV1l-s Zs osV1l-s

Lemma 1 (see the Appendix) ensures that ¢/ is log-normally distributed conditionally to 5. We
thus have to compute an expression looking like

E[R®(@InR+ )], 8)

where R is log-normally distributed and @, 8 > 0. Lemma 9 allows to obtain a closed formula for
this expectation. Gathering all the factors, we obtain

_Coei,Bche’G(l)Ts[S' 1, Bs+ as(vs+12)

E[D;Li| %] = S exp (—VS—ETS)(D
0 \/1+2a212

Derivative along W2, As the function x — (K — x) is Lipschitz, the chain rule implies

; e'Ty Ppe
D§L1:coe’D§(P1(1+ﬁ( L 1e) ))
+

So Py
. T, Ppél P1Be' D2(P)ym
= Coe' | D2(P (1+ (e ——) )— S
()e( s( 1) ﬁ SO PO . PO
. rTl Plei PlﬁeiXM
= Cye' D?(P (1+ (e - ) - )
. T, Plei PlﬁeiXM
= Coe' DZ(P (1+ (e - ) - )
Oe 5( 1) ﬁ S() PO n PO
Coe! G, (e~19 — 1) T ~
_ Goe'Goy, zl(1+ﬁ(e 1—zele’)ycM)
a So
Coe' Gy (e~ 19 — 1) ;
=20 s (€1+e’£1T1£)(M—2,Be’€§xM)
a So
Coe'G(1)o,(e7 179 —1
_ Goe'6) “; )(A+B—C).
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Let us successively compute the conditional expectation of the three non-deterministic terms A, B
and C.
The first one is not a problem, since it simply is the expectation of a log-normal random variable:

Y,
E[A|F,] = ¢(E [71

N

Fs

1
=/l exp (vs+ 51?)

The second one brings back to the computation performed for the derivative along W' (see Equa-
tion (3)):

r TTsl 1 + +72
[E[Blgs]:i—e[E[élTlle%]:—ﬁ - sexp(—vs——rz)cb Pt 25V + 1)
0 0 \/1+2a272

2 S
The third one can be treated in a way similar to the derivative along W', i.e. using the law of
iterated expectations and the technical lemma of the appendix. We write

, 01)? , 0\ -
E[C|F] = 2fe' (°E (71) xm|Fs| =2Be C°E |E ([—1) XM‘%S,D] ffs].
S N
Considering the expectation with respect to the “partial" o-algebra Fis):
(s,1)
01)? - 0:\? -
E (—) XM‘g(s,l)] =7 | E{xm 3%,1)]
l l
A :
= 71 Pl7 > Soe’_rpllTs,PI]
s |
[ i-r 2
O 1-s osV1—s ot
T o5
_ (h)zq) n SoPrel T > (1=9)
O osV1l-s
Hence the expectation with respect to F; gives
01)? .
E [E[(g—) XM'gz(s,l)] Fs
N
’ - o2
“[ (51)2(13 Inge=-20-9 &
‘gs O-S\/m ’
: T o5
_E (ﬁ)zq’ S ln(ﬁ)2+ T Rl | P4
gs 205V1—-s Zs osvV1-s :
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As €1/ is log-normally distributed, so is (¢1/¢5)? (with mean 2v; and variance 472). This expres-
sion is thus of the form of (8), and we can apply Lemma 9:

0\ |-
E|E 7. xm F(s1)
N

Bs+2as(2vs +4712)

\/1+32a272
with the same notations as previously.

Gathering the conditional expectations of the three terms A, B and C, we obtain the conditional
expectation of the Malliavin derivative:

Coe! G(1)o (e~ 19 — 1) 1
[E[DELILQS] = £ {ésexp (Vs"‘ET?)

Fs| =exp(-2vs—21%) @ (10)

a

Tl 1 +as(vs+T12
+ ,BeS sts exp (_Vs_ El_%)q) ﬁs s( s s)
0 \/1+2a212
Bs +2as(2vs +4712) }

\/1+32a272

Expectation. Remark first that combining (9) and (3), we have proved that

+2pe' 02 exp (-2v;—21%) @

Bs+ as(vs+72)

\/1+2a%12

1
[E[€1T1)(M|93] =T5€sexp(—v5—5‘r§)¢> (11)

Compute the expectation of L;:

e’ Ty Plei) )
0

E(L]=E

Coe' P (1+,6(

:coeiG(1)[E[£1(1+ﬁ( Tl—fle) )

=Cye' G(1) (rE[m |- Be'E [} XM])

The first expectation is easy to compute: it is the expectation of a log-normally distributed random
variable. The processing of the second and third expectations consists only in taking s =0 in (11)
and (10) respectively. Hence we obtain

E[L,] = CoeiG(l)(exp (vo + %T(Z))

( 1 2)q) Bo + ao(vo +T)

+ Sﬁerso exp|—vo—=T;
2 v/ 1 +2a010

0
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- eiexp —21/0—212 D
0

Bo +2ap(2vo +473) )

1+32a373

5.3 Optimal strategy

The preceding result being rather technical, it is necessary to underline its practical interests. The
strategies are given here as 2-dimensional processes ¢ = (8,1). In such a strategy, 6; describes
the number of units of risky asset held at instant ¢, and 7 is the amount invested in risk-free asset
at time t.

Corollary 3. Let g = g(Wl, W?) and h = h(W', W?) be the two integrands of the preceding
theorem, i.e. the previous decomposition of Ly can be expressed as

1 1
Ly =E[L] +f gsdw} +f hsdW?Z,
0 0
The unique risk minimizing strategy (attaining L) ¢* = (6*,n%) is given by

9* _ letgt
O'SSt ’
ni=e " (Vilp*)-0;S,),

where the value process V; writes

t t
Viip") =E[L] + f g dW! + f hy dW?.
0 0

Moreover the residual risk associated to ¢* is

1 1
f hdeSZ] =F U (hs)zds] .
0 0

Proof. The only detail that is not a straightforward consequence of the Félimer-Sondermann theo-
rem and Theorem 2 and that is left to prove is the expression for 8*. Recall that we have applied
the decomposition to the actualization of the asset process, i.e. T; = e~ "!S;. Using T’s dynamics,
we have thus

J=V

1 1
f gdeSI = —sde.
0 0

Tsos
The quantity of the asset T that the insurer should hold at instant s is therefore
gs _ ersgs o lesgS
osTs 0gSs ’ 058
in terms of S numeraire. O

Remark that, as we have an explicit expression for the non-hedgeable component of the liabilities,
it is straightforward to compute various business-related quantities, as e.g. the risk margin defined
by the Solvency Il directive: it suffices to compute the quantiles of this component by Monte-Carlo
simulations, asses the solvency capital (SCR) and finally compute the cost of capital.
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5.4 Numerical verification

We have run numerical verifications of the equality of Theorem 2 with the statistical software R. The
chosen parameters are those of Table 1.

Contract parameters Asset parameters Mortality parameters

Co 100 r 0.05 to  0.000797
i 0.75 os 0.1 0 0

i 0.06 So 1 a  -0.051085
G 1 o,  0.001343

Table 1: Parameters used in numerical computations

The parameters for the force of mortality u come from [13, p. 20], where the authors calibrate a
Vasicek model for the force of mortality using Italian life insurance premiums. The integrals have
been computed with discretization steps of 0.01.

We first present the result of two simulations (i.e. a couple of trajectories of (W', W?)), the first one

involving no insurer’s profit, the second involving positive profit sharing. The computation of the two
sides of the equality is given in Table 2.

Simulated quantity Simulation 1 Simulation 2

Left hand side (direct computation of L; ) 106.0980414 107.3920
Right hand side (decomposition of L) 104.2494689  109.4549

2 0.9991937  0.9985033
S1 0.9465239  1.077441
f...dawt -2.9243965  2.314875
f...dw? -0.0862554  -0.1200882
SP=(1+p(...)+) 0.00000000  0.01289534

Table 2: Results of numerical computations for two chosen simulations
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Next we show the evolution of the optimal strategy ¢* = (8*,1n*) across time in the case of Simula-
tion 2. The results are given in Figure 1, showing the trajectories of the stock price, of the mortality
and of the value process V;.

Finally we present the result of 100 simulations. The R software gives 107.2601 for the right hand
side expectation, while it gives 107.0981 for the average value of the left hand side. The empiric
mean of the two lto integrals is, as expected, very close to 0. Remark that approximations are
made in the computation of both sides of the equality: stochastic integrals are indeed also present
in the left hand side, as one needs to compute ¢;. The results, simulation by simulation, are given

in Figure 2.
Asset price Mortality Index
g - |
- S
_ &
o g T °
g 2
o'IIIIIIIIIIIIIIIIIIIII $IIIIIIIIIIIIIIIIIIIII
0 01 02 03 04 05 06 07 08 09 1 0 0102 03 04 05 06 07 08 09 1
Time Time
Units in the risky asset Units in the risk-free asset
‘C_> - -
T
g ® T
. LI
< _
©
rr17r17r17 17171711717 17 11T 17T TrT 1T T TTT SIIIIIIIIIIIIIIIIIIIII
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Time Time
Value process
o ]
> g
g |
rT 17T 17T T 1T T T T T T T T T T T T T T T
0 01 02 03 04 05 06 07 08 09 1
Time
Figure 1: One simulation of the modelled quantities and the evolution of the optimal strategy
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Asset price Mortality Index
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Figure 2: Hundred simulations of the modelled quantities in the first model

6 Second model: the asset is a bond

6.1 Model specification

We now assume that the risked asset available for investment is a zero-coupon bond, and that the
interest rate follows a one factor Hull-White dynamics.
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Hull-White model for the interest rate (in the risk-neutral
world)

dr,=bE() - r)dt+o,dW},

t t
re=ree P09 4 bf Eue P dy 4 arf e - qwl
0 0

t t
re|Ts ~W(rse_b(t_s) +bf cfue_b(t_”)du,aff e_Zb(t_”)du),
0 0

Parameters: ry, b,0, > 0 and &, a function allowing a calibration
fitting perfectly to the initial yield curve (see e.g. [3]).

As the quantity bearing interest for us is the bond price, we recall its distribution as it can be driven
from the dynamics of the interest rate (see e.g. [3, p. 76]).

Lemma 4. Under the Hull-White model, the price of the zero-coupon bond at instant t is equal to
S¢(M) = exp (A(t, M) — C(t, M)ry),

where

C(t, M) = %(1 - ebo-n),

P™(0, M) dInP™(0,t) o>
A, M) =In———— - C(t, M) ——— = — —LC*(t, M)(1 - e 2P%).
(t, M) P, 1) (t, M) T m (t, M)( )
Note that the bond that we consider as an investment opportunity for the insurer matures after the
end of the insurance contract, i.e. that 1 < M.
In order to properly apply the Kunita-Watanabe decomposition, it is necessary to handle a martin-
gale, so that we will consider the forward price (with respect to date ¢ = 1) of the bond:

S:(M)
S:(1)

FI(M) 1) =

under the forward-neutral measure P defined by the Radon-Nikodym density

dp
dp*

1 1 1
=exp (—arf C(u, l)dWJ—EU"ﬁf C(u, l)zdu)
0 0

as shown in the following result, namely Lemma 11.3.1 of [10].

Lemma 5. The process
t
w}!=w}! +0rf C(u,1)du
0
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is a standard Brownian motion under the forward-neutral measure. Moreover, the forward price
then follows the dynamics

dF,(M,1) = F,(M,1)y(t, M, 1) dW},

where
Y(t) M; 1) =0y (C(t) ]-) - C(t’M)))

hence ) -
F1(M,1) :FS(M,I)eXp(—f ¥(u, M, 1)dv'vl}—5f ¥(u, M, l)zdu).
N S

As M is fixed, we will simply write F; = F;(M, 1) and y(¢) = y(t, M, 1) when the context is clear.

6.2 Explicit decomposition

In the following, the Malliavin derivative D! has to be understood as a derivative along W', i.e. we
leave the risk-neutral world to enter the forward-neutral world. We will write E for the expectation
under the forward-neutral measure [P.

Theorem 6. The Féllmer-Schweizer decomposition of Ly is given by
1 1
L1 =E[L] +f E[D}Li|%s] dWsl+f E[D3L,| %] dW?
0 0

i 1,
= Cpe G(1)| exp v0+510

p
+ 30(1) exp

( 1 2)@ Bo+ ao(vo+ 1)
2

2.2
1+ ZaOTO

— Be' exp (—2vq - 275) @

ﬁg +2ay (2V0 + 4‘['(2)) )

\/1+32a372
1
B [coeiG(l)y(s)Ss(M)ésﬂ
i So(M)Ss(1)
Ps+as(vs+ TE)

\/1+2a272

1
Coe!G(1)o (e~ 419 —1 1
+[ [ oe Gou( )(ésexp(vs+—ri)
a 2
0

BSs(M)¢ (_Vs_l z)q) s+ as(vs+T19)

————— €X
SoDS,M) T ey

1 -
- exp (_Vs_ifi)q) ]dWSl
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—2pe' (2 exp (-2v;—277)

@ Bs+2a(2v, +41%) )] aw?
where
-1

ag = ,

S rw)? du

Ss(M) l 1 2
B = In So(M)elG(1)£5S5(1) t3 fs (y(w)* du
=

VS rw)? du

Ys=0,(C(s,1) - C(s,M)),

-0
vs:‘“'T(e‘“—e‘“S)—e(l—s),
10'2
I —all—1w\2
T§:£ ﬁ(l—e a1 qu,

The proof of this second decomposition theorem is similar to the one of Theorem 2, so we omit it.

6.3 Optimal strategy
As in the first model, the practical interest of the preceding theorem has to be emphasized.
Corollary 7. Let g = g(W', W?) and h = h(W',W?) be the two integrands of the preceding

theorem, i.e. the decomposition of I, can be expressed as

1 1
Ly =E[L] +f gsdw} +f hsdW?2,
0 0
The unique admissible and risk minimizing strategy ¢™* = (0*,n™) is given by
0* _ S%(l)gt
"0 Si(M)(C(, 1) - C(1, M)

* _ —TIt *y *St(M))
7 =¢ (Vt("’) Y5 )

t t
Vi(p") =E[L;] + f g dW! + f hy dW?.
0 0
Moreover the residual risk associated to @™ is

1 1
f hdeSZ] =F U (hs)zds] .
0 0

J=V
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7 Summary of our assumptions

We recall here all the assumptions we have made throughout our modelling methodology:

(Hyp) The considered contract is a 1 year pure endowment with purely financial profit sharing,

(H»2) The mortality index of the whole insured portfolio can be represented by an “average age"
mortality index,

(H3) The non-hedgeable part of the liabilities is normally distributed,

(H4) The force of mortality follows the same Vasicek model in the real, risk-neutral and forward-
neutral worlds (i.e. its dynamics is not affected by the changes of measure),

(Hs4) The financial risky asset is a stock, and its price follows a geometric Brownian motion in the
risk-neutral word,

(Hsp) The financial risky asset is a zero-coupon bond, the interest rate following a Hull-White model
in the risk-neutral world.

8 Succinct analysis of the mortality model error

We present in this section a succinct analysis of the error generated by Assumption (H>).

8.1 Numerical assessment of the error

We consider a portfolio containing three insured individuals, respectively aged 20, 40 and 60 years.

In [13], the authors give parameters for the three associated forces of mortality, as shown in Table
3.

Age Ho 6 a Op

20 0.000797 0 —0.051085 0.001343
40 0.001217 0 -0.106695 0.000199
60 0.010054 0 -—0.095001 0.001071

Table 3: Parameters of the force of mortality for the three consid-
ered ages
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With these parameters, we compare the two following variables: on one hand the real number of
surviving insured after one year (i.e. not using the approximation)

1
b= ) exp(—f0 ux+s(s)ds)

x=20,40,60

and on the other hand the approximated number of surviving individuals

1
Py =3exp (_fo H40+5(8) dS),

meaning that we have chosen X = 40. Figure 3 shows the comparison of 1000 simulations. The
error seems, in the very simple case, to be rather reasonable. The two first empirical moments of
the difference between the approximated and non-approximated quantities are equal to

f (P - P;) =-0.008355366 and & (P; — P;)=0.00383535004.

Table 4 gives the average number of surviving persons from an initial portfolio of 30.000 insured
that is uniformly distributed to the three ages, i.e. composed of 10.000 individuals of each age
class.

Age class Surviving insured Deceased insured
20 years 9991 9
40 years 9987 13
60 years 9894 106
Non approximated total 29872 128
Approximated total 29961 39

Table 4: Average number of surviving individuals in a portfolio of 30.000 contracts

8.2 Upper bound on the error

Here we present a theoretical upper bound on the mortality error considered above. As we will
see,this result can be used to optimally calibrate the mortality parameters.
We write

Wmax 1
b= ) Nxexp(—f0 ux+s(s)ds)

X=Wmin
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Survival Index: real (black) vs approximated (red)
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Figure 3: Error due to Assumption (H>) on 1000 simulations

for the real mortality (where N is the number of insured with age x in the portfolio at the beginning
of the contract) and

Wmax 1 1
Pi= ) Nyexp (—fo Uiss(S) ds) = Nexp (—fo Uiss(S) ds)
X=Wmin

for the approximated mortality (where N is the total size of the portfolio, regardless the ages).

Proposition 8. Assume that the integral of the force of mortality (i.e. the quantity —In ¢ ) is always
positive. Then one has

_ . Wmax S
V[Li(Py1,S1) —Li(P1,S)] < Cie* ) N,zc(\/[ﬁs—ll\/[lmx—ml]+\/
0

X=Wmin

S1 2
ﬁSO][E[Imx ml]

S, 2 1/2
+E 1+,6—] \/[Imx—ml]) ,
So
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where

my :/Ol,uxH(S) ds and m=f01#5c+s(s) ds.
Proof. First remark that for every y, m,m = 0,
1+ (y-%),)-x1+(y-x),)<A+yIx—xl.
Indeed, applying the mean value Theorem to the function x — x (1 + (y — x), ) = L(x, ), we obtain
F1+(y-x%),)-xQ+(y-x),) = Z—i(z,y)lfc—xl <(1+y)1x—x|

where z is between X and x.
Getting back to the liabilities, we thus have

. S L . S .
\Y Coe’Pl (1+,B(S—(1)—elpl) )—Coe’Pl (1+ﬁ(s—;—e’P1) )
+ +
T S L S .
= 2PV P1(1+,3(—1—e’P1) )—P1(1+,6(—1—e’P1) )
L SO + S() +
T S\, - ]
< C2ePly (1+[3—1)|P1—P1|
[ So ]
2 20y, | S| cm.  —m
< Cye'V Z Ny |1+ p— |e T—e |
| X=Wmin SO
2 g, | Cae S1
<Cie’'V| Y Ne|l+p—|Imy—ml|
| X=Wmin SO

applying the mean value Theorem again (to x — e~*). The result of the proposition is then obtained
by applying the two following classical equalities from the theory of probability:

« for random variables X;, Xy,..., X;, one has

Vv

n 2
Z\/[Xil“z) ;
i=1

n
ZX,'] <
i=1

« for two independent random variables X, X», one has

VX1 Xl = VXV Xo] + VX1 E[X,]* + V[ Xo] ELX))°.

O

This upper bound on the error possesses an interest from the theoretical point of view, but also
allows to perform an “optimal” calibration. Indeed, in order to minimize the error made with the
approximation (H>), it is possible to choose the parameters for the force of mortality uz used in
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the previous sections’ computations so that the preceding bound is as small as possible. We do
not present this computation here, because it is very heavy to write down but very easy on a
conceptual point of view. Remark that, as the force of mortality follows a Vasicek model, m, —
m is normally distributed, and thus |m, — m| is folded-normally distributed. The folded-normal
distribution’s moments are known in closed form (but their expression is rather heavy), so that the
determination of the optimal set of parameters should be an easy exercise.

9 Conclusion and prospects

In this paper we have shown how to blend Malliavin calculus with the Félimer-Schweizer decompo-
sition to obtain explicit results about evaluation and hedging in an incomplete market framework. In
particular, we have applied these techniques to the liabilities of a life insurer.

We have used this methodology in two different modelling frameworks. It is clear that they are
only examples of what could be made. Other models could clearly be considered. Notice that
our proof can be straightforwardly extended to any model such that the asset price process X is
adapted, log-normally distributed and with deterministic logarithmic Mallaivin derivative (i.e. such
that DIn X = DX/ X is a deterministic function).

Similarly, it should be possible to use different models for the force of mortality. We conjecture
that it is feasible for models of the affine term structure class, i.e. for models involving a survival
probability function which has the form exp(au + b), where a, b are real constants and p is the
force of mortality (as the Vasicek model we have chosen in this paper). For example, it should be
possible to apply our methodology to the Cox-Ingersoll-Ross model, even if the resulting Malliavin
derivative is rather complex (see [1]).

Itis also possible to extend our results by adding a random factor, e.g. by putting randomness in the
interest rate or in the asset’s volatility. Our attempts in this direction have given results technically
heavy and thus difficult to handle, but not infeasible.

In another direction, it is possible to generalize our theorem with the treatment of more complex
insurance contracts. This will certainly lead to heavier expressions, so that obtaining closed formula
as we did would only result from a miracle. Remark that the Féllmer-Schweizer decomposition, and
thus our entire approach, is only valid for conditional assets H paying only once, at the terminal
date of the contract. A generalization to more general financial cash-flows could perhaps be driven
from the results of [9], where the author treats insurance contracts having a more complex payment
structure.

One can also turn from the life insurance domain and apply these techniques to other incomplete
markets, such as damage insurance, handling e.g. inflation and IBNR amounts.
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Appendix

A Technical result

Lemma 9. Let N ~ A (u,0?). Then one has, for every a, € R,

,B+a(,u+02))
Vi+2a2a?2 )

The proof of this technical lemma is based on the following result given in [8, p. 891]: for every
p>0anda,beR,

E[exp(N)®(aN + B)] = exp (—u— %az) @(

—px? /1 a\/p
e P*®a+bx)dx=,/—d| ——]. 12
f[R p \/b2+p) (12)

Proof. We compute

)2
E[exp(N)@(aN + )] = “®(ax+ ﬁ)e—(zoén dx

1
e e
oV2n Jr

1 —x2—2(u+o—2)x+y2

D(ax+ pPe 202 dx

ovV2m JR
(u+a2)2— 2
e 202 —(a—(uto?)?
=—— | O(ax+pPle 202 dx
ov2rn JR

(o222

e 27 by 2
=——— | d(ay+pf+a(u+o’))ex? dx
oV2an JRr

(o222

e 202 2 2(1)
— V270
ovV2n

_u-lg?
:e”ZUdD(

B+ a(u+02)20?)™! )

vVat+(202)1
B+ a(,u+02))
V1+2a20?

using the change of variables y = x — (i + 0?) and then Equation (12). O
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