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Abstract English

In supply chain management, buyers (debtors) of goods or services are often granted a
delayed payment goal, known as trade credit, and the suppliers of the respective goods
or services are thus exposed to credit risk. Factoring is a financing decision by which
suppliers can eliminate that risk from their balance sheet. This service is typically of-
fered on a whole turnover basis; however, small and medium enterprises (SMEs) prefer
financing on a single debt level, and, hence, adverse selectionemerges as an additional
source of risk. Initially, as the trade-credit period we consider is typically not longer than
90 days, we assume a tractable one-parametric model for the univariate default times:
the exponential distribution. Hence, we let (
 ; F ; P) be a probability space supporting
d 2 N random variables � k ; k 2 [d], which we define utilizing their survival function

P(� k > t ) = e� � k t ; 8k 2 [d]; � k > 0; t � 0:

One possible multivariate extension of the exponential law that builds on its lack-of-
memory property is the Marshall–Olkin distribution , first derived in [153]. Overcoming
the implied complexity of the parameters, researchers have developed and derived a
connection between the (extendible) Marshall–Olkin distribution and Lévy subordinators
([149]). Using this connection, we let the portfolio-default model consist of n 2 N> 0 risk
factors with mn 2 N> 0 categories, respectively. This way, we can define the default time
for each company k 2 [d] as the first-passage time of a Lévy subordinator, L (k)

t , across
a unit exponential threshold:

� k = inf
n

t > 0 : L (k)
t > " k

o
:

After setting up the portfolio-default model, which allows us to efficiently simulate the
set of companies defaulting in [0; t], we set up a portfolio optimization problem for the
supplier. This approach is part of the class of bi-level optimization problems ([55]),
as we aim to find a price model for the factor by optimizing their opponent’s decision.
After defining the objective function g�

� (x), we state and solve the following optimization
problem:

min
x

g�
� (x)

s:t:
dX

k=1

xkM k � P � ;

x 2 [0; 1]d:
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Abstract English

We show strong convexity of this function and argue why it is necessary to use a sto-
chastic gradient descent algorithm to solve this problem. We conclude with almost sure
convergence of the underlying algorithm and derive conditions for both supplier and fac-
tor to enter into an agreement. This implies certain boundaries for the price, i.e., a price
interval. Next, we assume that in case of a default, the factor’s recovery value exceeds
the one from the supplier. Then, we show that the price interval for debtor k 2 [d], given
by

f k := E
h�

1 � � fac
k

�
1f k2 St g

i �
1 +  

�
;

satisfies the before derived interval conditions and enables the possibility to include a
dynamic part in the price. � fac

k represents the recovery value of the factor, St the set
of defaulted companies in [0; t] and  = c + m + ’ is a combination of management
costs, margin, and the dynamic part ’ . We then embed the simplest data-rich modeling
approach for ’ in our analysis, namely a linear dynamic pricing model with demand
covariates ([183]). In summary, we derive a lower and an upper bound for the price and
then show that it suffices to deploy a linear model as a mix of a static and a dynamic
part to cover both default and adverse selection risk.
In addition to the main project, a supplementary project is undertaken to develop a
method for companies to manage credit exposures using equity derivatives. This method
integrates existing risk models of companies with structured markets, aiming to identify
a partial exposure hedge through European put options. The optimization problem seeks
to determine the optimal strike price to maximize the correlation between the original
loss and the put option. We build upon the framework established by Merton ([160]),
defining default, and, hence, the loss X , via the stock price at maturity T , ST and a
newly introduced barrier B , i.e.,

X := C1f ST � B g:

The optimization problem we address is formulated as follows:

max
K 2 R+

Corr
�
X; P K

�

s:t: SCRX � SCRX � PK > P K; 0:

Here, PK denotes the value at maturity T of a put option written on strike K , and
X represents the identified loss we aim to hedge partially. We then investigate various
market dynamics with and without jumps, demonstrating that the above optimization
problem yields a unique solution in each scenario. Furthermore, incorporating such opti-
ons can reduce the Solvency Capital Requirement (SCR) despite their associated costs.
In conclusion, the thesis equips factoring companies, especially in the SME non-recourse
factoring market, with tools and methodologies to manage risks effectively. Risk mana-
gement companies can further utilize insights from the last chapter to develop strategies
for maintaining and partially hedging credit risk.
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Abstract German

Im Supply Chain Management wird den Käufern (Schuldnern) von Waren oder Dienst-
leistungen oft ein verzögertes Zahlungsziel gewährt, bekannt als trade credit. Die Liefe-
ranten der jeweiligen Waren oder Dienstleistungen sind somit einem Kreditrisiko ausge-
setzt. Factoring ist eine Finanzierungsentscheidung, durch die Lieferanten dieses Risiko
von ihrer Bilanz entfernen können. Dieser Service wird typischerweise auf Gesamtum-
satzbasis angeboten, jedoch bevorzugen kleine und mittelständische Unternehmen eine
Finanzierung auf Einzelforderungsebene, wodurch ein zusätzliches adverses Selektions-
risiko entsteht. Da der Zeitraum, den wir betrachten, typischerweise nicht länger als 90
Tage ist, nehmen wir zunächst ein eindimensionales Modell für die univariaten Ausfall-
zeiten an: die Exponentialverteilung. Daher sei (
 ; F ; P) ein Wahrscheinlichkeitsraum,
auf dem d 2 N Zufallsvariablen � k ; k 2 [d] leben, die wir durch ihre Überlebensfunktion
definieren:

P(� k > t ) = e� � k t ; 8k 2 [d]; � k > 0; t � 0:

Eine mögliche multivariate Erweiterung der Exponentialverteilung, die auf dessen Ge-
dächtnislosigkeit aufbaut, ist die Marshall–Olkin-Verteilung, erstmals hergeleitet in [153].
Zur Überwindung der impliziten Komplexität der Parameter haben Forscher eine Verbin-
dung zwischen der (erweiterbaren) Marshall–Olkin-Verteilung und Lévy-Subordinatoren
entwickelt ([149]). Unter Nutzung dieser Verbindung lassen wir das Portfolio-
Ausfallmodell aus n 2 N> 0 Risikofaktoren mit jeweils mn 2 N> 0 Kategorien bestehen.
Auf diese Weise können wir die Ausfallzeit für jedes Unternehmen k 2 [d] als die erste
Durchgangszeit eines Lévy-Subordinators über eine Exponentialschwelle mit Intensität
1 definieren:

� k = inf
n

t > 0 : L (k)
t > " k

o
:

Nach der Herleitung des Portfolio-Ausfallmodells, das es uns ermöglicht, effizient die
Menge der in [0; t] ausfallenden Unternehmen zu simulieren, setzen wir ein Portfolio-
Optimierungsproblem für den Lieferanten auf. Dieser Ansatz gehört zur Klasse der zwei-
dimensionalen Optimierungsprobleme ([55]), da wir ein Preismodell für den Factor finden
wollen, indem wir die Entscheidung seines Gegenübers optimieren. Nach der Definition
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Abstract German

der Zielfunktion g�
� (x) formulieren und lösen wir folgendes Optimierungsproblem:

min
x

g�
� (x)

s:t:
dX

k=1

xkM k � P � ;

x 2 [0; 1]d:

Wir zeigen die starke Konvexität dieser Funktion und argumentieren, warum es not-
wendig ist, ein stochastisches Gradientenverfahren zur Lösung dieses Problems zu ver-
wenden. Wir schließen mit fast sicherer Konvergenz des zugrunde liegenden Algorithmus
und leiten Bedingungen für sowohl Lieferanten als auch Factor ab, die einen Vertrag
garantieren. Dies impliziert bestimmte Grenzen für den Preis, d.h. ein Preisintervall. Als
nächstes nehmen wir an, dass im Falle eines Ausfalls der Recovery wert des Factors den
des Lieferanten übersteigt. Dann zeigen wir, dass das durch

f k := E
h�

1 � � fac
k

�
1k2 St

i �
1 +  

�
;

für Schuldner k 2 [d] gegebene Preisintervall die zuvor abgeleiteten Intervallbedingungen
erfüllt und die Möglichkeit bietet, einen dynamischen Teil in den Preis einzubeziehen.
� fac

k repräsentiert den Recovery wert des Factors, St die Menge der in [0; t] ausgefal-
lenen Unternehmen und  = c + m + ’ ist eine Kombination aus Verwaltungskosten,
Marge und dem dynamischen Teil ’ . Wir integrieren dann den einfachsten datenreichen
Modellierungsansatz für ’ in unsere Analyse; ein lineares dynamisches Preismodell mit
Nachfragekovariaten ([183]). Ein ergänzendes Projekt wird ebenfalls durchgeführt, um
eine Methode für Unternehmen zu entwickeln, Kreditrisiken mit strukturierten Deriva-
ten zu mitigieren. Diese Methode verknüpft bestehende Risikomodelle von Unternehmen
mit strukturierten Märkten und identifiziert eine partielle Absicherung des Exposures
durch europäische Put Optionen. Das Optimierungsproblem zielt darauf ab, den opti-
malen Ausübungspreis zu bestimmen, um die Korrelation zwischen dem ursprünglichen
Verlust und der Put Option zu maximieren. Wir bauen auf dem Model von Merton
([160]) auf, und definieren einen Ausfall und den dementsprechenden Verlust X , durch
den Aktienpreis zum Zeitpunkt T und einer neu eingeführte Barriere B ,

X := C1f ST � B g:

Wir untersuchen dann verschiedene Märkte mit und ohne Sprünge und zeigen, dass in je-
dem Szenario das Optimierungsproblem eine eindeutige Lösung liefert. Darüber hinaus
können solche Optionen trotz ihrer damit verbundenen Kosten den Solvenzkapitalbe-
darf (SCR) reduzieren. Zusammenfassend stattet die Thesis Factoring Unternehmen,
insbesondere im KMU Markt, mit Werkzeugen und Methoden zum effektiven Risikoma-
nagement aus. Unternehmen können ebenfalls die Erkenntnisse aus dem letzten Kapitel
nutzen, um Strategien zur partiellen Absicherung des Kreditrisikos zu entwickeln, die
die Stabilität und das Wachstum der Unternehmen in diesem Sektor unterstützen.
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List of Abbreviations

AIC The Akaike Information Criterion (AIC) is a method used in statistics
to assess the relative quality of statistical models for a given set of data,
favoring models that achieve a good balance between model complexity
and goodness of fit.

ANN Artificial Neural Networks (ANNs) are computational models inspired
by the human brain, consisting of interconnected layers of nodes that
process input data through weights and activation functions to learn
and make predictions or decisions.

BIC The Bayesian Information Criterion (BIC) is a criterion for model selec-
tion among a finite set of models; it is based on the likelihood function
and it penalizes models with more parameters as well as models based
on larger sample sizes, aiming to select models that are both simple
and have a high likelihood.

C4.5 C4.5 is an algorithm used to generate a decision tree by employing
information entropy measures to iteratively choose the attribute that
best separates the classes in the data, improving upon its predecessor
by handling both discrete and continuous attributes and pruning trees
after creation to avoid overfitting.

CART Classification and Regression Trees (CART) is a predictive modeling
technique that uses binary decision trees to make predictions by re-
cursively splitting the data into subsets based on the feature values,
creating a tree structure where leaves represent outcomes or predic-
tions.

CDO A Collateralized Debt Obligation (CDO) is a structured finance prod-
uct that pools together various types of debt, such as loans, bonds,
and mortgages, and issues tranches of securities with varying risk and
yield.

CDS A Credit Default Swap (CDS) is a financial derivative contract that
allows an investor to swap or offset their credit risk with that of another
investor.

CHAID Chi-squared Automatic Interaction Detection (CHAID) is a decision
tree technique that performs multi-level splits when assessing categor-
ical variables, using chi-squared tests to determine the best way to
segment or group the data based on the predictor’s association with
the outcome variable.
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List of Abbreviations

CPP A Compound Poisson Process (CPP) is a stochastic model used in
probability and finance, where the number of events follows a Poisson
distribution and the magnitudes of the events are determined by i.i.d.
random variables.

CVaR Conditional Value at Risk (CVaR) is a risk measure that quantifies
the potential extreme losses in an investment portfolio, representing
the average loss exceeding the Value at Risk (VaR) within a given
confidence interval.

DA Discriminant Analysis (DA) is a statistical technique used to distin-
guish and predict group membership by finding a linear combination
of features that characterizes or separates two or more classes of objects
or events.

DD Distance to Default (DD) is a metric used in finance to estimate the
likelihood that a company will default on its debt.

ES Expected Shortfall (ES) is a risk measure that estimates the average
loss that will occur in the worst-case scenario beyond the Value at Risk
(VaR), typically used to assess the tail risk of a portfolio.

LASSO The Least Absolute Shrinkage and Selection Operator (LASSO) is a
regression analysis method that performs both variable selection and
regularization to enhance the prediction accuracy and interpretability
of the statistical model it produces by constraining the sum of the
absolute values of the model coefficients.

LR Logistic Regression (LR) is a statistical model that estimates the prob-
ability of a binary outcome based on one or more predictor variables.

MDA Multiple Discriminant Analysis (MDA) is a multivariate dimensionality
reduction technique.

NIG Normal Inverse Gaussian distribution (NIG) is a continuous probabil-
ity distribution used in financial modeling to describe asymmetry and
heavy tails in the return distributions of assets.

RF Random Forest (RF) is an ensemble learning method for classification
and regression that builds multiple decision trees during training and
outputs the class that is the mode of the classes (classification) or mean
prediction (regression) of the individual trees.

RVaR Ranged Value at Risk (RVaR) is a risk measure that estimates the
potential loss in value of a portfolio over a given time period, calcu-
lated as the difference between the upper and lower percentiles of the
portfolio’s projected loss distribution.

SCR Solvency Capital Requirement (SCR) is the amount of funds that in-
surance and reinsurance companies are required to hold to ensure they
can meet their obligations over the next 12 months with a 99.5 per
cent probability.
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List of Abbreviations

SME Small and medium-sized enterprises (SMEs) represent 99 percent of
all businesses in the EU. The main factors determining whether an
enterprise is an SME are staff headcount and turnover or balance sheet
total.

SVM Support Vector Machine (SVM) is a classification algorithm that finds
the hyperplane which best separates different classes in the feature
space with the maximum margin, effectively optimizing class bound-
aries.

VaR Value at Risk (VaR) is a measure used to assess the level of financial
risk within a firm or investment portfolio over a specific time frame,
indicating the maximum potential loss with a given confidence interval.

XGBoost Extreme Gradient Boosting (XGBoost) is an advanced implementa-
tion of gradient boosting designed for speed and performance. It is
widely used in machine learning for its efficiency and scalability, pro-
viding enhanced model performance through optimized training and
regularization techniques.
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Preliminaries

Throughout this work, we apply several theorems and results that we recall below for
the reader’s convenience. Further, we introduce some notation for this thesis and list
artificial portfolios we use for our numerical analysis.

P1 Notation

� The dimension of a vector is denoted by d � 2. Further, by [d] we denote the set
containing all natural numbers up to d, i.e., [d] = f k 2 N : k � dg.

� We let I d = [0; 1]d = [0; 1] � : : : � [0; 1] be the d-dimensional unit box. In particular,
we have I = [0; 1] and I 2 = [0; 1] � [0; 1].

� R denotes the set of real numbers. Moreover, for d 2 N, Rd denotes the set of all
d-dimensional row vectors with entries in R. Whenever we deal with vectors, we
write them in bold, i.e., x = (x1; : : : ; xd) 2 Rd with its corresponding transpose
x0. For a; b 2 Rd we write a � b if ak � bk 8k 2 [d] and further a < b if
ak < bk 8k 2 [d]. Further, for a � b, we let [a; b] denote the d-box
K = [a1; b2] � [a2; b2] � : : : � [ad; bd], i.e., the Cartesian product of d closed intervals.
The vertices of a d-box K are the points c = (c1; : : : ; cd) where each ck is either
equal to ak or bk .

� A d-place real function H is a function with Dom(H ) � Rd and Ran(H ) � R.

� For some set A, we denote by B(A) the corresponding Borel � -algebra, which is
generated by all open subsets of A. The cardinality of a set A is denoted by jA j.
Subsets are denoted by A � B .

� A probability space is denoted by (
 ; F ; P), with count space 
 , � -algebra F ,
and probability measure P. E denotes the corresponding expectation operator.
The variance, covariance, and correlation operators are written as Var; Cov; Corr,
respectively. Random variables (or vectors) are mostly denoted by the letter X
(respectively X := (X 1; : : : ; X d)). As an exception, we write U := (U1; : : : ; Ud) for
a d-dimensional random vector with a copula as joint distribution function, i.e.,
Uk � U ([0; 1]) 8k 2 [d]. Elements of the space 
 , usually denoted by ! , are almost
always omitted as arguments of random variables, i.e., instead of writing X (! ),
we write X . Finally, the acronym i.i.d. stands for “independent and identically
distributed”.
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� The symbol � means “distributed according to”, i.e., X � exp(1) means that
X is an exponential random variable with unit mean. Further, for random vari-
ables X; Y , we denote by X d= Y , equality in distribution, i.e., for all x, we have
P(X � x) = P(Y � x).

� Univariate as well as d-dimensional distribution functions are denoted by capital
letters, mostly F or G. Their corresponding survival functions are denoted by
�F ; �G. As an exception, a copula is denoted by the letter C; its arguments are
denoted by (u1; : : : ; ud) 2 I d. The natural logarithm is denoted by ln.

� A stochastic process X : 
 � [0; 1 ) 7! R on a probability space (
 ; F ; P) is denoted
by X = f X t gt � 0, i.e., we omit the argument ! 2 
 . The time argument t is written
as a subindex, i.e., X t instead of X (t). This avoids confusion with deterministic
functions f , whose arguments are written in brackets, i.e., f (x).

P2 Theorems and results

Lemma 0.1 (Principle of inclusion and exclusion)
Let (
 ; F ; P) be a probability space. WithA1; : : : ; Ad 2 F one has

P

 d[

k=1

Ak

!

=
X

;6= I � [d]

(� 1)jI j+1 P

0

@
\

j 2 I

A j

1

A =
dX

k=1

(� 1)k+1
X

1� i 1 � :::� i k � d

P

0

@
k\

j =1

A i j

1

A :

Proof. See, e.g., [44, p.24].

Definition 0.1 (Coherent risk measure, [19])
Let (
 ; F ; P) be a probability space and letX be the space of random variables including
the constants. Further, we let� : X 7! R be a function satisfying the following conditions
for X; Y 2 X :

1. X � Y ) � (X ) � � (Y ),

2. m 2 R ) � (X + m) = � (X ) + m,

3. � (�X + (1 � � )Y ) � �� (X ) + (1 � � )� (Y ); 8� 2 [0; 1],

4. � (�X ) = �� (X ); 8� � 0

5. � (X + Y ) � � (X ) + � (Y ),

6. � (0) = 0.

Then � is called a coherent risk measure.
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Definition 0.2 (Classical Lévy subordinator, [149, Definition A.6])
A [0; 1 )-valued stochastic processL = f L t gt � 0 on a probability space(
 ; F ; P) is a
classical Lévy subordinator if it is a non-decreasing Lévy process, i.e.,L 0 = 0 a.s.,
has càdlàg-paths (right-continuous with left limits: lims" t L s a.s. exists for t > 0 and
lims#t L s = L t for t � 0) and the following conditions hold:

� L is stochastically continuous, i.e., 8t � 0; 8" > 0 : limh#0 P(jL t+ h � L t j � ") = 0.
This implies that jump times of paths are not known in advance.

� L has independent increments, i.e.,8 0 � t0 � t1 : : : � tn the random variables
L t0 � L 0; L t1 � L t0 ; : : : ; L tn � L tn � 1 are stochastically independent.

� L has stationary increments, i.e., L t+ h � L t
d= L h 8h � 0; t � 0.

� t 7! L t is almost surely non-decreasing.

Definition 0.3 (Lévy subordinator, [149, Definition A.7])
A [0; 1 ) [ f1g -valued stochastic processL = f L t gt � 0 is called a Lévy subordinator if it
is defined for t � 0 by L t := ~L t + 1 � 1f N t � 1g, where ~L = f ~L t gt � 0 is a classical Lévy
subordinator and N is an independent Poisson process. The intensity of N is called the
killing rate of L . If � = 0, we meanL = ~L .

Theorem 0.2 (Lévy measure and Laplace transform)
The Laplace transform of a Lévy subordinatorL t on a probability space(
 ; F ; P) admits
the functional form

E
h
e� xL t

i
= e� t 	( x) ; x � 0; t � 0;

where the function 	 : [0 ; 1 ) 7! [0; 1 ) is the Laplace exponent ofL t . Moreover, there
is a unique non-negative drift � � 0 and a unique positive measure� on (0; 1 ], called
Lévy measure ofL t such that

	( x) = �x +

Z

(0;1 ]

�
1 � e� tx �

� (dt); x � 0:

The Lévy measure satisfies
Z

(0;1]

t� (dt) < 1 ; � (("; 1 ]) < 1 8 " > 0:

Conversely, given a drift � � 0 and a measure� on [0; 1 ) satisfying the conditions
above, there exists a Lévy subordinator with drift� and Lévy measure� . Hence, the dis-
tributional properties are completely characterized by its so-called characteristics(�; � ).

Proof. See, e.g., [149, Theorem A.6] for details.
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Lemma 0.3 (Sum of subordinators)
Let (
 ; F ; P) be a probability space supporting two independent Lévy subordinatorsL 1

t ; L 2
t

and let � 1; � 2 2 I . Then the weighted sumL t := � 1L 1
t + � 2L 2

t is again a Lévy subordi-
nator.

Proof. Follows from the fact that the sum of independent Lévy processes is again a Lévy
process (see, e.g., [204]).

Definition 0.4 (Lévy-frailty copula, [149, Definition 3.4])
For a given Laplace exponent	 of a Lévy subordinator satisfying 	(1) = 1 , we define
the (survival) copula

Ĉ	 (u1; : : : ; ud) :=
dY

k=1

u	( k) � 	( k � 1)
(k) ;

where, u(1) � u(2) � : : : � u(d) denotes the ordered list ofu1; : : : ; ud 2 I . Ĉ	 is called a
Lévy-frailty copula.

Lemma 0.4 (Inequalities for strong convexity)
For x; y � 0 such that x 6= y and � > 0, we have

� �
�

x � y
� 2

e� � ( x + y )
2 �

�
x � y

��
e� �x � e� �y

�
� �

�
2

�
x � y

� 2�
e� �x + e� �y

�
; (1)

as well as

�
�

x � y
� 2

e
� ( x + y )

2 �
�

e�x � e�y
��

x � y
�

�
�
2

�
x � y

� 2�
e�x + e�y

�
: (2)

Proof. The results follow from the inequalities between the logarithmic, the geometric
and the arithmetic mean (see, e.g., [188]), i.e., for s; t > 0 such that s 6= t, we have

p
st �

t � s
log t � log s

�
t + s

2 :

If we now substitute s = e� �y ; t = e� �x or s = e�y ; t = e�x for x; y � 0 and � > 0, we
obtain the results.

Theorem 0.5 (Mean value theorem)
If f is a real continuous function on [a; b] which is differentiable in (a; b), then there is
a point x 2 (a; b) at which

f (b) � f (a) =
�

b � a
�

@
@x

f (x):

Proof. See [186, Theorem 5.10.].
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Lemma 0.6 (Itô’s formula for jump-diffusion process)
Let S be a diffusion process with jumps, defined as the sum of a drift term, a Brownian
stochastic integral and a compound Poisson process (CPP):

St = S0 +

Z t

0

bsds +

Z t

0

� sdWs +
N tX

i =1

� St i ;

where bs; � s are continuous non-anticipating processes with

E

" Z t

0

� 2
sds

#

< 1 :

Then, for a twice continuously differentiable function f : [0; t] � R 7! R, the process
Yt = f (t; St ) can be represented as

f (t; St ) � f (0; V0) =

Z t

0

�
@f
@s

(s; Ss) + @f
@x

(s; Ss)bs

�
ds + 1

2

Z t

0

� 2
s

@2f
@x2

(s; Ss)ds

+

Z t

0

@f
@x

(s; Ss)� sdWs +
X

i � 1;t i � t

�
f (St �

i
+ � Si ) � f (St �

i
)
�

:

Proof. See, e.g., [204, Proposition 8.14].

P3 Artifical portfolios for numerical analysis

In this thesis, we test the theoretical outcomes through numerical analysis, examin-
ing both bivariate and 10-dimensional cases. This section is dedicated to presenting
the artificial data and outlining specific portfolios to make the numerical results more
comprehensible. We develop further insights based on predefined portfolios for each
subsequent numerical analysis section. It is important to note that the data is analyzed
separately only in Chapter 2. We identify the entire data set as D and further delineate
subsets D2; D10; Dsb � D . For each subset, a distinct set of parameters is defined. For
all of these portfolios, P represents the marginal default probability vector, f the fac-
toring fee vector, E the vector of exposures (see Chapter 1 for details), � the vector of
recovery values and w0 the vector of idiosyncratic weights (see Chapter 3 for details).
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1. D2 denotes a bivariate portfolio and will be used for portfolio optimization. We
assume to have the following parameters:

� d = 2,

� P = [0:788; 0:461],

� E = [10000; 8000],

� f = [0:15; 0:05],

� � = [0:7; 0:7],

� w0 = [0:089; 0:013].

2. D2s denotes a safer bivariate portfolio and will be used for measuring dependence.
We assume to have the following parameters:

� d = 2,

� P = [0:022; 0:788],

� E = [10000; 8000],

� � = [0:7; 0:7],

� w0 = [0:089; 0:013].

3. D10 denotes the portfolio consisting of 10 companies. We assume to have the
following parameters:

� d = 10,

� P = [0:022; 0:788; 0:032; 0:461; 0:019; 0:024; 0:02; 0:019; 0:018; 0:01],

� E = [10000; 8000; 5000; 4000; 6000; 2000; 1000; 6000; 10000; 4000],

� f = [0:01; 0:16; 0:01; 0:11; 0:01; 0:01; 0:01; 0:01; 0:01; 0:005],

� � = [0:5; 0:8; 0:5; 0:7; 0:4; 0:4; 0:4; 0:4; 0:4; 0:4],

� w0 = [0:04; 0:02; 0:03; 0:1; 0:07; 0:06; 0:09; 0:04; 0:07; 0:08].

4. Dsb denotes the portfolio of the 10 companies above, but with stressed and ho-
mogenized default probabilities. We assume to have the following parameters:

� d = 10,

� P = [0:4; 0:6; 0:7; 0:4; 0:3; 0:9; 0:6; 0:55; 0:5; 0:2],

� E = [10000; 8000; 5000; 4000; 6000; 2000; 1000; 6000; 10000; 4000],

� f = [0:01; 0:16; 0:01; 0:11; 0:01; 0:01; 0:01; 0:01; 0:01; 0:005],

� � = [0:5; 0:8; 0:5; 0:7; 0:4; 0:4; 0:4; 0:4; 0:4; 0:4],

� w0 = [0:04; 0:02; 0:03; 0:1; 0:07; 0:06; 0:09; 0:04; 0:07; 0:08].
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1 Motivation - Introduction

This thesis, conducted in collaboration with Munich Re, focuses on supply chain finance.
In their simplest form, supply chains consist of a supplier and a debtor engaged in a trade
relationship. The supplier provides a good or service, and the debtor agrees to pay for it.
In the relentless quest for competitive advantages, these businesses seek to enhance sales
and foster customer loyalty. One key strategy is the provision of trade credit, a practice
where suppliers allow delayed payment on goods, offering a crucial liquidity tool that
extends beyond conventional bank financing. This method gained increasing prominence
over the last years as evidenced by recent studies [228] and involves a transaction where
the supplier extends credit to the debtor, who commits to pay for the goods later.
Trade credit not only enables suppliers to attract and retain customers by easing their
cash flow constraints but also introduces a risk of default. How can suppliers safeguard
against this risk? Two primary methods are trade credit insurance (TCI) and factoring.
While trade credit insurance protects against defaults under certain conditions, it may
not provide immediate financial relief due to potential delays in compensation. On the
other hand, factoring, where receivables are sold at a discount to a third party—the
factor—provides instant cash flow, effectively transferring the default risk away from the
supplier. This financial maneuver allows suppliers to potentially enhance their working
capital and alleviate cash-flow challenges, as discussed in depth by [201]. To understand
the breadth of options available within factoring, the following table categorizes its
various types, each tailored to different strategic needs (details taken from [180]):

1



1 Motivation - Introduction

Type of
Factoring

Description Risk for supplier

Recourse
Factoring

The supplier must buy back any
unpaid invoices. This type is less
expensive but involves higher risk
for the supplier.

High risk, must repay
the factor for unpaid
invoices.

Non-Recourse
Factoring

The factor assumes the risk of
non-payment, offering greater
security to the supplier at a higher
cost.

Low risk, as the factor
assumes the credit risk.

Maturity
Factoring

Payment is made to the supplier at
the invoice maturity date,
regardless of whether the debtor
has paid.

Moderate risk, reliant
on debtor’s ability to
pay at maturity.

Advance
Factoring

The factor provides an upfront
advance on the invoice, typically
70-85%, with the remainder paid
minus fees upon settlement.

Moderate risk,
dependent on debtor’s
payment for the
remaining balance.

Full Factoring This comprehensive service
includes nearly all aspects of
accounts receivable.

Low risk, factor
manages collections,
credit, and other
services.

Table 1.1: Overview of different types of factoring finance.

This thesis focuses intently on non-recourse factoring for small and medium enterprises
(SMEs), a specific arrangement wherein the factor acquires complete control over the
invoice once purchased at a discount from the supplier. This setup crucially prohibits
the factor from seeking reimbursement from the supplier, placing the onus of recovery
solely on the debtor. Along with this transfer of ownership comes the responsibility of
the claims process. This not only enhances the supplier’s liquidity upon invoice issuance
but also provides a significant level of risk mitigation, ensuring the supplier’s financial
security. This protection allows for more strategic and timely business decisions, as this
financial risk is effectively removed from the balance sheet. The operational framework
of non-recourse factoring is depicted in the following illustration.

2
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Factor

SupplierDebtor

1. Buys Product/Service

2. Issues Invoice

3. Sells Invoice

4. Pays discounted Invoice5.
Coll

ect
s Pay

ment

6.
Pay

s Due

Figure 1.1: Overview of non-recourse factoring.

SMEs, especially those with significant capital needs, find factoring more appealing than
insurance solutions for the underlying credit risk due to the immediate liquidity it of-
fers ([199]). Factoring, however, is widely utilized by large, publicly listed companies,
and this is due to the simplified risk modeling afforded by comprehensive data. SMEs
encounter more complex challenges in this regard. They often do not disclose extensive
financial and company data, complicating the risk assessment and heightening inherent
risks. Therefore, this lack of transparency contributes to the reluctance of factoring
entities to engage with the SME market segment. Current risk models, which typically
operate on a univariate level and rely heavily on financial data that is often missing, fail
to adequately address the complexities associated with SMEs, necessitating the inclusion
of non-financial data. Moreover, discourse in academic and practical fields distinguishes
between two predominant selection mechanisms within factoring: automatic and man-
ual discounting. Automatic discounting involves indiscriminately factoring the entire
invoice portfolio, whereas manual discounting, or selective factoring, empowers suppli-
ers to choose specific invoices to factor. The traditional factoring policy based on a
static whole turnover principle proves prohibitively expensive for SMEs. Addressing
this issue, [131] developed a time-continuous model with perpetual demand, assessing
policies under automatic and manual discounting mechanisms. This model revealed a
preference for manual discounting among SME suppliers. Similarly, [114] explored the
dynamics between full and partial factoring. Their research indicates that while a com-
petitively priced market favors full factoring, a strategically priced market—resembling a
monopoly—promotes partial factoring, allowing suppliers to select invoices. This thesis
advocates a hybrid strategy combining trade credit and factoring to optimize factor re-
turns in a strategically priced market. To tackle the risk of the suppliers’ frequent choice
of manual discounting in such conditions and the inherent default risk in non-recourse
factoring, we propose a dynamic pricing model that mirrors the behavior of suppliers.

3
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Mathematical formulation of the considered business case

In this thesis, we primarily investigate a setup involving one factoring entity F , a single
supplier S, and d distinct debtors Dk ; k 2 [d]1. Manual discounting in factoring is treated
as a binary decision for each invoice, leading to discrete optimization problems that are
inherently less tractable than continuous ones. To simplify this, we transition from a
discrete to a continuous analysis by aggregating invoice amounts for each debtor into a
cumulative exposure Ek ; k 2 [d], thereby querying the extent of this exposure that should
be factored. At any point, Ek aggregates the total value of all invoices issued by the
supplier to debtor k. Further underlining this approach, [229] discusses pool factoring,
which involves consolidating disparate invoices into a single accounts receivable pool
before factoring. While their approach differs, our method similarly consolidates invoices
by debtor into an exposure vector, effectively “pooling” these invoices. The concept we
aim to model throughout this thesis is visualized in the ensuing diagram:

D1 D2 D3 D4 . . . Dd

E1
E2

E3

E4

Ed
. . .

S

F

Figure 1.2: Business case with factor F , supplier S, and d debtors D k with exposures Ek .

1Further research might explore scenarios with multiple suppliers and the complexities arising from
their interdependencies, as discussed in the outlook section.
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Structure of the thesis

This thesis then aims to develop a pricing model that effectively mitigates the risks of
default and adverse selection, which are essential challenges in the SME factoring sec-
tor. However, traditional models often fail to fully integrate these complex risks within
their frameworks. Therefore, this thesis presents a structured approach, divided into
sequential phases as illustrated in Figures 1.2 and 1.3, where each phase builds upon the
knowledge and methodology established in the preceding one. We start with translat-
ing business scenarios into mathematical terms, underpinning the thesis. We introduce
a univariate default model in Chapter 2, estimating a default intensity parameter, de-
noted � k , for each company k 2 [d]. Assuming that the univariate default time follows
an exponential distribution, we proceed to Chapter 3 to introduce a portfolio-default
model consistent with the marginal laws. Here, we employ a Lévy subordinator L (k)

t
for each company k 2 [d], reinterpreting its default time as the first-passage time of
this subordinator across a unit-exponential threshold. Dependence of the default times
is introduced via common factors underneath the L (k)

t ; k 2 [d]. Consistently, we select
t = 1 to denote a one-year timeframe, aligning with standard business practices that
assess default likelihood annually and considering trade credit regulations that stipulate
30 days as the evaluation window. Further, the thesis expands the analysis to two di-
mensions and concludes the chapter with practical numerical examples. Moving forward
to Chapter 4, the focus shifts to optimizing portfolio decisions. The translation of the
business case into mathematical terms unveils a bi-level optimization problem, where
decisions made by the factor and supplier influence each other. Our strategy begins by
solving the “inner problem” to establish the optimal decision for the supplier and then
tacitly addressing the “outer problem” to derive a price interval in Chapter 5. Although
the boundaries of this interval are fixed, pricing within can vary based on the supplier’s
decisions, effectively countering adverse selection. The thesis culminates in Chapter 6,
where we present a strategy for partially hedging existing credit risks using equity put
options. We build upon the framework established by Merton ([160]) and introduce and
solve an optimization problem to determine the optimal strike price to maximize the
correlation between the original loss X and the put option PK . We investigate various
market dynamics with and without jumps, demonstrating that the optimization problem
yields a unique solution in each scenario. Furthermore, incorporating such options can
reduce the Solvency Capital Requirement (SCR) despite their associated costs.

Each chapter adheres to a consistent format, incorporating an introduction, a litera-
ture review, a comprehensive discussion, and a conclusion, with proofs and additional
materials in the appendix.
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Translate Business Concept
into Mathematical Setting

Univariate Default Model

P(� � t) = 1 � e� � t .

Multivariate Default Model

� k = inf
n

t > 0 : L (k)
t > " k

o
.

Portfolio Optimization

min
x 2 [0;1]d

g�
� (x)

s.t.:
P d

k=1 xkM k � P � .

Hybrid Pricing Model

f k := E
h�

1 � � fac
k

�
1f k2 St g

i �
1 +  

�
:

Partial Hedge of Credit
Debt through Put Options

max
K 2 R+

Corr(X; PK )

s.t.: SCRX � SCRX � PK > P K; 0

Figure 1.3: Phases and chapters of this thesis. The arrows indicate a semantic order.
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2 Univariate default model

Credit scoring, traditionally used to assess the likelihood of default by a debtor, is a
pivotal analytical tool extensively discussed in the context of large corporations, as doc-
umented in [12, 6, 38, 39, 40], and others. Yet, the application to small and medium
enterprises (SMEs) demands a tailored approach due to their distinct characteristics and
challenges, including a greater sensitivity to local economic shifts and a higher failure rate
as highlighted in [155, 6]. SMEs often lack publicly available financial data, typically be-
cause their financial reporting is oriented towards tax preparation rather than public dis-
closure. This lack of transparency complicates the development of reliable credit scoring
models, necessitating adaptations such as incorporating non-financial variables into risk
assessments, a method supported by various studies ([35, 57, 62, 65, 88, 181, 190, 214]).
Moreover, the relative regulatory freedom of SMEs allows them to penetrate market
niches inaccessible to larger firms and to respond more dynamically to market down-
turns, features that, while advantageous, also contribute to their financial vulnerability
([66]). The specific corporate structures and dynamics of SMEs, which can involve both
aligned and conflicting interests between ownership and management, further compli-
cate their credit risk profiles. Recognizing these elements, our model incorporates such
non-financial factors as features, enhancing the accuracy of default predictions.

In this study, we utilize a dataset of German companies to develop a credit risk model
using the Random Forest algorithm, originally established in [49]. We assess the effec-
tiveness of this model by contrasting it with more traditional methods, namely logistic
regression and discriminant analysis. Our findings demonstrate that the Random Forest
model consistently surpasses these conventional techniques in predictive accuracy. A
key insight from our analysis is that the most significant predictor in our model pertains
to the company’s management structure, underscoring the critical role of non-financial
data in assessing credit risk.

From a mathematical perspective, we introduce the default time of a company as the
random variable � , which is defined on the probability space (
 ; F ; P). Our model aims
to estimate the probability of the company defaulting within a specified time frame
[0; t], expressed as P(� � t). One remaining challenge is selecting the most appropriate
underlying distribution to model this default probability accurately. When engaged
in CDS contracts, insurance companies typically serve as protection sellers, thereby
assuming the credit risk associated with their counterparties. These contracts are quoted
through an upfront premium coupled with a fixed coupon or via a par spread, as indicated
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in [161]. To dynamically convert between quoting conventions1 it is assumed that the
hazard rate � : (0 ; +1 ) 7! (0; +1 ) defined by the default probability

P(� � t) = 1 � exp
�

�
Z t

0
�( s)ds

�
;

is constant ([219]). Hence, the random default time is assumed to follow an exponential
distribution2 ([175, Appendix A]), i.e.,

P(� � t) = 1 � e� � t : (2.1)

In this thesis, we adopt the assumption that the marginal default distribution of � is
an exponential model. This chapter is dedicated to indirectly estimating the default
intensity parameter � . The findings discussed herein have been previously published in
[196] and involve collaboration with Munich Re, utilizing a specific data set for parameter
estimation. Although we detail this data set and its attributes, it is important to note
that our theoretical approach is versatile and can be adapted for use with different data
sets. The chapter begins with a comprehensive review of relevant literature, establishing
the foundation for our subsequent analysis. Following this, we introduce the data set
employed in our study and explain the methodology underpinning the Random Forest
algorithm, as initially presented in [50]. We evaluate the results derived from our model
and conclude the chapter by summarizing our findings and offering an outlook on future
research directions.

2.1 Literature review

Research on marginal default modeling for SMEs is characterized by two primary di-
mensions: the features used to predict credit default and the methodologies employed
in constructing scoring models. Initially, discriminant analysis emerged as a pioneering
method. The authors of [88] explored the predictive power of nineteen financial ratios
through a discriminant function, illustrating the effectiveness of these ratios in forecast-
ing SME bankruptcy. However, they noted that increasing the number of financial ratios
could undermine the stability of the model. Building on these foundations, Edward Alt-
man developed a more robust framework in 1968, employing multiple discriminant anal-
ysis (MDA), which showed high efficacy in differentiating between bankrupt and healthy
companies. Specifically intended for medium and large companies, Altman adapted his
model to SMEs in 2005, creating the Z-score model that uses only four financial ratios
from accounting data, as discussed by the authors of [11]. Due to its simplicity and

1This is done via the credit triangle, which approximates the hazard rate. For derivations, we refer the
reader to [175, Appendix A].

2The relevant question for our business case is �Does the company default within 30 days?� rather than
�When does the company default?� Consequently, a more complicated default time distribution is
not necessary. Furthermore, following the ISDA convention, the exponential law for the univariate
default time of a company is a natural assumption.
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stability, this model continues to be widely used in SME credit scoring. More complex
machine learning techniques have recently become prominent in SME credit scoring. The
authors of [66] investigated methods such as support vector machines (SVMs), decision
trees, and artificial neural networks (ANNs). In a separate study, the authors of [224]
evaluated a credit scoring model based on extreme gradient boosting (XGBoost) across
five credit datasets, which yielded promising performance with high accuracy. These
techniques have evolved from traditional statistical methods like linear regression and
discriminant analysis to artificial intelligence methods. Hybrid models combining sta-
tistical and AI techniques have also gained traction. For instance, the authors of [133]
reported using an ANN/logistic hybrid model to predict bank distress. In contrast, the
authors of [176] supported using neural networks and statistical methods in certain appli-
cations. Additionally, the authors of [129] explored the integration of logistic regression
analysis and artificial neural networks, showing enhanced performance over using either
method alone. In summary, all the listed sources increased performance compared to
the standalone methods.

As mentioned above, approaches to modeling the credit risk of SMEs also differ in fea-
tures. This study categorizes variables into distinct sets based on their significance,
forming a hierarchy of importance. The three main groups we consider are financial
ratios, payment behavior variables, and management-related variables. Historically, fi-
nancial ratios derived from accounting data—such as the current ratio, return on assets,
and debt-to-equity ratio—have been the cornerstone of credit risk modeling. These ratios
have been lauded for their predictive power by the authors of [6], [9], and [235]. Despite
their efficacy, practical challenges limit their utility, such as obtaining accurate financial
data for SMEs, coupled with the influence of non-financial factors on default behaviors.
The authors of [94] highlight these issues, emphasizing the importance of non-financial
factors such as a company’s willingness and ability to repay loans. Addressing these
limitations, the authors of [18] and [200] have explored non-financial predictors, includ-
ing marketability, technology advantage, and management quality. These non-financial
variables are grouped into payment behavior and management structure. Payment be-
havior variables are particularly relevant, as past payment reliability indicates future
behaviors. The significance of including payment behavior information in credit scoring
processes has been argued by the authors of [11], [63], and [10]. Furthermore, com-
bining financial ratios with payment behavior information has been shown to enhance
prediction accuracy, as evidenced by the findings of the authors of [23], [212], and [221].
The third set of variables pertains to the management structure, capturing attributes
such as the accumulated knowledge, experience, and capabilities of managers, as well
as governance mechanisms like board size and composition, discussed by the authors of
[67] and [81]. The authors of [163] also support this perspective, suggesting that man-
agerial qualifications and experience significantly impact decision-making processes and,
consequently, the credit default behavior of firms. Our study emphasizes the impor-
tance of management-related variables, particularly highlighting the role of a manager
who is also a shareholder. Furthermore, the authors of [37] demonstrated the effec-
tiveness of incorporating financial ratios and management-related features in a scoring
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model using different machine learning algorithms. Their results underscored the rele-
vance of non-financial features such as the owner’s age and occupation. The necessity
of including non-financial variables is further underscored by the authors of [178], [66],
[121], and [125]. These studies support the integration of variables such as knowledge
management, technology experience, technology commercialization potential, and prod-
uct competitiveness in models predicting the default of technology-based firms. This
approach reflects a broader trend in credit risk assessment that increasingly values a
holistic view of an SME’s operational and managerial contexts.

In the latest research on SME default prediction, the authors of [8] present a compre-
hensive approach by integrating three categories of variables—financial ratios, payment
behavior, and management and employee-related variables. They developed a novel
model, the Omega Score, utilizing the LASSO technique to select the eight most in-
fluential variables across these categories. Our study mirrors their holistic approach as
we recognize that relying solely on financial data is insufficient for accurately predict-
ing default behavior, highlighting the necessity to include various non-financial features.
However, our study diverges in several aspects. Firstly, we have not yet been able to
incorporate payment behavior data due to limitations in our internal data-gathering
processes. Despite this omission, our model performance shows comparably positive re-
sults to the comprehensive model proposed in [8]. Another point of divergence lies in
the datasets used; while [8] utilized data from approximately 2,000 Croatian companies,
our dataset encompasses up to 3 million data points. This larger scale provided greater
flexibility in cross-validation and model training procedures. Furthermore, unlike the
approach taken in [8], we opted against random sampling to maintain the integrity of
the data distribution, especially concerning the default ratio. This decision was feasible
due to the substantial size of our dataset, a point that will be further elaborated in subse-
quent sections. In summary, while the research presented in [8] serves as a foundational
reference for our study, the differences in dataset size, variable inclusion, and sampling
strategies suggest potential improvements to their Omega Score, particularly with the
inclusion of variables such as whether a manager is also a shareholder. Additionally,
addressing the challenges of data scarcity, imbalance, and skewed distribution in SME
credit risk modeling is critical. The authors of [152] recommend various re-sampling
techniques to counteract data imbalance before applying logistic regression, noting that
over-sampling generally surpasses under-sampling in effectiveness. Similarly, the authors
of [54] find that models like Random Forest and gradient boosting trees excel in handling
class imbalances, outperforming other techniques. Building on the argumentation above,
we state our first Hypothesis:

� H1: Compared to traditional methods such as logistic regression (LR) and discrim-
inant analysis (DA), the random forest (RF) ensemble method can make a more
valuable contribution to SMEs’ credit-risk evaluation when using imbalanced data.

The authors of [71] compared LR and RF and showed that for an increasing number
of explanatory variables, Random Forest exceeds the performance of logistic regression,
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thus backing up our hypothesis. Secondly, as mentioned previously, we expect non-
financial variables to play a crucial role in the default prediction of SMEs, which leads
us to:

� H2: RF displays its highest performance when non-financial variables are included:
in fact, the most significant contribution to a prediction stems from a variable of
categorical nature.

2.2 Model and data engineering

Random forest is an ensemble method based on multiple decision trees, which was first
introduced in [50] and more recently explained in [98]. Consider the case where we
have a data set D with d data points (xk ; yk); k 2 [d]. xk 2 Rn corresponds to the
feature vector xk = (xk1; : : : ; xkn ) with n features, and yk is the corresponding observed
outcome. Then we can write the data set to be D = f (x1; y1); : : : ; (xd; yd)g. The main
goal of a classification tree T is to predict, as accurately as possible, the response variable
yk from the predictor variables xk for all k 2 [d] by splitting the data according to binary
decisions xki < a for a fixed a at every node and some feature i 2 [n]. If the feature
is categorical, the binary decision transforms to xki 2 A, where A is the set containing
the categories. The construction process, CART, was introduced in [51] and is one of
the most used techniques alongside CHAID [119] and C4.5 [187]. The CART process
comprises two steps: the maximal tree-growing algorithm, which produces a large family
of models, and the pruning algorithm, which selects an optimal or suitable final one. We
start with the full data set and split the data according to binary decisions until we have
only one representative for each path. The resulting tree corresponds to the maximal
tree. How do you choose the feature to split on and the corresponding threshold for each
node? Intuitively, these are chosen to minimize the resulting diversity in the children
nodes. This stems from the fact that we aim to divide the data set into meaningful
buckets such that for each node, the diversity should be low for “in-node” data points
and high for “out-of-node” data points. We can measure this diversity with what the
authors call “node impurity”. The most commonly used measure is the Gini criterion
(others are entropy and variance/mean squared error). Assume we have two classes, i.e.,
yk 2 f 0; 1g = f C1; C2g and a set of data points S � D in the current node. Our goal
now is to divide S = S1 [ S2, and each S1; S2 is again partitioned into C1; C2. We can
then define,

P̂(Sm ) = jSm j
jSj

= proportion of Sm in S; m 2 f 1; 2g;

P̂(Cl jSm ) = jSm \ Cl j
jSm j

= proportion of Sm which is in Cl ; m; l 2 f 1; 2g;
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We then define the variation of each child node m to be,

g(Sm ) =
2X

l=1

P̂(Cl jSm )(1 � P̂(Cl jSm )):

g(Sm ) is largest when the data points are equally divided among both classes, which is
desired. Then, the Gini index of that split is defined as

G = P̂(S1)g(S1) + P̂(S2)g(S2) = weighted sum of variations:

As a cost function for the choice of the feature xki and threshold a we use to split the
data points k 2 [d], we thus wish to maximize,

(x �
ki ; a� ) = max

xki ;a
g(S) � G = max

xki ;a
g(S) � P̂(S1)g(S1) � P̂(S2)g(S2):

Note that for a maximal tree Tmax , we iteratively continue this process until we have
jSj = 1 as a node. As the maximal tree quickly becomes too complex for meaningful
model analysis, we then turn to tree pruning, which selects an optimal subtree according
to the generalization error, which is defined as,

err (T) = 1
jT j

jT jX

m=1

X

(x k ;yk )2 Sm

(yk � �ym )2;

We look at each node m, iterate through every outcome that corresponds to the set of
data points in that node and check the empirical difference to the mean of that node,
�ym . Finally, we add this together for every tree node T . Here, T is a pruned subtree
from Tmax . Moreover, we define the criterion as:

crit � (T) = err (T) + � jT j:

Therefore, err (T) measures the fit of the model T to the data and decreases when the
number of nodes increases, while jT j quantifies the complexity of the model. The param-
eter � > 0 tunes the intensity of the penalty: the larger the coefficient � , the more penal-
ized the complex models with many nodes. Using this nested pruning procedure, we fin-
ish with a set of subtrees for each cardinality P of nodes, i.e., T1 = Tmax > T 2 > : : : > T P
where > is meant w.r.t. the number of nodes. There is also a corresponding, strictly
increasing, sequence � 1 < � 2 < � 3 < : : : < � P , which is such that these two sequences
characterize the whole model. The question of how to choose the sequence is answered
in [51]. The authors show that for all 1 � p � P :

8� 2 [� p; � p+1 [: Tp = arg min
T subtree of Tmax

crit � (T) = arg min
T subtree of Tmax

crit � p (T):

The choice of the optimal tree can then be made directly by minimizing the error obtained
by cross-validation.
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Remark 2.1
It must be stressed that a CART tree, if used alone, must be pruned. This is due to
the risk of overfitting, as the maximal tree is highly sensitive to the data set (i.e., for a
slightly new data sample, the maximal tree might look completely different).

Random forests then take the advantages of decision trees and mitigate the risk of
overfitting, as they are a randomly simulated combination of multiple decision trees. The
general idea is to simulate many decision trees and vote for each node based on specific
criteria, thus ending with a single aggregated classification tree based on them. Assume
we are given a general ensemble of K (possibly weak) classifiers h = (h1(x); : : : ; hK (x)),
where each of them is a decision tree. For the final classification f (x) (which combines
all these classifiers), each tree casts a vote for the most popular class at input x , and the
class with the most votes wins. This is called a majority vote; another combination could
be an average vote. The random building process could either be bagging, originally
introduced in [49], which randomly produces samples D̂ from the original dataset D and
fits the decision trees to each sample, or the random inputs method introduced in [50],
in which a random subset of features is used for each decision tree.

In the subsequent section, we explore the dataset utilized for this model. The sample
was extracted from Munich Re’s comprehensive data lake, which aggregates data from
multiple sources. This includes publicly accessible records from trade registries, data
procured from specialized providers such as Bureau van Dijk, Creditreform, and Glanos,
and proprietary information. The segment about Germany hosts approximately six
million entries. Our selection process targeted operational and non-defaulting companies
at the outset of the reference period for our analysis. Consequently, it was essential to
ascertain the operational status of the companies included in our sample. To determine
this, we evaluated the status3 of each company, denoted as company k, for the years T
and T + 1. The precise definition of a company’s status is a critical step in ensuring the
integrity and relevance of our analysis:

targetT (k) =
(

1 if k operational at T and not operational at T + 1;
0 else:

Continuing with this analytical framework, we structured our sample to include a strati-
fied selection based on the year of the reference date, aiming to comprehensively represent
the temporal diversity of our data. Notably, approximately 3.5 million German compa-
nies were operational in 2021, with 90 % classified as SMEs—consistent with previous
years. This consistency allowed us to draw from a pool of roughly 3.5 million companies
for each yearly strat in our sample. To summarize, a company could be included in our
sample only if it met the following criteria:

3The status �not operational� also includes regular company liquidations that are not linked to insol-
vency and hence the �gure shown for our sample overestimates the actual default ratio.
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� It was a German corporation,

� it was healthy and operational at the reference date.

Furthermore, we excluded companies involved in certain sectors to refine our dataset.
These exclusions helped prevent sector-specific biases and address unique regulatory or
operational characteristics that could skew the general applicability of our model. The
sectors we excluded were:

� Banking, insurance, and financial services,

� public administration and defense, education, health, and social services,

� compulsory social security.

This selective approach ensured that our sample is representative of the general popula-
tion of German corporations and tailored to exclude sectors where operational dynam-
ics differ significantly from the typical corporate landscape. This methodology yielded
between 300.000 to 400.000 data points each year, arranged sequentially. The model
training spanned the fiscal years from 2014 to 2019, with 2020 serving as a test phase,
and adjustments based on the 2020 dataset were validated using the 2021 sample. As
indicated in Table 2.1, the default ratio within each stratified sample was notably low,
suggesting an imbalance in the dataset. Such an imbalance risks an overfitting scenario
where the model might predict the majority class, in this case, “no default”, with ex-
aggerated accuracy. Typical strategies to address potential biases from this imbalance
include undersampling the majority class or oversampling the minority class. However,
in our scenario, the model’s in-sample and out-of-sample performance remained robust
due to the transformations applied to the features, thus providing satisfactory outcomes
despite the skewed data. Consequently, we chose to forego further sampling adjustments,
prioritizing preserving the original data distribution to maintain the integrity and natu-
ral variance of the dataset. This approach helped ensure that our model’s findings reflect
real-world conditions and not artifacts of data manipulation.

Remark 2.2 (Time-based split vs. random split)
As mentioned earlier, we employed a time-based split for data segmentation in this
project. In financial predictive modeling tasks, such as default prediction, selecting an
appropriate data splitting method is critical for accurately assessing model performance.
A time-based split is particularly beneficial because financial datasets typically demon-
strate temporal dependencies due to factors like economic cycles, regulatory shifts, and
changes in market conditions. This method segregates data such that the training set
contains historical data up to a specific cutoff. In contrast, the testing and validation
sets include subsequent periods the model has not encountered during training. Conse-
quently, this approach allows for a more realistic appraisal of the model’s capacity to
generalize to new, unseen data, effectively simulating real-world scenarios where models
are expected to forecast future outcomes based on historical information. Additionally,
this method avoids the unrealistic presumption of identical distribution across past and
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future data—a common oversight in random splitting. Conversely, a random split di-
vides the data without regard to temporal order, which can be useful in contexts where
temporal dependencies are minimal or irrelevant, providing a more uniform distribution
of training and testing samples. However, random splitting may overestimate model per-
formance in temporally dependent datasets due to potential data leakage. This type of
data segregation offers a more stable basis for evaluating predictive models in fluctuat-
ing environments. Further discussion on the benefits and drawbacks of this approach is
available in [110].

The selection of our stratified samples is grounded in their capacity to authentically
represent the original data structure’s landscape. The author of [101] described several
formulas that can be utilized to ascertain the minimal number of data points needed
to accurately reflect a data landscape, contingent on a specified confidence level and
precision. A confidence level of 95 % implies that in 95 out of 100 instances, the true
parameters of the data landscape—such as mean and variance—will align with those of
the sample. Precision, however, measures how closely the sample parameters approxi-
mate those of the entire dataset. In our analysis, we adopted Cochran’s formula, which
provides a method to calculate the minimum number of data points required to faithfully
represent the data landscape:

n =
Z 2

�= 2p̂q̂
� 2 :

Here, Z �= 2 denotes the z-score corresponding to the desired confidence level � , while
p̂ and q̂ represent the ratios of defaulted and non-defaulted cases in the landscape,
respectively. The variable � refers to the precision of the estimates. In our analysis, we
opted for a conservative approach, presuming the default distribution to be unknown
and thus setting both p̂ and q̂ to 0:5. We also chose a confidence level of � = 0:99
and aimed for a precision of � = 0:01 in our estimates. Under these parameters, the
calculations for the required sample size are as follows:

1. �= 2 = 0:99=2 = 0:495, which has the closest z-score: Z �= 2 = 2:58:

2. n = 2:582 � 0:5 � 0:5
0:012 = 16:641:

This calculation indicates that we need at least 16:641 data points per year to represent
the landscape with a confidence level of 99 % and a precision of 1 %. As verified by Table
2.1, this requirement is consistently met across our samples. Furthermore, in addition to
stratifying our samples by year, we have also applied regional stratification. Employing
a uniform proportion approach across regions, the required number of data points for
each region each year would be:

16:641
number of regions = 16:641

16 � 1040:

According to Table 2.6, this requirement is also satisfactorily met. These calculations
affirm the robustness of our methodology and justify our decision against under- or
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oversampling, thereby preserving the natural distribution of our data.

Regarding feature selection, our initial internal data source contained over 2.000 poten-
tial features. Due to the selection criteria for companies within our sample, most of these
features were filtered out, leaving approximately 580 viable features. Through stepwise
selection—a combination of forward and backward methods that involves sequentially
adding and removing features based on model performance—we narrowed these down to
about 35 potential candidates for our model. This selection process, guided by criteria
such as the AIC or the BIC (for details, see [193]), aimed to optimize the predictive
power of the model while ensuring the features were not only relevant from a busi-
ness perspective but also exhibited little correlation, diverse profiles, and appropriate
weighting. The models were continuously evaluated and manually adjusted throughout
this process, creating new iterations when existing versions did not meet our standards.
The ultimate objective was to develop a model that was as predictive as possible while
satisfying both statistical rigor and business applicability, a challenging task due to
the inherent contradictions between statistical robustness and business interpretability.
Through iterative application of this process and carefully balancing these aspects, we
finalized a set of 12 variables for our model. These numerical and categorical variables
were carefully chosen to bridge the gap between statistical significance and business
relevance. As shown in Table 2.8, the categorical variable “Manager and shareholder
indicator” emerged as having the highest feature importance, corroborating Hypothesis
2. The necessary transformations to utilize the data effectively were as follows:

� Categorical variables : Categories exhibiting similar default ratios were merged
to accentuate differences between the groups, thus enhancing their classification
power.

� Numerical variables : Variables showing asymmetry were smoothed by applying
logarithmic transformations. Additional calculations were then performed to define
dimensions and bounds that mitigate outlier effects.

This meticulous approach to feature selection and transformation ensures that our model
predicts with high accuracy and aligns with practical business insights, enabling effective
risk assessment.

2.3 Model results

In building our model, we began with the raw data, addressing missing values and as-
sessing various models’ performance as displayed in Table 2.12. It is evident from this
analysis that the RF algorithm surpasses traditional methods such as LR and DA. No-
tably, ANNs did not perform as well within our dataset, likely due to the relatively low
number of features, given that ANNs typically excel with larger datasets and a higher
complexity of variables. We validated Hypothesis 1 and selected the RF model based
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on these findings. It is important to note that these results reflect in-sample perfor-
mance. However, out-of-sample and validation performances hold greater significance in
practical business applications. Consequently, we delved deeper into analyzing the vali-
dation performance, focusing on data where the reference year for the validation set was
2021. This approach enabled us to consider the effects of the Corona crisis by including
companies operational in 2020 but not in 2021, thus enhancing our model’s robustness
against overfitting to pre-crisis data. Our goal was to balance recall and accuracy effec-
tively, optimizing both type 1 and type 2 errors, which in a business context translates
to underestimating risk and losing business opportunities, respectively. As shown in
Table 2.9, the regional performance metrics indicate that the model performs well across
different regions in both recall and accuracy. Additionally, Table 2.11 demonstrates the
model’s stability and high performance across different company sizes, and sector-based
performance is similarly robust, as evidenced by Table 2.10. We aimed to construct a
high recall and accuracy model while avoiding overfitting the in-sample dataset. The
positive out-of-sample validation results, particularly in light of the Corona crisis, affirm
our model’s effectiveness.

Final model

In the previous section, we discussed that Random Forest models, comprised of mul-
tiple decision trees, are inherently complex due to their ensemble nature, where each
tree is constructed using different subsets of data and features. Although these models
are robust and versatile, their complexity presents significant challenges in visualization
and straightforward representation. Unlike linear regression, where the model can be
succinctly described with a clear equation involving variables and their coefficients, a
Random Forest model resists such simplicity. Each decision tree within the forest varies,
dependent on its data subset and the features considered, and the final model output
is derived from a majority vote across these trees. We provide an example by illus-
trating a single decision tree from our model, which utilized 100 trees as estimators,
and a graphic showing five estimators’ aggregations to highlight the trees’ diversity. A
detailed analysis of this exemplary tree reveals the application of the Gini criterion for
feature splits, the sample size at each node, and the classification of various branches.
This approach underscores the complexity of interpreting Random Forest models com-
pared to the straightforward equation format of linear regression. As noted in [165], this
difficulty in representation is a recognized challenge in tree-based models and broader
deep-learning contexts. Therefore, while powerful, Random Forest models demand more
sophisticated methods for interpretation and presentation than simpler, more transpar-
ent models like linear regression.

17



2 Univariate default model

Figure 2.1: Exemplary tree predictor in final Random Forest model.

Figure 2.2: Exemplary tree ensemble for Random Forest model.
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2.4 Conclusion and outlook

This chapter focused on developing a credit scoring model to evaluate the default prob-
ability of SMEs, thereby estimating the related default intensity parameter � . Our
model utilized a dataset of German companies from Munich Re’s data lake, applying
a Random Forest approach to challenge the effectiveness of traditional models. Given
that the imbalanced nature of the dataset did not significantly impact our results, we
opted against employing a sampling technique, aiming to preserve the integrity of the
original data distribution. Our findings corroborated existing literature that incorpo-
rating non-financial features significantly enhances model performance. Additionally,
there is growing discourse and expert consensus on integrating graph theory into credit
scoring. As discussed in [97], a network representation of economic relationships can
offer profound insights, particularly how the default of one company can affect its direct
financial connections, such as those formed through invoices. Traditional credit scoring
models, as mentioned in [7], often overlook the impact of exposure to default, which can
be a critical factor in a company’s financial health. A network-based approach might
offer a more nuanced understanding of a company’s risk exposure. The authors of [164]
extended their credit scoring model to include network features like node degree and
closeness (overview in [185]), which they found to enhance the accuracy of predictions.
Incorporating such network features raises several methodological questions: How should
data be structured to calculate these features? What defines a graphical connection in
the dataset? Should connections between nodes be weighted or merely categorized as
connected/not connected? Furthermore, while a graphical connection can have posi-
tive or negative implications, a model cannot inherently determine the nature of these
effects without additional context, adding complexity to the model. Due to these rea-
sons, we leave the incorporation of graph-based features to future research. Moreover,
in our SME-focused model, an instance of non-payment for a specific invoice triggers a
default prediction. However, due to the idiosyncratic nature of small companies, such
as those run by a single individual, this may not accurately reflect their operational
status. A more refined approach might involve predicting non-payment events at the
transactional level, focusing on individual invoices rather than companies at large. This
shift necessitates transactional data and a redefinition of the target variable, aligning
with suggestions from the literature review that emphasize the inclusion of payment
behavior information. Lastly, while our model was designed with a 1-year prediction
horizon, considering the tendency of entrepreneurs to delay bankruptcy proceedings, a
longer prediction horizon of 2 or 3 years might be more predictive, as explored in [64].
However, as this was not pertinent to our immediate business needs, we have earmarked
this as a potential area for future research.
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Year Companies Default ratio

2014 363,892 1.77%
2015 346,882 1.46%
2016 309,046 1.40%
2017 319,353 1.35%
2018 342,312 1.39%

Train Set

2019 394,012 1.67%

Test set 2020 415,363 2.12%

Validation set 2021 430,412 2.07%

Total 2,921,272 1.68%

Table 2.1: Companies by year.

Company size N Y Total Default ratio

Small company 1,206,517 35,371 1,241,888 2.85%
Medium-sized company 1,390,888 11,419 1,402,307 0.81%
Large company 215,664 1,943 217,607 0.89%
Very large company 58,997 473 59,470 0.80%

Table 2.2: Companies by size.

Sector / industry N Y Total Default ratio

A - Agriculture, forestry and fishing 38,489 258 38,747 0.67%
B - Mining and quarrying 8,078 79 8,157 0.97%
C - Manufacturing 451,615 5,888 457,503 1.29%
D - Electricity, gas, steam 79,715 971 80,686 1.20%
E - Water supply, sewerage, waste management 25,574 287 25,861 1.11%
F - Construction 370,890 4,381 375,271 1.17%
G - Wholesale and retail trade 585,093 10,019 595,112 1.68%
H - Transportation and storage 121,389 3,017 124,406 2.43%
I - Accommodation and food service activities 70,963 1,556 72,519 2.15%
J - Information and communication 136,057 2,705 138,762 1.95%
L - Real estate activities 232,499 5,281 237,780 2.22%
M - Professional, scientific and technical activities 450,563 8,686 459,249 1.89%
N - Administrative and support service activities 207,737 4,192 211,929 1.98%
R - Arts, entertainment and recreation 37,345 537 37,882 1.42%
S - Other service activities 55,963 1,347 57,310 2.35%
T - Activities of households as employers 96 2 98 2.04%

Table 2.3: Companies by sector.
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2 Univariate default model

Company size vs year 2014 2015 2016 2017 2018 2019 2020 2021 Total

Small company 167,552 148,634 131,888 134,532 143,559 164,078 172,442 179,203 1,241,888
2.94% 2.43% 2.30% 2.26% 2.32% 2.92% 3.60% 3.57% 2.85%

Medium-sized company 163,828 165,336 147,098 153,671 165,088 192,465 203,619 211,202 1,402,307
0.74% 0.71% 0.74% 0.68% 0.73% 0.78% 1.04% 0.98% 0.81%

Large company 25,323 25,688 23,346 24,256 26,359 29,623 31,179 31,833 217,607
0.93% 0.83% 0.72% 0.78% 0.68% 0.73% 1.23% 1.12% 0.89%

Very large company 7,189 7,224 6,714 6,894 7,306 7,846 8,123 8,174 59,470
0.97% 0.75% 0.54% 0.65% 0.49% 0.57% 1.10% 1.20% 0.80%

Total 363,892 346,882 309,046 319,353 342,312 394,012 415,363 430,412 2,921,272
1.77% 1.46% 1.40% 1.35% 1.39% 1.67% 2.12% 2.07% 1.68%

Table 2.4: Company size vs. year and default rate.

Industry vs Year 2014 2015 2016 2017 2018 2019 2020 2021 Total

A - Agriculture, forestry and fishing 4,866 4,794 4,396 4,482 4,634 5,058 5,201 5,316 38,747
0.55% 0.60% 0.39% 0.42% 0.84% 0.81% 0.56% 1.07% 0.67%

B - Mining and quarrying 1,044 1,014 932 927 957 1,073 1,098 1,112 8,157
0.77% 1.08% 1.50% 0.54% 0.84% 0.56% 1.00% 1.44% 0.97%

C - Manufacturing 56,335 55,799 49,771 51,199 53,676 61,090 63,983 65,650 457,503
1.22% 1.02% 1.05% 1.01% 1.11% 1.37% 1.75% 1.59% 1.29%

D - Electricity, gas, steam 9,477 9,415 8,990 9,303 9,801 10,926 11,285 11,489 80,686
1.67% 1.52% 1.12% 1.04% 0.92% 0.98% 1.00% 1.41% 1.20%

E - Water supply, sewerage, waste management 3,253 3,247 2,784 2,850 2,981 3,432 3,612 3,702 25,861
0.86% 0.83% 1.15% 0.98% 0.97% 1.05% 1.58% 1.35% 1.11%

F - Construction 45,705 44,972 38,806 40,475 43,167 50,727 54,253 57,166 375,271
1.23% 1.05% 0.98% 1.06% 1.09% 1.20% 1.30% 1.31% 1.17%

G - Wholesale and retail trade 72,625 71,223 63,547 65,840 70,011 80,260 84,474 87,132 595,112
1.76% 1.47% 1.27% 1.37% 1.38% 1.70% 2.20% 2.06% 1.68%

H - Transportation and storage 14,474 14,566 12,846 13,459 14,570 17,144 18,308 19,039 124,406
2.18% 2.00% 2.45% 2.27% 2.20% 2.46% 2.91% 2.70% 2.43%

I - Accommodation and food service activities 7,575 7,702 7,187 7,713 8,817 10,367 11,299 11,859 72,519
1.68% 1.91% 1.59% 1.80% 1.98% 2.58% 2.94% 2.15% 2.15%

J - Information and communication 17,033 16,004 14,475 15,008 16,273 18,814 20,037 21,118 138,762
2.18% 1.43% 1.42% 1.29% 1.41% 1.84% 2.55% 2.92% 1.95%

L - Real estate activities 30,912 28,158 24,775 25,353 27,632 32,097 33,829 35,024 237,780
2.42% 2.19% 2.14% 1.96% 1.76% 1.99% 2.54% 2.58% 2.22%

M - Professional, scientific and technical activities 65,535 56,335 49,977 50,379 53,143 59,746 61,637 62,497 459,249
2.05% 1.63% 1.62% 1.39% 1.42% 1.69% 2.50% 2.57% 1.89%

N - Administrative and support service activities 23,871 22,915 20,772 22,138 25,312 30,101 32,293 34,527 211,929
2.13% 1.63% 1.55% 1.55% 1.58% 2.07% 2.48% 2.37% 1.98%

R - Arts, entertainment and recreation 4,457 4,308 3,974 4,121 4,559 5,216 5,517 5,730 37,882
1.68% 1.30% 1.11% 1.04% 1.12% 1.25% 1.94% 1.68% 1.42%

S - Other service activities 6,719 6,421 5,804 6,097 6,767 7,947 8,522 9,033 57,310
2.98% 1.99% 1.90% 1.77% 2.01% 2.49% 2.61% 2.71% 2.35%

T - Activities of households as employers 11 9 10 9 12 14 15 18 98
0.00% 0.00% 0.00% 0.00% 0.00% 7.14% 6.67% 0.00% 2.04%

Total 363,892 346,882 309,046 319,353 342,312 394,012 415,363 430,412 2,921,272
1.77% 1.46% 1.40% 1.35% 1.39% 1.67% 2.12% 2.07% 1.68%

Table 2.5: Company sector vs. year and default rate.
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2 Univariate default model

Industry vs Year 2014 2015 2016 2017 2018 2019 2020 2021 Total

Baden-Wuerttemberg 49,104 46,575 42,033 43,213 45,720 51,966 54,565 56,113 389,289
1.40% 1.02% 1.00% 0.95% 1.15% 1.30% 1.74% 1.63% 1.30%

Bavaria 63,368 59,120 54,104 55,967 60,116 67,951 71,294 73,771 505,691
1.56% 1.16% 1.17% 1.12% 1.15% 1.46% 2.00% 1.93% 1.48%

Berlin 15,931 15,310 14,111 14,703 17,438 19,912 21,178 22,449 141,032
2.25% 1.98% 1.91% 1.84% 1.85% 2.03% 2.85% 2.46% 2.19%

Brandenburg 9,433 9,160 7,924 8,207 8,965 10,377 10,943 11,323 76,332
1.54% 1.38% 1.14% 1.21% 1.29% 1.70% 1.86% 1.71% 1.51%

Bremen 3,587 3,404 3,068 3,122 3,331 3,844 4,013 4,050 28,419
2.23% 1.79% 2.44% 1.73% 2.16% 2.26% 2.82% 2.00% 2.19%

Hamburg 13,619 12,870 11,732 12,299 13,427 15,492 16,355 17,068 112,862
3.14% 2.61% 2.20% 2.59% 2.14% 2.61% 3.31% 3.20% 2.76%

Hesse 28,482 27,073 23,868 24,557 26,307 30,336 32,087 33,149 225,859
2.09% 1.63% 1.50% 1.41% 1.46% 1.89% 2.24% 2.24% 1.84%

Mecklenburg-West Pomerania 6,141 6,047 5,397 5,627 6,006 6,993 7,308 7,584 51,103
1.61% 1.31% 1.43% 1.30% 1.15% 1.42% 1.67% 1.82% 1.48%

Lower Saxony 33,375 32,048 28,020 28,921 30,635 35,803 37,951 39,379 266,132
1.74% 1.41% 1.33% 1.50% 1.26% 1.54% 2.02% 2.24% 1.66%

North Rhine-Westphalia 78,596 75,485 66,914 69,093 73,481 85,016 89,825 93,183 631,593
1.83% 1.61% 1.53% 1.46% 1.52% 1.85% 2.29% 2.20% 1.82%

Rhineland-Palatinate 14,945 13,972 12,461 12,847 13,656 15,817 16,724 17,270 117,692
1.43% 1.20% 1.22% 1.06% 1.22% 1.50% 2.10% 1.86% 1.48%

Saarland 3,965 3,793 3,287 3,468 3,665 4,324 4,511 4,635 31,648
1.51% 1.03% 1.31% 1.38% 1.58% 2.06% 2.64% 2.39% 1.79%

Saxony 14,745 14,320 11,752 12,113 12,790 15,156 15,997 16,559 113,432
1.78% 1.68% 1.54% 1.34% 1.36% 1.41% 1.56% 1.56% 1.53%

Saxony-Anhalt 7,009 6,861 5,857 6,040 6,389 7,499 7,937 8,207 55,799
1.61% 1.59% 1.26% 1.09% 1.10% 1.31% 1.64% 1.71% 1.43%

Schleswig-Holstein 13,128 12,640 11,321 11,694 12,448 14,348 14,999 15,640 106,218
2.02% 1.70% 1.85% 1.56% 1.69% 1.79% 1.73% 2.43% 1.86%

Thuringia 7,495 7,287 6,332 6,528 6,834 7,835 8,145 8,343 58,799
1.31% 1.29% 1.14% 1.00% 1.13% 1.20% 1.47% 1.46% 1.26%

Table 2.6: Company location vs. year and default rate.

Profile Importance
Management 30.9%
Shareholders 39.6%
Public info 15.7%
Financial 13.8%

Table 2.7: Importance of feature profiles.
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2 Univariate default model

Profile Format Feature description Feature importance
Management Categorical Indication whether manager is a shareholder 30.91%

Shareholders Numerical Total percentage held by shareholders and not by companies 25.09%
Shareholders Numerical Number of shareholders (including companies) 12.60%
Shareholders Numerical Percentage of shareholders who are not companies 1.91%

Public Info Numerical Number of companies within the group 13.95%
Public Info Categorical Company size (small, medium, large, very large) 1.63%
Public Info Numerical Time since foundation 0.10%

Financial Numerical Other shareholder funds in the balance sheet 5.18%
Financial Numerical Total assets 3.21%
Financial Numerical Solvency ratio 2.01%
Financial Numerical Shareholder liquidity 1.63%
Financial Numerical Cash 1.44%
Financial Numerical Provisions 0.35%

Table 2.8: Features used in the model.

Specificity Sensitivity / Recall Accuracy
Total 88% 83% 88%

Baden-Wuerttemberg 90% 84% 90%
Bavaria 89% 84% 89%
Berlin 85% 84% 85%
Brandenburg 87% 82% 87%
Bremen 86% 80% 86%
Hamburg 87% 84% 87%
Hesse 89% 83% 89%
Mecklenburg-West Pomerania 86% 86% 86%
Lower Saxony 87% 84% 87%
North Rhine-Westphalia 89% 80% 89%
Rhineland-Palatinate 89% 82% 89%
Saarland 92% 84% 91%
Saxony 90% 83% 90%
Saxony-Anhalt 88% 82% 88%
Schleswig-Holstein 85% 86% 85%
Thuringia 90% 78% 89%

Table 2.9: Out-of-sample validation results according to location.
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2 Univariate default model

Specificity Sensitivity / Recall Accuracy
Total 88% 83% 88%

A - Agriculture, forestry and fishing 75% 84% 76%
B - Mining and quarrying 89% 88% 89%
C - Manufacturing 93% 77% 93%
D - Electricity, gas, steam 81% 95% 82%
E - Water supply, sewerage, waste management 89% 84% 89%
F - Construction 93% 78% 93%
G - Wholesale and retail trade 91% 82% 91%
H - Transportation and storage 89% 82% 89%
I - Accommodation and food service activities 86% 82% 86%
J - Information and communication 88% 90% 89%
L - Real estate activities 76% 82% 76%
M - Professional, scientific and technical activities 89% 85% 89%
N - Administrative and support service activities 87% 83% 87%
R - Arts, entertainment and recreation 85% 88% 85%
S - Other service activities 86% 89% 86%
T - Activities of households as employers 100% 100% 100%

Table 2.10: Out-of-sample validation results according to sector.

Specificity Sensitivity/Recall Accuracy
Total 88% 83% 88%
Small company 85% 85% 85%
Medium-sized company 91% 75% 90%
Large company 91% 85% 91%
Very large company 96% 92% 96%

Table 2.11: Out-of-sample validation results according to size.

Metric RF LR NN DA
AUC 87% 55% 42% 79%
Gini index 73% 11% -17% 57%
Accuracy 88% 55% 7% 87%
Sensitivity/Recall 86% 56% 78% 70%
Specificity 88% 55% 5% 87%

Table 2.12: Comparison of univariate model results.
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3 Portfolio-default model

In the last chapter, we elaborated on an approach to model the default intensity � of
a single company, as published in [196]. Univariate models for default risk generally do
not incorporate dependence between the companies, i.e., the objective is to model the
default probability of a single company within a given time horizon, disregarding other
companies. Contrary to this, the supplier has exposure to several debtors whose default
times are dependent random variables in a realistic setup. A risk model that relies on the
assumption of independence thus underestimates the joint default risk, as simultaneous
defaults are not considered. It is imperative, therefore, to shift focus towards modeling
the likelihood of portfolio defaults that encapsulate inter-company dependencies. This
scenario is highlighted below in the picture of the business model.

D1 D2 D3 D4 . . . Dd

E1
E2

E3

E4

Ed
. . .

S

F

Figure 3.1: Portfolio-defaults in the considered business case.
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3 Portfolio-default model

Following the discussion on univariate models, several strategies have been proposed
for modeling portfolio defaults, each varying in suitability to specific business cases.
Univariate models typically incorporate economic indicators that influence default risks,
seeking to ascertain their predictive efficacy through methods such as Random Forests.
Extending these variable-driven frameworks to a multivariate factor model could allow
for integrating data from individual companies along with their interdependencies. To
facilitate this, we introduce a probability space, (
 ; F ; P) supporting d 2 N random
variables � k ; k 2 [d], defined by their survival function

P(� k > t ) (2.1)= e� � k t ; 8k 2 [d]; � k > 0; t � 0:

The objective of the preceding chapter was to model the probability P(� k � t), thereby
explicitly deriving the intensity. One possible extension of the exponential distribution’s
memoryless property to a multivariate context is the Marshall–Olkin distribution , ini-
tially proposed in [153]. This model introduces independent exponentially distributed
random variables f E I ; I � [d]g; E I � exp(� I ) with � k =

P
I � [d];k2 I � I > 0, represent-

ing the random shocks that precipitate defaults across the company set I � [d]. This
approach accounts for simultaneous defaults, redefining the default time of company k
as

� k = min
n

E I : k 2 I
o

;

indicating the earliest shock impacting the company. Although intuitive, the Marshall–
Olkin model’s applicability to high-dimensional scenarios is limited by its numerical in-
tricacy, requiring the estimation of 2d � 1 parameters and simulation of 2d � 1 shocks. Ad-
dressing this challenge, researchers have elucidated a relationship between the Marshall–
Olkin model and Lévy subordinators, showing that company k0s default time can be re-
defined as the first time a Lévy subordinator, L (k)

t , exceeds a unit-exponential threshold1,
i.e., for " k � exp(1), we have

� k = inf
n

t > 0 : L (k)
t > " k

o
: (3.1)

As the weighted sum of independent subordinators is again a subordinator2, the above
connection can be extended to several risk factors such that we obtain a factor approach
as a multivariate model. This then significantly simplifies the model by focusing on
the distribution parameters of the involved subordinators rather than the overwhelming
number of Marshall–Olkin parameters. After revisiting results from the literature, the
subsequent sections will introduce our tailored portfolio-default model and detail its
technical execution alongside numerical applications. Given the complexity of parameter
estimation, we propose a heuristic approach for parameter selection based on findings
from Chapter 2. However, the procedure can be adapted to other data sets as well.

1We note that one needs to ensure that the Laplace exponent satis�es 	 ( k ) (1) = � k such that the
margins are preserved, more details follow in Section 3.2.

2Follows from Lemma 0.3.
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3 Portfolio-default model

3.1 Literature review

The Gaussian copula model stands as a benchmark in multivariate default risk model-
ing, offering a simplistic one-factor framework as a specific case that aligns with market
price evaluations. Its ease of use and mathematical tractability are notable advantages.
However, its limitations become apparent in pricing non-standard products and underes-
timating tail risk, a critical flaw exposed during the 2008 financial crisis. Consequently,
numerous researchers have ventured beyond the traditional Gaussian copula to develop
more nuanced models. [109] introduces an implied copula model designed to achieve
consistent calibration across all CDO tranches for specified maturities. [52] proposes a
generalized Poisson cluster loss model to accurately fit data across tranches and matu-
rities. An intensity-based approach to modeling jump distributions is explored by [27],
while [83] lays the groundwork for a doubly stochastic framework for intensity modeling.
The use of gamma processes for intensity-based models is examined by [117], and [58]
delves into modeling default intensity through a jump-diffusion process. Affine point
processes form the basis of the model presented in [91]. Markov chains are employed in
[104] and combined with a Poissonian mixing distribution in [182]. The concept of mod-
eling future loss distributions under the no-arbitrage principle is explored by [195]. [174]
evaluates a threshold model based on time-altered Wiener processes, and [202] expands
on the CreditRisk+ approach by introducing new classes of dependence structures. This
expansion allows for the formal analysis of default risk portfolios subject to multiple
critical risk factors, yielding a novel multivariate probability distribution characterized
by Pareto of the second kind univariate margins suitable for insurance risk portfolios
with dependent, heavy-tailed risk components. A structural framework employing Lévy
processes is presented by [31]. [28] offers a default dependency model based on Lévy sub-
ordinators, demonstrating reasonable market data fit with a minimal parameter set for
assessing dependency risk. The exploration of truncated vine copulas, initially inspired
by [33] and [34], is furthered by [48]. Additionally, the treatment of discrete or mixed
continuous/discrete response types is addressed in [115], adding another dimension to
the ongoing evolution of risk modeling literature.

Ultimately, in the study conducted by the authors of [126], two primary structures are
identified for capturing the multivariate dependencies within a vector of items: factor de-
pendence and tree dependence, specifically Markov trees. The one-factor model assumes
that a single latent factor influences all items within the random vector, suggesting a
unified dependency structure. This model is further expanded by developing paramet-
ric models derived from the extreme value limits of factor copulas exhibiting non-zero
tail dependencies. On the other hand, the Markov tree model advocates for conditional
independence among items that are not directly connected along a tree, constructing
the dependency framework through bivariate, acyclic connections. These foundational
approaches offer scalability, allowing for extensions into multifactor models that include
common and group-specific factors or adding tree layers to introduce conditional depen-
dencies. Additionally, the authors introduced a composite (pairwise) likelihood method
for model inference.
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3 Portfolio-default model

In the specific context of credit default modeling, maintaining a manageable computa-
tional complexity is paramount, as demonstrated in [17]. Due to their reduced com-
plexity, factor models enable more feasible numerical computations compared to the
abovementioned models. This framework not only encompasses well-known models such
as Gaussian and Student t copulas but also extends to newer models that are designed
to more accurately reflect market prices for index tranches, as discussed in [16, 108, 220].
Furthermore, [4] consolidated findings on Lévy-type default drivers, and [15] provided
a critical overview of the factor model’s potential shortcomings, particularly concerning
hedging. This conceptual groundwork has also encouraged investigations into dynamic
loss models, as evidenced by the work in [195], which requires significant data volume.
Lastly, the fundamental architecture of factor models, with a particular focus on term
structure effects, is further elaborated in [14], revealing a noteworthy observation that
many factor models prevalent in the academic sphere show essential equivalences.

In our exploration, we have posited that factor models meet the requirement for man-
ageable computational complexity, guiding our preference for this methodology in our
investigation. The presumption of a univariate exponential distribution is commonly
accepted within credit risk analysis, prompting a review of related literature. A key
reference is the multivariate exponential distribution (Marshall–Olkin distribution) de-
tailed in [153], where the authors discuss exponentially distributed shocks and their
correlation with the first jump times of independent Poisson processes. The work in
[189] extends this examination in the bivariate case, considering shocks with a gener-
alized exponential distribution. A parallel line of inquiry is pursued in [130], where a
minimum-type construction is employed for shocks of arbitrary distributions, and the
dependence structure in a bivariate context is assessed. The decomposition of the joint
distribution function into singular and absolutely continuous components, focusing on
the latter to introduce the Block and Basu bivariate generalized exponential distribution,
is undertaken by [194].

In insurance event modeling, [13] provides a comprehensive review of independent count-
ing processes as multivariate models. The exogenous shock models find application in
credit risk contexts in [100], predicting the timing of economic downturns that impact
asset defaults within portfolios. The foundational approach of [153] is further applied in
[24] to explore cross-country dependencies among European debtors, aiming to calculate
the systemic banking sector risk post-crisis. In [147], the authors introduced a paramet-
ric family of d-dimensional extreme-value copulas of Marshall–Olkin type that arises as
survival copulas in Lévy-frailty models. They concluded with a general methodology for
sampling the copula and derived shared properties with Archimedean copulas regarding
construction and analytical form. The authors further differentiated the Marshall–Olkin
type into subclasses, i.e., exchangeable and extendible subclass. The exchangeable sub-
class is introduced and studied in [145, Chapter 3], the extendible subclass in [145,
Chapter 4], where the author found a unique link between extendible Marshall–Olkin
distributions and Lévy subordinators via the deFinetti representation. For further infor-
mation on the corresponding model and copula the reader can also check [147]. Further-
more, the Marshall–Olkin distribution can be generalized if one introduces non-constant
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3 Portfolio-default model

hazard rates in the exogenous shock model construction, as seen in [132]. A cumula-
tive hazard rate function (non-negative, non-decreasing, and continuous function on the
nonnegative half line that starts in zero) is introduced, and the exponential shocks are
transformed. Existing literature regarding this matter is, e.g., [166, 130], which discuss
the bivariate case. Similar to the subclass of the original distribution, the generalized
distribution can also be divided into subclasses, i.e., exchangeable and extendible ([146]).
Furthermore, in [146, Proposition 3.1], it is shown that if we consider an additive sub-
ordinator in [0; 1], then each finite margin has an extendible generalized Marshall–Olkin
distribution. This stochastic model is called the additive frailty model. Consequently,
the author of [198] completed this result and established a novel one-to-one connection
between sequences of generalized Marshall–Olkin type and additive subordinators. This
concludes our literature review on dependence modeling; however, we stress that this,
although detailed, might not reflect all existing results.

Research gaps and contributions

This thesis leverages a combination of mathematical techniques that, although individ-
ually well-developed, appear uniquely assembled here for the first time, to the best of
our knowledge. The trade-credit modeling and factoring domain is well-trodden, with
numerous studies analyzing various setups. However, the explicit inclusion of default
risk within these models has been notably scant.

Previous research has acknowledged the potential default of the debtor (e.g., [230, 192,
217, 210, 211]) and even the supplier (e.g., [168]). Yet, our review reveals a significant
oversight: no existing work has integrated a portfolio-default model into the analysis
of trade credit. This omission is critical as the assumption of independence among
companies, particularly debtors, substantially underestimates the risk of default at the
portfolio level.

To address this deficiency, we introduce a novel approach:

� A portfolio-default model for small and medium enterprise (SME) factoring, founded
on a Lévy-frailty ansatz. This model facilitates efficient simulation and incorpo-
rates dependence effects, enhancing the realism and applicability of the risk assess-
ment.

This innovative integration aims to refine the understanding of interconnected risks in
factoring, thus providing a more comprehensive tool for financial risk management in
this sector.
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3.2 Model

In this section, we present and derive the specialized portfolio-default model. We di-
rect the reader to Section A.7 for the initial derivations and theoretical foundations
necessary to comprehend this model. Within this framework, we assert that under the
premise of exponential margins, it is feasible to expand our analysis to a multivariate
setting by employing a Lévy subordinator, represented as L (k)

t for company k, ensuring
that the corresponding Laplace exponent satisfies 	 (k)(1) = � k

3. In this context, the
default time for each portfolio entity is described by (3.1). Following the arguments
in the introductory section of this chapter, we let the portfolio-default model consist
of n 2 N> 0 risk factors (variables) with mn 2 N> 0 categories, respectively. This way,
each risk factor can be numerical, i.e., one category, and categorical, i.e., potentially
several categories. We introduce i.i.d. trigger variables " k � exp(1); k 2 [d], a vector
of independent Lévy subordinators L ( i;j ) ; i 2 [n]; j 2 [mi ] for the dependence structure
with corresponding 	 ( i;j ) as the Laplace exponent of L ( i;j )

t as well as L g
t with Laplace

exponent 	 g representing a global risk factor that has an impact on all companies. They
satisfy the fixpoint condition 	 ( i;j )(1) = 	 g(1) = 1; 8i 2 [n]; j 2 [mi ] (for implications,
see [149]). We further introduce positive and independent random variables

n
J ( i;j )

l

o

l2 N0

for all (i; j ) 2 [n] � [mi ] as well as f J g
l gl2 N0 as the jumps which are implicitly defined by

� ( i;j )
J (x) = E

h
exp

n
� xJ ( i;j )

1

oi
and � g

J (x) = E
h

exp
n

� xJ g
1

oi
:

Note that for a given pair (i; j ) 2 [n] � [mi ] the jumps J ( i;j )
l are i.i.d. for all l 2 N0.

We denote the corresponding jump size densities by f g(B ); f ( i;j )(B ) for B 2 B
�
Rd�

respectively. We then associate each Lévy subordinator with the value of a risk factor;
hence, we need weights that distribute the risk to each of these factors. We set up the
weights in the following way:

w (k)
( i ) =

�
w(k)

0 ; wg; w(k)
( i; 1) ; : : : ; w(k)

( i;m i )

�
2 [0; 1]m i +2 ; 8k 2 [d];

with

w(k)
0 + wg +

nX

i =1

m iX

j =1

w(k)
( i;j ) = 1; 8k 2 [d]: (3.2)

To avoid confusion, we refer to companies k 2 [d] and risk factors i 2 [n] with cor-
responding categories j 2 [mi ] and keep this notation throughout. Hence, for every
company, k 2 [d], the weights that distribute the marginal parameter � k > 0 among the
variables add up to 1. w(k)

0 represents an idiosyncratic risk for all marginals (e.g., fraud),

3We have P(� k > t )
(3.1)
= P

�
L ( k )

t < " k

�
= E

h
e� L ( k )

t

i
= e� t 	 ( k ) (1) (2.1)

= e� t � k , and, hence, this ensures

the predetermined margins. More details on this condition can be found in (3.5).
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3 Portfolio-default model

and wg is the weight of the global risk factor affecting all companies. Furthermore, this
setup allows a company to depend on several categories of one variable. Following (3.2),
we let L (k)

t be a weighted sum of all L ( i;j )
t and L g

t , i.e.,

L (k)
t = w(k)

0 t + wgL g
t +

nX

i =1

m iX

j =1

w(k)
( i;j )L

( i;j )
t ; (i; j ) 2 [n] � [mi ]; (3.3)

which, according to Lemma 0.3, is again a Lévy subordinator (with non-negative drift).
This allows us to use the default definition of (3.1) with the above combination of
subordinators L (k)

t for company k 2 [d].

3.2.1 Survival probability and copula

Given the specific distribution characteristics of the subordinators, it becomes necessary
to adjust the weights to ensure that the predefined exponential margins remain intact.
This adjustment involves introducing transformed weights for each company within the
portfolio. These transformed weights are denoted as v(k)

0 , v(k)
g , and v(k)

( i;j ) , respectively.
Given these transformations, we can calculate the joint survival probability and the
survival copula.

Theorem 3.1 (Survival probability and survival copula)
Let (
 ; F ; P) be a probability space supporting the following:

1. A sequence of independent exponential trigger variables" k � exp(1); k 2 [d],

2. a sequence of independent Lévy subordinatorsL ( i;j )
t with corresponding Laplace

exponents	 ( i;j ) satisfying 	 ( i;j )(1) = 1; i 2 [n]; j 2 [mi ],

3. independent of allL ( i;j )
t , a Lévy subordinator L g

t with Laplace exponent	 g satis-
fying 	 g(1) = 1.

We then define for each companyk 2 [d] its default time via

� k = inf
�

t > 0 : L (k)
t > " k

�
= inf

�
t > 0 : v(k)

0 t + v(k)
g L g

t +
nX

i =1

m iX

j =1

v(k)
( i;j )L

( i;j )
t > " k

�
:

Then, using t = (t1; : : : ; td) and � : [d] 7! [d] as a permutation such that
t � (1) � : : : � t � (d) , as well asv( � (k))

g ; v� (k)
( i;j ) as the coefficients that belong to the t � (k) -th

component, we calculate the survival probability�F (t ) of � = (� 1; : : : ; � d) to be:

exp
(

�
dX

k=1

"

v(k)
0 tk +

�
t � (k) � t � (k+1)

�
 

	 g
� kX

l=1

v� ( l )
g

�
+

nX

i =1

m iX

j =1

	 ( i;j )
� kX

l=1

v� ( l )
( i;j )

� !#)

:
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Additionally, by using u = (u1; : : : ; ud) 2 [0; 1]d, we calculate the survival copulaĈ(u)
of � = (� 1; : : : ; � d) to be:

dY

k=1

u
v ( k )

0
� k

k u
1

� � ( k )

�
	 g

� P k
l =1 v� ( l )

g

�
� 	 g

� P k � 1
l =1 v� ( l )

g

�
�

� (k)

� u
1

� � ( k )

P n
i =1

P m i
j =1

�
	 ( i;j )

� P k
l =1 v� ( l )

( i;j )

�
� 	 ( i;j )

� P k � 1
l =1 v� ( l )

( i;j )

�
�

� (k) :

Proof. Can be found in the appendix.

In adherence to the prior discussion, the transformation of weights is crucial to ensure
the maintenance of predefined exponential margins. This process necessitates thoroughly
examining both the distribution characteristics and the copula framework. Initially, we
focus on establishing the requisite conditions for this transformation and determine the
intensity of the minimum of the default times, minf � 1; : : : ; � dg. Recalling our setup, we
have defined exponential margins with specific default intensities � k for each company
k in the portfolio, where k 2 [d]. Within this model, each company is associated with a
trigger variable " k � exp(1). We can then calculate the marginal default probability via

P(� k > t ) = P
�

inf
�

s > 0 : L (k)
s > " k

�
> t

�
= P

�
L (k)

t < " k

�
= E

�
P

�
L (k)

t < " k

�
�
�
�L

(k)
t

��

= E
h
e� L ( k )

t

i
= E

�
e�

�
v( k )

0 t+ v( k )
g L g

t +
P n

i =1
P m i

j =1 v( k )
( i;j ) L ( i;j )

t

� �

= e� v( k )
0 t E

h
e� v( k )

g L g
t

i nY

i =1

m iY

j =1

E
�
e� v( k )

( i;j ) L ( i;j )
t

�
= e� v( k )

0 t e� t 	 g
�

v( k )
g

� nY

i =1

m iY

j =1

e� t 	 ( i;j )
�

v( k )
( i;j )

�

= exp

8
<

:
� t

0

@v(k)
0 + 	 g

�
v(k)

g

�
+

nX

i =1

m iX

j =1

	 ( i;j )
�

v(k)
( i;j )

�
1

A

9
=

;
: (3.4)

As our margins are given and exponentially distributed, this then leads to the following
condition:

	 (k)(1) = v(k)
0 + 	 g

�
v(k)

g

�
+

nX

i =1

m iX

j =1

	 ( i;j )
�

v(k)
( i;j )

�
!= � k : (3.5)

Upon selecting a specific distribution for the subordinators in Section 3.2.3, we will
revisit the previously established condition to guide the transformation of weights. This
step is pivotal for ensuring that the exponential margins are appropriately maintained
throughout our analysis. Importantly, this foundational result not only facilitates the
derivation of the bivariate copula for the general case but also enables us to compute the
intensity � [d] of the minimum of the default times, minf � 1; : : : ; � dg. The significance of
determining this intensity lies in its utility for further analytical explorations, particularly
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because this quantity adheres to an exponential distribution yet again. We introduce
and calculate

e� � [d ] t := P(� k > t; 8k 2 [d]) = P
�

inf
�

s > 0 : L (k)
s > " k

�
> t; 8k 2 [d]

�

= P
�

L (k)
t < " k ; 8k 2 [d]

�
= P

0

@v(k)
0 t + v(k)

g L g
t +

nX

i =1

m iX

j =1

v(k)
( i;j )L

( i;j )
t < " k ; 8k 2 [d]

1

A

= E

2

4
Y

k2 [d]

e�
�

v( k )
0 + v( k )

g L g
t +

P n
i =1

P m i
j =1 v( k )

( i;j ) L ( i;j )
t

�
3

5

= e�
P d

k =1 v( k )
0 t

Y

i 2 [n ]

Y

j 2 [m i ]

E
h
e�

P d
k =1 v( k )

g L g
t

i
E

�
e�

P d
k =1 v( k )

( i;j ) L ( i;j )
t

�

= exp
(

� t

 dX

k=1

v(k)
0 + 	 g

� dX

l=1

v( l )
g

�
+

nX

i =1

m iX

j =1

	 ( i;j )
� dX

l=1

v( l )
( i;j )

� !)

;

which then implies:

� [d] =
dX

k=1

v(k)
0 + 	 g

 dX

l=1

v( l )
g

!

+
nX

i =1

m iX

j =1

	 ( i;j )

 dX

l=1

v( l )
( i;j )

!

=
X

I � [d]

� I : (3.6)

The last equality follows from the fact that the minimum of exponentially distributed
random variables again follows an exponential distribution with intensity equal to the
sum of the original intensities.

3.2.2 The case of two dimensions

With these two results and conditions, we are prepared to re-derive the bivariate Marshall–
Olkin copula, which is well-known (see, e.g., [149, p.106, Equation (3.5)]). On the one
hand, this allows us to check whether we have embedded the model correctly and sec-
ondly, it allows us to derive bivariate dependence measures. Note for d = 2 we have
� 1 = � f 1g + � f 1;2g and � 2 = � f 2g + � f 1;2g and hence

� [2] = � f 1g + � f 2g + � f 1;2g = � 1 + � 2 � � f 1;2g:

Then, using Theorem 3.1 and the permutation � : [d] 7! [d] therein, we know that
(follows from (A.1)):

u1=� � (1)

� (1) � u1=� � (2)

� (2) :
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With this, we can calculate

Ĉ(u1; u2) = u
v (1)

0
� 1

1 u
1

� � (1)

�
	 g

�
v� (1)

g

�
+

P n
i =1

P m i
j =1 	 ( i;j )

�
v� (1)

( i;j )

�
�

� (1) u
v (2)

0
� 2

2

� u
1

� � (2)

�
	 g

�
v� (1)

g + v� (2)
g

�
� 	 g

�
v� (1)

g

�
+

P n
i =1

P m i
j =1 	 ( i;j )

�
v� (1)

( i;j ) + v� (2)
( i;j )

�
� 	 ( i;j )

�
v� (1)

( i;j )

�
�

� (2)

(3.6) ;(3.5)= u
v (1)

0
� 1

1 u
1

� � (1)

�
� � (1) � v( � (1))

0

�

� (1) u
v (2)

0
� 2

2 u
1

� � (2)

�
� [2] �

�
v(1)

0 + v(2)
0

�
�

�
� � (1) � v( � (1))

0

�
�

� (2)

=

8
><

>:

u1u
1�

� f 1;2g
� 2

2 if � (1) = 1

u2u
1�

� f 1;2g
� 1

1 if � (1) = 2
:=

(
u1u1� 
 2

2 if u
 1
1 � u
 2

2

u1� 
 1
1 u2 if u
 1

1 > u 
 2
2

;

where 
 1 = � f 1;2g

� 1
; 
 2 = � f 1;2g

� 2
. This resembles the well-known bivariate Marshall–Olkin

copula, and thus, we have embedded the model correctly. Regarding the survival prob-
ability, we can again use the identities above and calculate for t � (1) � t � (2) :

�F (� 1 > t 1; � 2 > t 2)

= exp

8
<

:
� v(1)

0 t1 �
�
t � (1) � t � (2)

�
	 g

�
v( � (1))

g

�
�

nX

i =1

m iX

j =1

t � (1)

�
	 ( i;j )

�
v( � (1))

( i;j )

��
9
=

;

� exp
�

� v(2)
0 t2 � t � (2) 	 g

�
v(1)

g + v(2)
g

�

�
nX

i =1

m iX

j =1

t � (2)

�
	 ( i;j )

�
v(1)

( i;j ) + v(2)
( i;j )

�
� 	 ( i;j )

�
v( � (1))

( i;j )

�� �

= exp
n

� w(1)
0 � 1t1 � w(2)

0 � 2t2 � t � (1) � � (1)

�
1 � w( � (1))

0

�o

� exp
n

� t � (2)

�
� [2] � w(1)

0 � 1 � w(2)
0 � 2 � � � (1)

�
1 � w( � (1))

0

��o

=
(

exp
�

� t1� 1 � t2� 2 + t2� f 1;2g
	

, if � (1) = 1
exp

�
� t1� 1 � t2� 2 + t1� f 1;2g

	
, if � (1) = 2

= exp
�

� t1� f 1g � t2� f 2g � maxf t1; t2g� f 1;2g

�
;

which is again a well known result in the literature, i.e., see [149, p.103].

Remark 3.1 (Singular component, [149, p.119, (3)])
Before delving into the specifics of the bivariate case, it is pertinent to acknowledge
another characteristic of the copula structure under examination: the presence of a sin-
gularity when all default times coincide, mathematically characterized by a non-zero
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probability P(� 1 = � 2) > 0. This phenomenon is elucidated through the following calcu-
lation:

P(� 1 = � 2) = P
�

E f 1;2g < min
�

E f 1g; E f 2g

��

= E
�
P

�
E f 1;2g < min

�
E f 1g; E f 2g

� �
�
�
�E f 1;2g

��
= E

h
e� E f 1;2g(� f 1g + � f 2g)

i
:

By recognizing the moment-generating function of an exponentially distributed random
variable E f 1;2g, we apply the relevant intensities to obtain:

P(� 1 = � 2) = E
h
e� E f 1;2g(� f 1g + � f 2g)

i
= 1

1 +
�
� f 1g + � f 2g

� �
� f 1;2g

� � 1

=
� f 1;2g

� f 1g + � f 2g + � f 1;2g
:

Given that this probability is generally greater than zero—an uncharacteristic outcome
of continuous distributions, it signifies a singularity. This peculiar aspect necessitates
a strategic approach in subsequent analyses, particularly by conditioning on values that
fall below and above the diagonal.

Dependence measures

We continue our analysis of the bivariate case by calculating several dependence measures
of this model.

Theorem 3.2 (Spearman’s rho with survival copula)
For a two-dimensional random vector � = (� 1; � 2) with joint survival distribution func-
tion �F , univariate marginal survival distribution functions �F� 1 ; �F� 2 and the survival cop-
ula Ĉ, Spearman’s rho is defined as

� S (� 1; � 2) = 12

Z 1

0

Z 1

0

Ĉ(u; v) du dv � 3:

Proof. See, e.g., [170].

For our model, we have

Ĉ(u) = Ĉ(u1; u2) =
(

u1u1� 
 2
2 if u
 1

1 � u
 2
2

u1� 
 1
1 u2 if u
 1

1 > u 
 2
2 :
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Hence, by accounting for the singularity, we obtain

� S (� 1; � 2) = 12

Z 1

0

Z 1

0

u1u1� 
 2
2 1

f u1 � u 
 2=
 1
2 g

du1 du2

+ 12

Z 1

0

Z 1

0

u1� 
 1
1 u21

f u2<u 
 1=
 2
1 g

du1 du2 � 3

= 12

Z 1

0

u1� 
 2
2

�
1
2u2

1

� u 
 2=
 1
2

0
du2 + 12

Z 1

0

u1� 
 1
1

�
1
2u2

2

� u 
 1=
 2
1

0
du2 � 3

= 6

Z 1

0

u1� 
 2+2 
 2=
 1
2 du2 + 6

Z 1

0

u1� 
 1+2 
 1=
 2
1 du2 � 3

= 6
2 � 
 2 + 2
 2=
 1

+ 6
2 � 
 1 + 2
 1=
 2

� 3

= 3
 2
 1

2
 1 + 2
 2 � 
 2
 1
:

Theorem 3.3 (Kendall’s tau with survival copula)
For a two-dimensional random vector � = (� 1; � 2) with joint survival distribution func-
tion �F , univariate marginal survival distribution functions �F� 1 ; �F� 2 and the survival cop-
ula Ĉ, Kendalls’s tau can be defined as

� � (� 1; � 2) = 4

Z 1

0

Z 1

0

Ĉ(u; v) dĈ(u; v) � 1:

Proof. See, e.g., [170] and [122].

For our model, we calculate4

@̂C(u1; u2)
@u1

@̂C(u1; u2)
@u2

=
(

(1 � 
 2)u1u1� 2
 2
2 if u
 1

1 < u 
 2
2

(1 � 
 1)u1� 2
 1
1 u2 if u
 1

1 > u 
 2
2 :

4Di�erentiability in u
 1
1 = u
 2

2 is not given due to the singular component explained in Remark 3.1.
More details can be found in, e.g., [149], [79, Section 3].
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With this, we can calculate

� � = 4
 

1
2 �

Z 1

0

Z 1

0

@̂C(u1; u2)
@u1

@̂C(u1; u2)
@u2

du1 du2

!

� 1

= 1 � 4
 Z 1

0

Z 1

0

(1 � 
 2)u1u1� 2
 2
2 1

f u1<u 
 2=
 1
2 g

du1 du2

+

Z 1

0

Z 1

0

(1 � 
 1)u1� 2
 1
1 u21

f u2<u 
 1=
 2
1 g

du2 du1

!

= 1 � 4(1 � 
 2)

Z 1

0

u1� 2
 2
2

�
1
2u2

1

� u 
 2=
 1
2

0
du2 + 4(1 � 
 1)

Z 1

0

u1� 2
 1
1

�
1
2u2

2

� u 
 1=
 2
1

0
du1

= 1 � 2
�

1 � 
 2

2 � 2
 2 + 2
 2=
 1
+ 1 � 
 1

2 � 2
 1 + 2
 1=
 2

�
= 1 �


 1(1 � 
 2) + 
 2(1 � 
 1)

 1 � 
 1
 2 + 
 2

= 
 1 + 
 2 � 
 1
 2 � (
 1 � 
 1
 2 + 
 2 � 
 2
 1)

 1 + 
 2 � 
 1
 2

= 
 1
 2


 1 + 
 2 � 
 1
 2
: (3.7)

Accompanying Spearman’s rho and Kendall’s tau as measures of concordance, one can
also use Blomqvist’s Beta.

Theorem 3.4 (Blomqvist’s Beta)
For a two-dimensional random vector � = (� 1; � 2) with joint survival distribution func-
tion �F , univariate marginal survival distribution functions �F� 1 ; �F� 2 and the survival cop-
ula Ĉ, Blomqvist’s Beta is defined as

� = 4Ĉ
�

1
2 ;

1
2

�
� 1:

Proof. See, e.g., [170], [122], and [184].

In our model, we calculate

� =
(

2
 1 � 1 if u
 1
1 � u
 2

2

2
 2 � 1 if u
 1
1 > u 
 2

2 :

Lastly, we note that this specific copula has no lower tail dependence (unless there is
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comonotonicity). For the upper tail dependence we calculate

UT D = lim
u" 1

1 � 2u + Ĉ(u; u)
1 � u

= lim
u" 1

8
<

:

1� 2u+ u2u � 
 1

1� u
L’Hôspital= limu" 1 2 � 2u1� 
 1 � (� 
 1)u1� 
 1 if u
 1 � u
 2

1� 2u+ u2u1� 
 2

1� u
L’Hôspital= limu" 1 2 � 2u� 
 2 � (� 
 2)u1� 
 2 if u
 1

1 > u 
 2
2

=
(


 1 if 
 1 � 
 2


 2 if 
 1 > 
 2
= minf 
 1; 
 2g:

These arguments and results on the tail dependences of the bivariate Marshall–Olkin
copula can be found in, e.g., [79, Theorem 3.6].

Effect of marginal intensities on dependence strength of the model

A natural question that arises is about the maximal possible dependence that could be
measured using this model. We use this section to show that the resulting dependence
strength of the model, i.e., how much dependence the model can measure, strongly
depends on the marginal default probabilities and their degree of heterogeneity. We
situate this section in this part of the thesis, as the following considerations are done
in two dimensions. In Remark 3.1 we have seen that P(� 1 = � 2) = 0 only if � f 1;2g = 0.
Therefore assume that � f 1;2g > 0 and let w.l.o.g. � 1 � � 2. Then we can rewrite

P(� 1 = � 2) =
� f 1;2g

� f 1g + � f 2g + � f 1;2g
=

� f 1;2g

� f 2g + � 1
;

and see that this is maximal for � f 2g = 0 which implies � 2 = � f 1;2g and, hence,

P(� 1 = � 2) =
� f 1;2g

� f 2g + � 1
= � 2

� 1
:

This shows that the strength of dependence of the model is strongly affected by the
marginal intensities. Further, the more heterogeneous the marginal intensities, the lower
the maximal measurable dependence, an effect that has also been shown in [144]. This
can also be seen by analyzing the correlation of the default indicators 1f � 1 � tg; 1f � 2 � tg
for t � 0:

Corr
�
1f � 1 � tg; 1f � 2 � tg

�
= E

�
1f � 1 � tg1f � 2 � tg

�
� E

�
1f � 1 � tg

�
E

�
1f � 2 � tg

�

= P(� 1 � t; � 2 � t) � P(� 1 � t) P(� 2 � t) :
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Note that we have

� E
h
e� L ( k )

t

i (3.4)= P(� k > t ) = e� � k t ; k 2 [2];

� E
�
e�

�
L (1)

t + L (2)
t

� �
(3.6)= e� � [2] t ;

and, hence,

P(� 1 � t; � 2 � t) = P
�

" k � L (k)
t ; 8k 2 [2]

�
= E

�
P

�
" k � L (k)

t ; 8k 2 [2]
�
�
�
�L

(k)
t

��

= E
h�

1 � e� L (1)
t

� �
1 � e� L (2)

t

�i
= 1 � e� � 1 t � e� � 2 t + e� � [2] t :

Then, with

P(� 1 � t) P(� 2 � t) =
�

1 � e� � 1 t
� �

1 � e� � 2 t
�

= 1 � e� � 1 t � e� � 2 t + e� (� 1+� 2 )t

and
� [2] = � 1 + � 2 � � f 1;2g;

we can state that

Corr
�
1f � 1 � tg; 1f � 2 � tg

�
= e� t(� 1+� 2 � � f 1;2g) � e� t (� 1+� 2 )

= e� t (� 1+� 2 )
h
et� f 1;2g � 1

i
:

We see that no correlation is implied by a vanishing joint intensity, i.e., � f 1;2g = 0.
Hence, assume � f 1;2g > 0 and let w.l.o.g. � 1 � � 2. Then we can rewrite

Corr
�
1f � 1 � tg; 1f � 2 � tg

�
= e� t (� 1+� 2 )

h
et� f 1;2g � 1

i

= e� t � 1 e� t� f 2g

h
1 � e� t� f 1;2g

i
;

which is again maximal for � f 2g = 0, implying � 2 = � f 1;2g. Therefore, we end up with

Corr
�
1f � 1 � tg; 1f � 2 � tg

�
= e� t � 1

h
1 � e� t � 2

i
:

By further comparing the cases � 1 = � 2 (more homogeneous margins) with � 1 > � 2
(more heterogeneous margins), we get

� Corr
�
1f � 1 � tg; 1f � 2 � tg

�
= e� t � 1 � e� 2t � 1 for the more homogeneous case,

� Corr
�
1f � 1 � tg; 1f � 2 � tg

�
= e� t � 1 � e� t (� 1+� 2 ) for the more heterogeneous case.

Our assumption (� 1 � � 2) implies � 1 + � 2 � 2� 1 so that the correlation decreases in
the difference between the margins, i.e., the more heterogeneous margins we obtain, the
weaker the maximal obtainable dependence becomes. Summarizing these calculations,
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we see that the measurable dependence is strongly affected by the marginal default
intensities, and further, the more heterogeneous the margins are, the less dependence
can be measured. Conversely, this means that low marginal default intensities combined
with a heterogeneous structure yield a low measurable dependence of the model. This
effect has also been shown in [148]. This concludes the bivariate case results, as in the
next section, we fix a specific distribution of the subordinators, thereby restricting the
general case. Nonetheless, when working with this model, practitioners from Munich Re
need to rely on a specific distribution to which the model is applicable.

3.2.3 Distribution of the subordinators

Up to this point, we have not specified a particular distribution for the Lévy subordi-
nators and the associated jump sizes within our model. For this project, we chose the
simplest and most analytically tractable option: the compound Poisson distribution.
This choice facilitates a clearer understanding and easier calculation while still allowing
for the modeling of jumps, which are critical in the context of default times and risk
modeling. The compound Poisson process (CPP) structure is characterized by a Poisson
process combined with a sequence of i.i.d. random variables representing the sizes of the
jumps at each Poisson event. The defining features of this process are its jumps, which
occur at a rate dictated by the Poisson process, with the size of each jump determined
by the distribution of the i.i.d. random variables. To delve deeper into the analysis, let’s
first revisit some fundamental properties of the compound Poisson distribution and es-
tablish the corresponding Laplace exponent5. We then derive a condition for the choice
of the parameters and have a look at the underlying Lévy measure and drift. The follow-
ing calculations can be retrieved from [20, Proposition 1.1]. In the case of a compound
Poisson distribution, the subordinator is defined by

L t =
X

l � 1

J l 1f � 1+ :::+� l � tg;

where � l � exp(� ) independent of L t and J l > 0 independent of � l is implicitly defined
via

� J (x) = E
h
exp

�
� xJ 1

�i
:

Intuitively, the process stays constant until � 1, then jumps to J1, again stays constant
until � 1 + � 2, then jumps to J1 + J2 and so on until time t is reached. To find the
Laplace exponent of a CPP subordinator, we first look at the case where J l = 1 8l and
then extend the result to the case of general jump sizes. It is well known that the sum of
i.i.d. exponential variables follows a gamma-distribution and, further, that for positive
integers B 2 N, the gamma function boils down to �( B ) = (B � 1)! and hence for the

5For the reader's convenience, we omit the indices (i; j ); g. Still, it should be clear that we consider
L ( i;j )

t ; L g
t ; i 2 [n]; j 2 [m i ] in this derivation.
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counting process that is defined by

N (t) =
X

l � 1

1f � 1+ :::+� l � tg;

we have that X B :=
P B

l=1 � l � Gamma(B; � ) with density function

f (x) = xB � 1e� x� � B

(B � 1)! 1f x � 0g:

Therefore, we can calculate

P(N (t) = B ) = P(X B � t < X B + � B +1 ) = P(� B +1 > t � X B � 0)

= E[P(� B +1 > t � X B � 0jX B )] =

Z
P(� B +1 > t � s)1f t � s> 0gf (s)ds

=

tZ

0

e� � (t � s) sB � 1e� s� � B

(B � 1)! ds = � B

(B � 1)!e
� �t

tZ

0

sB � 1ds

= (�t )B

B ! e� �t :

This then leads to

E
h
e� xN (t )

i
=

X

B � 0

e� xB P(N (t) = B ) =
X

B � 0

e� xB e� �t (�t )B

B !

= e� �t
X

B � 0

(e� x �t )B

B ! = exp
�

� �t
�
1 � e� x � �

: (3.8)

This concludes the derivations for the case of unit jump sizes. We now extend the
arguments to general jump sizes, i.e., we consider

L t =
X

l � 1

J l 1f � 1+ :::+� l � tg =
N (t )X

l=1

J l :
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Then we can calculate

E
h
e� xL t

i
= E

"

exp
�

� x
N (t )X

l=1

J l

� #

= E

"

E
�

exp
�

� x
N (t )X

l=1

J l

� �
�
�
�N (t)

� #

= E

" N (t )Y

l=1

E
h

exp
�

� xJ l

�i
#

= E

" N (t )Y

l=1

� J (x)
#

= E
h
� J (x)N (t )

i

= E
h

exp
�

ln (� J (x)) N (t)
�i

:

Using (3.8) yields

E
h
e� xL t

i
= E

h
exp

�
ln (� J (x)) N (t)

�i
= E

h
e� yN (t )

i �
�
�
y= � ln

�
� J (x)

�

(3.8)= exp
�

� �t
�
1 � e� y � � �

�
�
y= � ln

�
� J (x)

� = exp
�

� �t (1 � � J (x))
�

:

Then, the Laplace exponent of L is given by

	( x) = 1
t
	 t (x) = �

1
t

ln
�

E
h
e� xL t

i�
= �

�
1 � � J (x)

�
:

In this thesis, we further assume to have a constant jump size distribution with jump
size � > 0 such that we have � J (x) = e� x� and consequently

	( x) = �
�

1 � e� x�
�

(3.9)

with the inverse given by

(	) � 1 (y) = �
1
�

ln
�

1 �
y
�

�
:

Note that this inverse is only defined for

y < �:

As we also have to fulfill the condition 	(1) = 1 for each of the variables’ subordinator,
we need to have

	(1) = �
�

1 � e� �
�

= 1

() � = 1
1 � e� � : (3.10)

With the specification that the Lévy subordinators L ( i;j )
t ; L g

t ; i 2 [n]; j 2 [mi ] adhere to
a CPP with a constant jump size distribution, the multivariate model we’re discussing
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becomes explicitly defined by two main components: the sizes of the jumps and the risk
weights assigned to each subordinator. The jump sizes are designated by � ( i;j ) and � g

for inter-company and general market jumps, respectively. This clarification narrows
our focus and provides a structured approach to modeling the portfolio’s default times
dynamics. The constant jump size assumption simplifies the analysis by ensuring unifor-
mity in the impact of each jump, thereby facilitating the computation and interpretation
of the model’s outcomes. To ensure the preservation of the exponential margins, defined
in (3.5), the following lemma presents the method for transforming the weights within
the CPP framework.

Lemma 3.5 (Choice of parameters in CPP)
Assuming a CPP structure, we transform the weights in the definition of(3.3) via

v(k)
0 = w(k)

0 � k ; v(k)
g = �

1
� g ln

�
1 �

wg� k

� g

�
; v(k)

( i;j ) = �
1

� ( i;j ) ln

0

@1 �
w(k)

( i;j ) � k

� ( i;j )

1

A ; (3.11)

such that we preserve the correct margins, i.e.,P(� k > t ) = e� � k t ; 8k 2 [d]; t � 0.

Proof. Can be found in the appendix.

As Lévy subordinators are uniquely identified by their characteristics (see Theorem
0.2), in the following remark, we derive the Lévy measure for our model defined in (3.1),
combined with the weights transformation above.

Remark 3.2 (Lévy measure of CPP)
Recall from Theorem 0.2, that we have the representation

	( x) = �x +

Z

(0;1 ]

1 � e� tx � (dt);

where � and � are the drift and the Lévy measure, respectively. Now letf be the jump
density in the CPP structure and consider (3.9):

	( x) = �
�

1 � � J (x)
�

= �
�

1 � E
h
e� xJ l

i�

= �

Z

(0;1 ]

1 � e� tx f (dt):

A coefficient comparison then yields that in the CPP structure, we have zero drift, i.e.,
� = 0 and following [204, Proposition 3.5], the corresponding Lévy measure is given by

� (B ) = �f (B ) = � P(J l 2 B ) ; 8B 2 B(Rd):
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If we now further assume a constant jump size distribution with jump size� > 0 as
argued before, we can state that

f (B ) = P(J l 2 B ) =
(

� , if � 2 B
0 else

= � f � g(B );

which corresponds to the Dirac measure on� . Hence, in this case, the corresponding Lévy
measure is defined by� (B ) = �� � (B ); 8B 2 B(Rd). Building on this derivation, we can
find the measures for the subordinatorsL (k)

t ; k 2 [d] that are used in our portfolio-default
model. Recall, that we defined

L (k)
t = v(k)

0 t + v(k)
g L g

t +
nX

i =1

m iX

j =1

v(k)
( i;j )L

( i;j )
t :

First, we note that thanks to Lemma 0.3,L (k)
t as the weighted sum of independent Lévy

subordinators is again a Lévy subordinator and, hence, according to Theorem 0.2 we can
find its drift and measure. Combining (3.4) and (3.9), we can calculate forx � 0; t � 0:

E
h
e� xL ( k )

t

i (3.4)= exp

2

4� t

0

@v(k)
0 x + 	 g

�
v(k)

g x
�

+
nX

i =1

m iX

j =1

	 ( i;j )
�

v(k)
( i;j )x

�
1

A

3

5

(3.9)= exp

2

4� t

0

@v(k)
0 x + � g

�
1 � � g

J (v(k)
g x)

�
+

nX

i =1

m iX

j =1

� ( i;j )
�

1 � � ( i;j )
J (v(k)

( i;j )x)
�

1

A

3

5 :

Hence, with f g(B ) = P
�
J g

l 2 B
�

and f ( i;j )(B ) = P
�

J ( i;j )
l 2 B

�
for B 2 B

�
Rd�

, it

follows for the Laplace exponent ofL (k)
t :

	 (k)(x) = v(k)
0 x + � g

�
1 � � g

J (v(k)
g x)

�
+

nX

i =1

m iX

j =1

� ( i;j )
�

1 � � ( i;j )
J (v(k)

( i;j )x)
�

= v(k)
0 x + � g

Z

(0;1 ]

�
1 � e� v( k )

g xt
�

f g(dt) +
nX

i =1

m iX

j =1

� ( i;j )

Z

(0;1 ]

�
1 � e� v( k )

( i;j ) xt
�

f ( i;j )(dt)

( � )= v(k)
0 x + � g

Z

(0;1 ]

�
1 � e� x~t

�
f g

 
d~t

v(k)
g

!

+
nX

i =1

m iX

j =1

� ( i;j )

Z

(0;1 ]

�
1 � e� x~t

�
f ( i;j )

0

@ d~t
v(k)

( i;j )

1

A

= v(k)
0 x +

Z

(0;1 ]

�
1 � e� x~t

�
2

4 � gf g

 
�

v(k)
g

!

+
nX

i =1

m iX

j =1

� ( i;j ) f ( i;j )

0

@ �

v(k)
( i;j )

1

A

3

5
�
d~t

�
;

where in (� ) we used the substitution~t = v(k)
g t and ~t = v(k)

( i;j ) t, respectively. Hence, if we
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define a new measure via

� (k)(B ) = � gP
�

v(k)
g J g

l 2 B
�

+
nX

i =1

m iX

j =1

� ( i;j )P
�

v(k)
( i;j )J

( i;j )
l 2 B

�
; B 2 B

�
Rd

�
; (3.12)

we get

	 (k)(x) = v(k)
0 x +

Z

(0;1 ]

1 � e� xt � (k)(dt):

Therefore, the drift and Lévy measure ofL (k)
t are given byv(k)

0 ; � (k) respectively. Lastly,
given that bothf g and f ( i;j ) are constant jump size distributions with jump sizes� g; � ( i;j )

respectively, (3.12) can be written as

� (k)(B ) = � g� n
v( k )

g � g
o (B ) +

nX

i =1

m iX

j =1

� ( i;j ) � n
v( k )

( i;j ) � ( i;j )
o (B ); B 2 B

�
Rd

�
:

Remark 3.3 (Drivers of dependence and independence)
The last remark provides a significant insight into the mechanics of the subordinator
L (k)

t , specifically regarding its drift component, which is defined asv(k)
0 = w(k)

0 � k . This
formulation reveals the intrinsic role of the idiosyncratic weight w(k)

0 , positioning it as
a pivotal factor influencing the degree of independence within the model. An increase
in this weight corresponds to a heightened level of independence, delineating the idiosyn-
cratic weight as a counterbalance to the dependence structure manifested through the
subordinators. This intuitive understanding is rooted in the definition that, irrespective
of the underlying risk factors, the subordinatorL (k)

t exhibits growth at the rate ofv(k)
0 .

Such growth, indicative of the process nearing the threshold" k , invariably impacts the
default time � k . Crucially, this effect unfolds independently of the collective risk fac-
tors that might influence multiple entities within the portfolio. Hence, the idiosyncratic
weights serve as a mechanism for modulating the model’s dependence structure. By ad-
justing these weights upwards, the model accommodates greater independence among the
entities it represents. This mechanism allows for nuanced control over the model’s rep-
resentation of dependence and independence, tailoring it to accurately reflect specific risk
profiles and interdependencies.

3.2.4 Parameters

In the development of the model, the selection of risk factors i 2 [n] and their corre-
sponding categories j 2 [mi ], alongside the specifications for the Lévy subordinators,
plays a foundational role. With the decision to model the subordinators using a CPP
framework, as outlined in the pertinent section on the distribution of the involved sub-
ordinators, it becomes necessary to establish the parameters that will govern this aspect
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of the model. Specifically, the parameters of interest are risk weights, the jump time
intensities � ( i;j ) ; � g and the jump sizes � ( i;j ) ; � g. Notably, these last parameters are in-
terrelated, where one can be derived from the other through the relation (3.10). This
relationship holds true for both specific and global subordinators within the model.
This section aims to delineate risk factors and establish a heuristic for determining all
the requisite parameters. Given the challenges associated with parameter estimation in
this context—particularly due to the scarcity of data points and the absorbing nature
of the “defaulted” state, which limits a company to default at most once—a statisti-
cal approach to parameter estimation proves inadequate. Consequently, our proposed
heuristic and parameter definition is tailored to the Munich Re data set for illustrative
purposes. However, it’s important to emphasize that this methodology can be adapted
to accommodate different risk factors and data sets. Moreover, the subsequent economic
assumptions and analyses are not mathematically proven, but conclusions are drawn
from several experts’ insights6.

Risk factors

The decision to align with Munich Re’s internal risk management team’s approach by
adopting the risk factors utilized in the univariate model as potential candidates for
the multivariate model underscores a strategic approach to model development. This
alignment facilitates regulatory compliance and ensures that the chosen risk factors have
already been vetted and approved by the relevant department within Munich Re, thereby
streamlining the model application process in practice. The methodology for selecting
the appropriate risk factors for the multivariate model involves a rigorous economic anal-
ysis. This analysis critically examines each risk factor by considering two hypothetical
companies with similar values for a given risk factor and assessing their responses to a
financial shock. The core question driving this analysis is whether similar values in a risk
factor among different companies correlate with similar reactions to external financial
shocks, thereby indicating a dependence based on that risk factor. Through this sequen-
tial examination of the feature space, as detailed in Chapter 2, Table 2.8, the analysis
culminates in identifying a subset of risk factors deemed to significantly impact depen-
dency. These risk factors include company size, company age, total assets, solvency ratio,
and cash. The rationale for selecting specific risk factors for the multivariate model, as
informed by the internal risk management team at Munich Re, hinges on the subjective
economic implications of these factors and their potential influence on inter-company
dependencies. Here’s a brief exploration of each chosen risk factor and its presumed
impact on the model:

6Again, we emphasize that this section serves as a proposed heuristic only, relying on subjective beliefs
rather than mathematical proof. This approach allows for economic interpretations but does not
employ statistical estimation methods.
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� Company size: The size of a company is a categorical variable, ranging from small
to very large. Research suggests a correlation between company size and prof-
itability, which can be positive or negative depending on the category ([137]).
Therefore, since profitability affects survival probability, company size might in-
fluence the level of dependence among companies, especially in financial distress
or takeover scenarios.

� Company age: This variable signifies the duration since a company’s establishment.
Companies of a similar age likely have navigated comparable market crises and
acquired experience shaping their responses to new financial distresses. Thus,
companies with comparable ages might exhibit similar behaviors during economic
downturns, indicating a potential dependence.

� Total assets: Total assets reflect the aggregate value of a company’s assets. The
Altman Z-score ([5]), a well-established metric for assessing bankruptcy risk, in-
cludes total assets as a crucial component. The relationship between total assets
and bankruptcy likelihood suggests that companies with similar asset values may
react similarly to financial shocks, indicating dependence.

� Solvency Ratio: This ratio measures the proportion of a company’s funds to its
liabilities. Given the current emphasis on interest rate risk by financial authori-
ties like the FED and the EZB, companies with analogous solvency ratios could
face similar challenges in refinancing, especially in an environment of rising in-
terest rates. This commonality in financial pressure points towards a potential
dependency in default behaviors.

� Cash: Cash reserves are critical for navigating financial uncertainties, particularly
in the face of rising refinancing costs due to increasing interest rates. Companies
with comparable cash reserves are likely similarly positioned to handle such eco-
nomic challenges, suggesting a degree of dependence on their financial resilience.

In total, we end up with n = 5 risk factors and m = f 4; 1; 1; 1; 1g categories respectively.

Weights of risk factors

After having defined the structure and the specific risk factors in the previous section,
we turn our attention to w(k)

0 ; wg; w(k)
( i;j ) 8k 2 [d]; i 2 [5]; j 2 [mi ] next. As argued in

the introduction of this chapter, these risk weights contribute to the risk of each of the
risk factors, as well as the global and idiosyncratic part. Hence, for the risk factors,
we first need to define a performance metric that establishes how much each factor can
potentially contribute to the model prediction. We rank them according to a subjective
importance belief and then apply a weighting by rank sum. Therefore, let the variables
with rank r 2 [5] obtain importance F I (r ) := (5 � r + 1)=15. For any number of risk
factors n 2 N> 0, we have that these sum up to 1. We then propose
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Ranking Risk factor Importance F I (r )

1 Solvency ratio 5=15
2 Cash 4=15
3 Total assets 3=15
4 Company age 2=15
5 Company size 1=15

Table 3.1: Importances of risk factors.

Both the global risk weight wg, as well as the individual company’s risk weight w(k)
0

have to be chosen, based on an expert’s opinion which allows Munich Re to influence
the model and the corresponding dependence structure to their needs, i.e., see Remark
3.3 for explanations. We then propose the following weights:

w(k)
( i;j ) =

8
<

:

1
jf j : j = cat(k; i )gj

�
F I (i ) �

1
n

�
w(k)

0 + wg

� �
if j = cat(k; i )

0 else ;

where cat(k; i ) corresponds to the category of risk factor i for company k. The ap-
proach to assigning values based on categories, particularly for variables like company
size, which is categorical, facilitates a structured and intuitive method for integrat-
ing such attributes into the model. By ensuring that companies falling into the same
category—small, medium, large, or very large—receive identical values, the model can
effectively reflect the presumed economic impact of company size on dependency and risk
profiles. As mentioned, including a division operation is a thoughtful design choice to
address scenarios where a company might simultaneously belong to multiple categories
within a single variable. Although this specific model iteration deals with company
size as its sole categorical variable and does not encounter the issue of multi-category
membership due to the inherent uniqueness of a company’s size, the provision for such
flexibility is a forward-looking feature. It anticipates future model versions that may
incorporate additional categorical variables or allow for more nuanced categorizations
within existing variables. This way, we can check that condition (3.2) is fulfilled:

w(k)
0 + wg +

nX

i =1

m iX

j =1

w(k)
( i;j )

= w(k)
0 + wg +

nX

i =1

m iX

j =1

1
jf j : j = cat(k; i )gj

�
F I (i ) �

1
n

�
w(k)

0 + wg

� �

= w(k)
0 + wg +

nX

i =1

F I (i ) � w(k)
0 � wg =

nX

i =1

F I (i ) =
5X

i =1

(5 � i + 1)=15 = 1:
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Jump sizes and jump time intensities

After having defined the weights of the risk factors, we are left with the parameters of
the subordinators L ( i;j )

t ; i 2 [n]; j 2 [mi ]; and L g
t . Due to (3.11) we see that

v(k)
( i;j )L

( i;j )
t =

�
	 ( i;j )

� ( � 1) �
w(k)

( i;j ) � k

� X

l � 1

� ( i;j )1
f E ( i;j )

1 + :::+ E ( i;j )
l � tg

(3.11)= �
1

� ( i;j ) ln

0

@1 �
w(k)

( i;j ) � k

� ( i;j )

1

A
X

l � 1

� ( i;j )1
f E ( i;j )

1 + :::+ E ( i;j )
l � tg

= � ln

0

@1 �
w(k)

( i;j ) � k

� ( i;j )

1

A
X

l � 1

1
f E ( i;j )

1 + :::+ E ( i;j )
l � tg;

which does not depend on the jump size, and, hence, we can simply set

� ( i;j ) = � g = 1; 8i 2 [n]; j 2 [mi ]:

Using (3.10) then leads to
� ( i;j ) = � g = 1

1 � e� 1 :

Note that we have to fulfil

w(k)
( i;j ) � k <

1
1 � e� 1 ; 8k 2 [d]; i 2 [n]; j 2 [mi ]:

As maxi;j;k

n
w(k)

( i;j )

o
maxk f � kg � w(k)

( i;j ) � k , we can reformulate the condition above to

max
i;j;k

n
w(k)

( i;j )

o
max

k
f � kg <

1
1 � e� 1 :

Further, as 1
1� e� 1 > 1 and maxi;j;k

n
w(k)

( i;j )

o
= 5=15 we can further restate the condition

to
max

k
f � kg < 3:

As � k
(2.1)= � 1

t ln (P(� k > t )) this translates to:

max
k

f P(� k � t)g
t=1
< 1 � e� 3 � 0:95:

Hence, the largest default probability of the data set within one year needs to be less
than 95 % which is always given for this business case. This concludes the section on
the parameter heuristic. We use these introduced parameters in the following sections
whenever we simulate the model.
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3.2.5 Simulation of default set

In this section, we turn our attention to the simulation of our model. Depending on
what is required, one could either sample an instance of the Lévy-frailty copula or of
the underlying distribution. Note that, as we have decided for a CPP distribution (i.e.,
see Section 3.2.3), the simulation algorithm becomes significantly more comprehensible,
however according to [149, Remark A.4], any Lévy subordinator can be approximated
arbitrarily close by a compound Poisson subordinator and, hence, the algorithm in this
section can be extended to a general case. Since we later aim to derive an optimal
portfolio for the supplier, the quantity of interest is the random set of defaulted firms
for any given t > 0, i.e.,

St := f k 2 [d] : � k � tg:

If interested, the sampling algorithm of the general Lévy-frailty copula can be found
in [149, Algorithm 3.6], and of the special case of CPP in [149, Algorithm 3.7]. In
this thesis, however, we focus on the simulation of St under the assumption of a CPP
structure. This set can be efficiently simulated by the virtue of the following algorithm:

Algorithm 1 Simulation of St for CPP subordinators

Require: � k ; w(k)
0 ; w(k)

( i;j ) ; wg; t; 8i 2 [n]; j 2 [mi ]; k 2 [d]
1: Initiate St = ;
2: Calculate � ( i;j ) ; � g via (3.10)
3: Simulate i.i.d. thresholds "1; : : : ; "d with "1 � exp(1)
4: Simulate b( i;j ) 2 N> 0 i.i.d. jump times E l

( i;j ) with E 1
i;j � exp(� ( i;j )) as long as

P b( i;j )

l E l
( i;j ) < t; 8i 2 [n]; j 2 [mi ]

5: Simulate bg 2 N> 0 i.i.d. jump times E l
g with E 1

g � exp(� g) as long as
P bg

l E l
g < t

6: Calculate v(k)
0 ; v(k)

( i;j ) ; v(k)
g ; 8i 2 [n]; j 2 [mi ]; k 2 [d] according to (3.11)

7: Calculate for all subordinators L ( i;j )
t = b( i;j ) and L g

t = bg 8i 2 [n]; j 2 [mi ]
8: for k = 1 : d do

9: L (k)
t = v(k)

0 t + v(k)
g L g

t +
nX

i =1

m iX

j =1

v(k)
( i;j )L

( i;j )
t

10: if L (k)
t > " k then

11: St = St [ f kg
12: end if
13: end for
14: Return St
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1. This is an initialization step. We aim to collect all defaulted companies in this
empty list.

2. The fix point condition of the Laplace exponents, i.e., 	 ( i;j )(1) = 1, combined
with the CPP setting, implies that the jump sizes implicitly give the jump time
intensities, and, hence, we calculate one from the other.

3. This step generates the individual thresholds for each company k 2 [d]. In a later
step, we check whether the corresponding subordinator has crossed these thresholds
until time t.

4. Here, we simulate the jump times of the subordinators, sum them up, and check
whether we have exceeded time t. This way, we collect all the jump times until
time t for the underlying subordinator.

5. Same argumentation as before, just with a different intensity � g.

6. In this step, we calculate all the transformed weights according to (3.11).

7. As we are interested in time t > 0 and whether the corresponding subordinator
has crossed the threshold at or before this time, it suffices to get the value of
the sampled path of the subordinator at the exact time t (follows from the non-
decreasing characteristic of subordinators). Since we have established the jump
times and the jump sizes are constant, we multiply the number of jumps with the
size (equal to 1) to get each subordinator’s value at time t.

8. The last commands calculate the subordinator L (k)
t as a weighted sum for each

company k 2 [d] and then check for which companies it has crossed the threshold
" k . This concludes the simulation of one instance of St . Note that this simulation
is based on one path of each of the subordinators.

Regarding the computational effort of this algorithm, we note that the most time-
consuming step is the calculation of the parameters v(k)

( i;j ) , as this has to be done for
all possible combinations. This, however, still leads to a computation effort of or-
der O (d

P n
i =1 mi ). For any given model, n and all the mi are fixed, and, hence,

O (d
P n

i =1 mi ) = O (d).
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3.2.6 Measuring diversification

The concept of diversification plays a pivotal role in risk management and portfolio
optimization, embodying the strategy of spreading investments across various assets
or risk factors to reduce overall risk. The underlying principle of diversification is to
mitigate the impact of any asset’s or risk factor’s adverse movement on the portfolio’s
total return. As such, measuring and quantifying diversification becomes crucial for
portfolio managers aiming to achieve an optimal balance of risk and return.

The quantification of diversification can be approached by examining the variation in
a specific risk measure as additional assets are incorporated into the portfolio. This
perspective was advanced by the author of [205], who introduced the concept of risk
contribution by analyzing the derivative of a portfolio’s risk measure w.r.t. the weight
of an added asset. This approach provides insight into how an individual asset’s inclu-
sion alters the portfolio risk. That research initially focused on risk measures like Value
at Risk (VaR) and Expected Shortfall (ES), with further elaboration on the diversifi-
cation factor of a portfolio in subsequent works [206]. Building on these foundational
insights, this section aims to adapt the conceptual framework of risk contribution and
diversification to the introduced portfolio-default model (3.1). Unlike simpler models,
where loss distributions and risk measures may be derived analytically, the presence of
Lévy subordinators necessitates a numerical approach. From a practical standpoint, this
exploration seeks to address two key questions:

1. What is the impact of adding a single asset on the overall portfolio risk and asso-
ciated loss? This question aims to understand the incremental risk that an asset
contributes to the portfolio, thereby informing decisions about portfolio composi-
tion and risk management.

2. How can the diversification level of the portfolio be assessed, and what is the
contribution of each portfolio component to this diversification? This question
delves into evaluating the portfolio’s diversification effectiveness and determining
how each asset contributes to or detracts from the desired diversification.

We owe the reader a mathematical setting. For that, let (
 ; F ; P) be a probability
space, and let X be the space of random variables, including the constants. Further,
we let � : X 7! R be a function satisfying the conditions in Definition 0.1, i.e., being
a coherent risk measure. Let us assume that we hold a portfolio of d companies with
E = (E1; : : : ; Ed) 2 Rd

+ exposures and � = (� 1; : : : ; � d) 2 I d recovery values. Let t = 1
and consider again

St := S = f k 2 [d] : � k � 1g:

While the arguments in the before-mentioned papers are based on the loss distribution,
we look at the default set instead, as we can simulate this according to Algorithm 1.
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The portfolio loss L 2 X then amounts to

L =
dX

k=1

Ek1f k2 Sg (1 � � k) :=
dX

k=1

X k ; k 2 [d]; S � [d];

where X k 2 X 8 k 2 [d] is the loss corresponding to company k. After introducing the
necessary notation, we now focus on Question 1. As mentioned, we first redefine the
notion of risk contribution . The definition is taken from [206].

Definition 3.1 (Risk contribution)
Let � : X 7! R be a coherent risk measure andX; L 2 X random variables. Then we call

� (X j L ) = @
@"

� (L + "X )
�
�
�
�
"=0

contribution of X to the risk of L w.r.t. � for some " > 0, given that the derivative
exists.

Remark 3.4 (Role of " in connection to the business case)
The above definition implies that we can partially invest in each company. While this
is intuitive for stock markets, for example, the underlying business case of trade credit
infers a binary decision, e.g., whether or not to factor. However, we can transfer the
binary decision into a continuous one by introducing exposures (more details in Chapter
4).

Next, assuming the derivative above exists for every k 2 [d], we have by Euler’s theorem
on the representation of positively homogeneous functions (see, e.g., [207, Theorem A.1])

� (L ) =
dX

k=1

� (X k j L ): (3.13)

This decomposition of the portfolio risk is called Euler allocation and has been widely
used in the literature due to its intuitive interpretation. It implies that the overall
portfolio risk can be separated into the different risk contributions, for more details on
this allocation principle, see [207]. This concludes the first question, addressing how the
impact of a single asset can be evaluated using a risk measure. Turning our attention to
Question 2, we note that for a given coherent risk measure � : X 7! R, the “worst-case”
that could happen in terms of diversification is the comonotonic case and, hence, it seems
natural to find a ratio that measures how much a portfolio’s diversification deviates from
this case.
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Definition 3.2 (Diversification factor of portfolio/sub-portfolio, [206, Definition 4.1])
Let X 1; : : : ; X d 2 X be real-valued random variables that represent the marginal losses
and again let

L =
dX

k=1

X k 2 X :

If � : X 7! R is a coherent risk measure such that� (L ); � (X 1); : : : ; � (X d) are defined,
then

DF � (L ) = � (L )
P d

k=1 � (X k)

denotes the diversification factor of portfolio lossL w.r.t. the risk measure � . � (L ) can
be calculated via the Euler allocation formula(3.13). The fraction

DF � (X k j L ) = � (X k j L )
� (X k)

with � (X k j L ) being the risk contribution of X k as defined in Definition 3.1, denotes the
marginal diversification factor of X k w.r.t. the risk measure � .

Expected shortfall at level �

So far we have assumed a general coherent risk measure � : X 7! R. We now turn our
attention to a specific risk measure and focus on the expected shortfall at level� . For
that let X 2 X and � 2 (0; 1). Then we have

ES� (X ) =
E

�
� X 1f X �� V aR� (X )g

�
� V aR� (X ) (� � P(X > � V aR� (X )))

1 � �
;

where
V aR� (X ) = inff x 2 R : P(� X � x) � � )g:

This can be rewritten in the case that X follows a continuous distribution.

Lemma 3.6 (Continuous version of ES� )
Let X 2 X follow a continuous distribution. We then have for� 2 (0; 1):

ES� (X ) = E [� X j X � � V aR� (X )] :

Proof. See, e.g., [206, Remark 2.6].

We are now interested in calculating the risk contribution given that the risk measure
of interest is ES� . This is derived in [205] and summarized in the following lemma.
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Lemma 3.7 (Risk contribution in case of ES� )
Let X; L 2 X follow continuous distributions. We then have for� 2 (0; 1):

@
@"

ES� (L + "X ) = E [� X j L + "X � � V aR� (L + "X )] :

L again represents the portfolio loss, andX is the loss resulting from the added company.
This determines the risk contribution of X to L w.r.t. ES� .

Proof. Follows from [205, Lemma 5.6] for the case n = 1 and adjusting for the notation
used in this chapter.

Combining this with Definition 3.2 then leads to the following corollary.

Corollary 3.7.1 (Diversification factor of portfolio and single company)
Let X 1; : : : ; X d; L 2 X follow continuous distributions. We then have for� 2 (0; 1):

DF ES � (L ) = ES� (L )
P d

k=1 ES� (X k)
= E [� L j L � � V aR� (L )]

P d
k=1 E [� X k j X k � � V aR� (X k)]

as well as

DF ES � (X k j L ) = ES� (X k j L )
ES� (X k) =

@
@"

ES� (L + "X k)

E [� X k j X i � � V aR� (X k)]

= E [� X k j L + "X k � � V aR� ]
E [� X k j X k � � V aR� (X k)] ;

which we are now able to simulate with our risk model machinery.

As the expected shortfall is sub-additive and positively homogeneous, both of the above
ratios are bounded by 1. As it is additionally comonotonic additive, the bound 1 can be
reached by portfolios with comonotonic risks. Thus, with this reasonable risk measure,
DF ES � (L ) being close to 1 will indicate that there is no significant diversification in
the portfolio. Similarly, a value of DF ES � (X k j L ) close to 1 will indicate that there is
almost no diversification effect from adding company k. This concludes the section and
we analyze a numerical use case of this derivation in the following section.
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3.2.7 Numerical analysis

Effect of marginal intensities

In this section, we seek to validate the assertions made earlier in this chapter through
numerical analysis, with a particular focus on the influence of marginal intensities on
the model’s dependence strength, as discussed in Section 3.2.2. We conduct our analysis
using the predefined parameters from Section 3.2.4, specifically examining a subset of
the dataset comprising d = 10 entities over the time period t = 1 with 10; 000 simula-
tions of St as delineated in Algorithm 1. The portfolio under consideration, outlined in
Section P3 and denoted as D10, predominantly features low marginal default probabili-
ties, except for the entities indexed by 1 and 3. Given the relative heterogeneity of these
marginal intensities, and in line with the discussions in Section 3.2.2, it is anticipated
that the model would exhibit low overall dependence, barring the correlation between
the aforementioned entities. To substantiate this, we employ Kendall’s tau, as outlined
in (3.7), to compute pairwise correlations. The resulting pairwise correlation matrix,
illustrated below, confirms our hypothesis, where any value below 0:3 indicates very low
to low dependence.

Figure 3.2: Pairwise correlation based on Kendall’s tau for the original portfolio.

56



3 Portfolio-default model

The analytical outcomes corroborate our initial conjectures, notably, the model’s dis-
cernible dependency is confined to entities labeled 1 and 3. Given that the portfolio
entities were subjected to a rigorous univariate selection methodology (as elaborated in
Chapter 2), a commendable level of diversification—and consequently, a reduced depen-
dency within the portfolio—is anticipated. To further accentuate the model’s detectable
dependencies, one might consider homogenizing the data, for instance, by grouping or
averaging default margins into categories. However, this approach modifies the original
dataset and necessitates cautious consideration of such alterations. Beyond applying
this risk model for portfolio optimization and pricing, it can also be utilized for stress
testing, especially as dependencies tend to escalate during market downturns. This as-
pect is exemplified by considering portfolio Dsb, as detailed in Section P3. Here, the
marginal default probabilities are adjusted to be more uniform and are increased to
reflect a market downturn scenario, leading to the observed correlation matrix:

Figure 3.3: Pairwise correlation based on Kendall’s tau for the stressed portfolio.

In this scenario, the model successfully captures an increased level of dependence, as an-
ticipated, thereby aiding in making informed, risk-based decisions. Summing up the dis-
cussion, it’s evident that the model’s capacity to measure dependence relies on marginal
intensities’ characteristics. Specifically, lower and diverse univariate default intensities
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suggest a reduced level of measurable dependence within the model. Consequently, while
the primary application of the model might be centered on portfolio optimization and
pricing, its utility extends into risk management, where it facilitates stress testing, as
demonstrated. This versatility underscores the model’s significance in optimizing portfo-
lio configurations and enhancing strategic decision-making in risk management contexts.

Measuring diversification

In addition to exploring the impact of marginal intensities, we recalled and applied a
methodology for quantifying diversification effects in Section 3.2.6. This analysis was
applied to each portfolio outlined in Section P3, where we conducted a numerical ex-
amination of both univariate and overall portfolio diversification effects. The default
simulation adhered to the parameters specified in Section 3.2.4, noting that diversifica-
tion factors are bounded above by 1—the threshold indicative of comonotonic scenarios.
Thus, a value closer to 0 signifies enhanced diversification. Our analyses, detailed in the
ensuing tables, evaluate the diversification factors DF ES � (X k j L ) for � = 0:95 across
the various artificial portfolios, encompassing both 10-dimensional and bivariate port-
folios, while also considering differing default probability sets. Specifically, portfolio D2
features two entities with notable marginal intensities, reflecting higher diversification
factors and indicating minimal diversification with a portfolio factor reaching 1:0. Con-
versely, portfolio D2s pairs one entity with minimal marginal intensity with another of
high intensity, demonstrating the intuitive benefits of diversification as evidenced by the
data. The incorporation of a safer company reduces the portfolio factor, although it
remains high due to the presence of a riskier one. Portfolio D10, subjected to a stringent
univariate selection criterion (detailed in Chapter 2), is expected to exhibit a reduced
diversification factor. Analysis reveals entities indexed by 1 and 3 exhibit lower diversifi-
cation effects, aligning with their categorization as higher-risk entities. Lastly, portfolios
under stress are anticipated to show diminished diversification and poorer univariate
diversification effects, as observed in the results for Dsb.
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Figure 3.4: D10. Figure 3.5: D sb.

Figure 3.6: D2.

Figure 3.7: D2s.

Remark 3.5 (Limitations of this approach)
While this methodology permits the assessment of diversification effects at both the port-
folio and univariate levels, extending the analysis to include additional dimensions (such
as bivariate, trivariate, and so forth) significantly escalates complexity. This complexity
is evident from the requirement to evaluate the diversification impact for each company
by contrasting scenarios with and without the company’s inclusion. To comprehensively
account for all potential diversification effects, one would need to undertake measure-
ments and simulations across2d � 1 scenarios, a task that rapidly becomes impracti-
cal. Nevertheless, from a risk management perspective, the analysis of univariate and
portfolio-level effects may often suffice. These can be efficiently simulated utilizing the
algorithm outlined in Algorithm 1, providing a pragmatic balance between thoroughness
and computational feasibility.
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3.3 Conclusion and outlook

In this section, the foundation was laid for the portfolio-default model that is central to
this dissertation. Following a comprehensive review of existing literature, we equipped
the reader with the requisite foundational knowledge to understand the portfolio-default
model, which is conceptualized as a first-passage model utilizing Lévy subordinators.
This model is notable for its preservation of exponential margins, offering a multivariate
expansion while maintaining computational simplicity. With this foundational knowl-
edge in place, the model, alongside its survival distribution and associated copula, was
formally established. The bi-dimensional analysis, which allows for extensive computa-
tions, received a thorough examination. Subsequently, we selected a CPP distribution
for the subordinators and offered heuristic guidance on parameterization7, drawing upon
previous studies in the univariate default model context. This chapter also includes a
numerical exploration of these concepts and introduces an algorithm for simulating the
set of companies that default within the interval [0; t], represented as:

St = f k 2 [d] : � k � tg:

The rationale behind the choice of this model and the CPP distribution is primarily
influenced by factors such as extendibility, computational feasibility, and the preserva-
tion of exponential margins. While alternative portfolio-default models may present
certain benefits, the decision ultimately rests with the modelers, provided they develop
an effective simulation algorithm for St . This section aims to underscore the merits of
adopting this Lévy factor model for estimating and simulating portfolio defaults. In the
subsequent chapter, we revisit the business scenario introduced earlier and delve into the
decisions of the supplier, particularly in relation to portfolio optimization, which aids in
later establishing a pricing model. This discussion emphasizes the importance of the ef-
ficient simulation algorithm for St in incorporating underlying risk into the optimization
process.

7Again, we emphasize that this served as a proposed heuristic only, relying on subjective beliefs rather
than mathematical proof. The approach allows for economic interpretations but does not employ
statistical estimation methods.
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In Chapter 1, we discussed how factoring enables suppliers to transfer the default risk of
their debtors to a factor by selling invoices at a discounted price. This financial service
not only facilitates trade within the supply chain but is also typically implemented
on a whole turnover basis, wherein all invoices to all debtors are sold. However, in
the context of small and medium enterprises (SMEs) as suppliers, factors often must
offer single invoice factoring, based on the supplier’s choice, introducing an additional
layer of risk associated with adverse selection. The suppliers are likely to select debtors
they deem riskiest, compounding the inherent default risk of the underlying debtor.
Consequently, the factor requires a pricing model that adeptly mitigates both sources
of risk. Several strategies can be employed to tackle this challenge, including a static
loss-driven approach, competitive analysis, or a game-theoretical min-max approach,
which is particularly relevant when suppliers are likely to factor the invoices of their
worst-performing debtors. This relationship between supplier and factor can thus be
conceptualized within a game-theoretical framework. In the modeled game, the factor
acts as the leader, setting factoring prices, followed by the supplier who makes decisions
based on these prices. The debtors, albeit passive, are integral to the dynamics of this
model. Our goal is to develop a pricing model from the perspective of the game leader
(factor), taking into account the supplier’s potential reactions, which are inherently
influenced by the factor’s initial actions. This scenario is a quintessential example of
bi-level optimization problems under uncertainty, where the leader’s actions are made
without full knowledge of the opponent’s response, which in turn is dependent on these
very actions.

The concept involves considering a nested optimization problem and treating the optimal
solution of the inner problem (supplier’s decision) as an input to the outer problem
(development of the pricing model). Such a bi-level approach was previously explored
in trade-credit financing in [227], where a three-player Stackelberg game involving the
supplier, debtor, and financing entity was analyzed. Unlike that study, which focused
on finding optimal decisions and equilibria for each party, our approach seeks to define
a price interval that effectively mitigates both adverse selection and default risks, areas
not addressed in those findings.

In this context, the supplier faces a pivotal decision: to extend trade credit without
factoring, relying solely on the debtor’s creditworthiness and thus receiving potential
future returns after the trade credit period, or to opt for factoring, securing immediate
payment minus the factoring fee while eliminating risk from the balance sheet. The
supplier’s overall return thus comprises a deterministic return upfront and a potential
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stochastic return in the future. This decision-making process is similar yet distinct from
the approach of [168], in which the authors developed a pricing model for factoring but
considered potential supplier defaults without tackling adverse selection risks.

The complexity of selective factoring presents the supplier with a binary decision—to
factor the invoice or not. Recognizing this, we introduced the notion of exposures to-
wards each debtor, as illustrated in Figure 1.2. This strategy assumes that invoices
from the same debtor share the same default risk and can thus be aggregated into a
total exposure. Given our focus on modeling debtor default risk, this aggregation sim-
plifies the optimization question to determine the amount of factoring desired for each
exposure towards a debtor, thereby transforming the originally discrete problem into a
continuous setting. In this chapter, we proceed to model the supplier’s aforementioned
options, derive the corresponding objective function, and solve the underlying portfo-
lio optimization problem, further enriching our understanding of factoring dynamics in
the trade credit landscape. Before delving deeper into these mathematical formulations,
however, it is crucial to revisit pertinent literature to frame our discussions in the context
of existing research.

4.1 Literature review

It is commonly acknowledged that game theory occupies a commanding role in supply-
chain modeling and cooperative advertising models, as shown in [106, 154, 92]. On a
high level, one can distinguish between approaches based on the number of participants
in the corresponding Stackelberg game, the setup of the game (i.e., debtor, supplier, or
factor-driven), and the techniques used. In a two-player design, some researchers (e.g.,
[233]) analyzed the interactive optimization problems both suppliers and debtors are
facing by employing an economic order quantity (EOQ) model based on the provision of
unconditional and conditional trade credit under a supplier-Stackelberg model (decisions
based on best action of the supplier). On the other hand, in [61], the authors extended
the model idea of [136] and came up with optimal equilibrium solutions by proposing
a debtor-Stackelberg model. Taking it further, the authors of [60] proposed supplier-
debtor supply chain models and derived the optimal solutions under a non-cooperative
Nash equilibrium. More recently, the authors of [223] (and then revisited in [222])
developed a supply chain model where the demand also includes the default risk under a
supplier-Stackelberg model. In [225], the authors observed that in a Stackelberg setting,
the interaction between supplier and debtor is a function of the product substitute,
the online market, and the cost involved in producing the good. The supplier prefers
trade credit as long as the cost of production is lower than a particular threshold, which
is a consequence that we also derive from our analysis. Next, the authors of [229]
established a two-echelon financial supply chain game model with a factor and a supplier,
consider capital return maximization as the factor’s objective, and derive an equilibrium
solution. This corresponds to a strategically priced factoring market and is related to
the assumptions and setup we propose in our study.
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In the three-player setup, i.e., including a financing entity, the authors of [232] examined
trade credit and a situation with early payment consideration involving a channel in-
cluding a supplier, a capital-constrained debtor, and a financing platform. Using a case
where the supplier or the platform finances the distributor, they considered a supplier or
platform-Stackelberg game. Further, the authors of [107] developed a model involving
a supplier, a debtor, and a bank in a non-cooperative game, where demand is sensitive
to price changes. They employed a Stackelberg game-theoretic strategy, where the bank
or the supplier is the channel leader, with the debtor as the follower. In [234], a reverse
factoring scheme is modeled via a three-level Stackelberg game to investigate the inter-
action of the participants, and compared to original factoring, the authors claimed that
reverse factoring can further eliminate fraud risk. Throughout these works, the goal to
enhance trade within the supply chain remains, but also to investigate the interaction
of the participants and potentially maximize the return of one of the members.

In a Stackelberg game setup, it is often the case that the optimal action of one party
depends on the optimal response of the other and this self-reference makes it challenging
to find the start of the chain. In factoring, for example, the factor aims to find a price
that covers adverse selection, which is an action of the supplier that is, in return, again
dependent on the given price, thereby creating a logical loop. This can be seen as
part of the class of bi-level optimization problems under uncertainty. An optimization
problem (in our case with a linear objective function) is formulated, where the constraint
is again a (linear) optimization problem. While there have been works considering this
problem and a solution thereof ([227]), the authors of [32] argued that even in the linear
case, this problem is NP-hard, which motivates the necessity of efficient algorithms. We
refer the reader to [32] for a survey. The authors of [179] also studied a supplier-debtor
supply chain, including a bi-level optimization problem, and, depending on the financing
strategy (trade credit, bank loan, or hybrid financing), developed algorithms to solve the
problem. This concludes our literature review regarding this topic.

Research gaps and contributions

While there have been authors modeling the relation between a factor and a supplier
(i.e., [229]) via pool factoring, this relation has received far less attention compared to
the traditional supplier-debtor supply chain model. We aim to extend the literature by
modeling a two-player Stackelberg game between the factor and the supplier to find a
price model for the factor, mitigate multiple risk sources, and maximize returns. The
optimization problem we formulate and solve is part of the class of bi-level optimization
problems, which have been dealt with before (i.e., [227]); however, in our study, we do
not implement the traditional technical way. The reason for that is the NP-hardness of
the underlying optimization problem. Instead, we use the first-level optimization of the
supplier to find price boundaries for the factoring product1. In summary, we extend the

1We did construct an explicit optimization problem for the factor, as outlined in Section A.9. This
serves the purpose of completion only and does not a�ect the main results of this thesis.
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literature by modeling a:

� Two-player Stackelberg game between factor and supplier to mitigate two sources
of risk. Thereby, we state a bi-level optimization problem. In contrast to the
original strategy, we only solve the first-level problem of the supplier to obtain
boundaries for the price of the factoring product2.

4.2 Problem formulation

The above-mentioned class of bi-level optimization problems under uncertainty can be
summarized following [55] as:

max
f2 F

�
Rfac

�
f; max

x 2X (f )
f Rsup (f ; x)g

��
;

for some suitable domains F; X (f ) � [0; 1]d, a factoring decision vector x 2 X (f ), the fac-
tor’s price vector f 2 F , and the supplier’s and factor’s return functions Rsup(f ; x); Rfac (f; x),
respectively. As argued before, we first analyze the inner optimization problem, i.e., as-
sume for now that the price of the factor f is given for all debtors and consider the
decision-making process of the supplier (to simplify notation, we write Rsup(x), but it
is clear that f is included in Rsup(x)). The decision to sell an invoice is binary, so
the resulting optimization problem is discrete and mathematically complex. Therefore,
we introduce the notion of exposures Ek ; k 2 [d] of the supplier towards each debtor
Dk ; k 2 [d]. This ultimately sums up all pending invoices towards this debtor and allows
us to ask how much of each exposure the supplier would like to factor. We define the over-
all portfolio exposure of the supplier as E := E1+: : :+Ed. Further, we define the fraction
that every exposure contributes towards the whole exposure as � k := Ek=E; k 2 [d]. The
supplier’s objective is to maximize expected returns, given that the underlying debtors
potentially default within the delayed payment period. We introduce f k ; k 2 [d] as the
given factoring fee for debtor k posed by the factor, seen as a fraction of the nominal,
such that f k 2 (0; 1). Note that this price depends on the risk induced by the corre-
sponding debtor; hence, combining invoices from the same debtor is reasonable. As the
factor needs to retain a certain risk level, he opposes a debtor-specific limit M k � Ek up
to which the supplier can finance the corresponding exposure. For simplicity, we assume
r k = M k=Ek := r; 8k 2 [d]. Lastly, we let � k 2 (0; 1) be the recovery rate if debtor k
defaults. We assume that the recovery rates are known, and, hence, no further stochastic
model is needed to explain them3. In addition to the debtor-specific limit, the factor

2For further explanations on the di�culty of establishing an explicit solution for the outer problem, we
refer the reader to Section A.8.

3We refer the reader to the current ISDA conventions on recovery rates for an exemplary approach.
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opposes a portfolio limit to the supplier such that

dX

k=1

xkM k � P � ;

where xk 2 [0; 1] is the amount of M k that is factored and P � 2 R> 0. For this constraint
to be meaningful, we assume

P � = #
dX

k=1

M k ;

for some proportion # 2 (0; 1). In summary, the supplier has to decide for each debtor
how much of M k should be factored upfront or potentially retrieved after the trade-
credit period. Hence, there are two sources of return: deterministic and random. We
first define and explain the deterministic one:

Rdet(x) =
dX

k=1

rx k � k(1 � f k); x 2 [0; 1]d:

A small calculation shows that rx k � k = xk(M k=Ek)(Ek=E) = xkM k=E, and, hence, the
supplier decides how much of each debtor limit is to be factored, which is then related
to the whole portfolio exposure to represent the return. The quantity (1 � f k) finally
deducts the fee that has to be paid for the factoring service. Alternatively, the supplier
can decide against paying any extra price for the factoring service but rather count on
the survival of the debtors. Therefore, let (
 ; F ; P) be a probability space supporting
the set-valued random variable St , whereby St = f k 2 [d] : � k � tg is the random set
of debtors defaulting before time t as introduced in Algorithm 1. We then define the
random return via

Rrand (x ; St ) =
dX

k=1

(1 � rx k)� k �
dX

k=1

(1 � rx k)� k(1 � � k)1f k2 St g (4.1)

=
dX

k=1

(1 � rx k)� k

�
1 � (1 � � k)1f k2 St g

�
; x 2 [0; 1]d: (4.2)

In (4.1), the first sum is fully repaid in case no debtor defaults, i.e., the sum that has not
been factored upfront expressed in terms of portfolio return. However, in case of a default
(expressed by the random set St ), the return is deducted by the non-recoverable part of
the exposure that has not been factored upfront. In total, (4.2) represents the random
return. We can then define the return of the supplier as the sum of both deterministic
and random return, i.e.,

Rsup(x ; St ) = Rdet(x) + Rrand (x ; St ); x 2 [0; 1]d:
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We note that the derived return function is similar to the work of [168]. The next step
is to maximize this return w.r.t. to a specific risk aversion level. We assume that this
risk aversion structure is expressed by the exponential utility function

U�;� (y) = �
�

1 � e� �y
�

; �; � 2 R> 0; y 2 R:

We define our objective function as g�;� : [0; 1]d 7! [0; 1], i.e., it depends on a portfolio
decision vector x . We then maximize the expected utility4

g�;� (x) = E
h
U�;�

�
Rdet(x) + Rrand (x ; St )

�i

= � � � E
h
e� � (Rdet (x )+ R rand (x ;St ))

i
:

The expectation is taken w.r.t. the distribution of St , which is implicitly given by the law
of the subordinators L (k)

t ; k 2 [d] (see Chapter 3). Maximizing this function is equivalent
to minimizing

g�
� (x) = E

h
e� � (Rdet (x )+ R rand (x ;St ))

i
(4.3)

and, hence, the optimization problem we solve is given by

min
x

g�
� (x)

s:t:
dX

k=1

xkM k � P � ;

x 2 [0; 1]d:

(4.4)

4.3 Technical implementation

After mathematically formulating the optimization problem in (4.4), we lay out the
techniques to solve it in this section. We denote by

C :=
(

x 2 [0; 1]d :
dX

k=1

xkM k � P �

)

(4.5)

the set that we wish to optimize over and note that this is a convex and compact set.
We can further prove that the objective function (4.3) is strongly convex and Lipschitz-
continuous.

4Note that one could multiply the random return with a discount factor e� t� for some � > 0, however,
as the time horizon is rather short, typically 90 days, we omit this discounting factor.
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Theorem 4.1 (Strong convexity of g�
� (x))

Consider the optimization problem (4.4) with objective function (4.3) and assume
P(St = f kg) > 0; � k < 1 � f k 8k 2 [d]5. Then, the function g�

� (x) is strongly convex on
C with constant

c = � 2r 2e� 2� min
k2 [d]

�
� 2

k(1 � � k � f k)2P(St = f kg)
�

> 0:

Proof. Can be found in the appendix.

Lemma 4.2 (Lipschitz-continuity of g�
� (x))

The function g�
� (x), as defined in (4.3), is Lipschitz-continuous with constant

L = 2�r:

Proof. Can be found in the appendix.

In general, for a (strongly) convex function operating on a convex and compact domain,
a corresponding optimization problem is well-behaved and can be solved by the class of
gradient descent algorithms ([213]). As our objective function is even strongly convex,
we can conclude that (4.4) is well-behaved and, hence, a gradient descent method can,
in theory, be used. In our case, however, we have an objective function with exponential
complexity, as seen from the following lemma.

Lemma 4.3 (Stochastic representation and complexity of the gradient)
The gradient r g�

� (x) =
�

@
@x1 g�

� (x); : : : ; @
@xd

g�
� (x)

�
is given by

@
@xk

g�
� (x) = CkE

h
e� �R rand (x ;St ) �

f k � (1 � � k)1f k2 St g
� i

; 8k 2 [d]; (4.6)

where Ck := �r� ke� �R det (x ) . This implies complexity of order O(2d)6.

Proof. Can be found in the appendix.

Consequently, using a gradient descent algorithm based on the true gradient is infeasible
or even practically impossible for company universes larger than d � 15. This motivates
a stochastic gradient descent (SGD) algorithmthat makes use of the stochastic represen-
tation of @

@xk
g�

� (x) as given in (4.6). It relies on the possibility of efficiently simulating
5P(St = f kg) > 0 is a mild assumption that ensures a company k can default by itself within [0; t ].

Further, the assumption on the relation between factoring fee and recovery rate, � k < 1� f k excludes
arbitrage.

6This is known as Bachmann-Landau notation and characterizes functions according to their growth
rates. In particular, complexity of order O(2d ) means the asymptotic growth rate compares to an
exponential. For details, see, e.g., [150].
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the set St , as outlined in the analysis of Algorithm 1. For a given x 2 [0; 1]d, we consider
the random vector F(x ; St ) := (F1(x ; St ); : : : ; Fd(x ; St )), where

Fk(x ; St ) = �r� ke� �R det (x )e� �R rand (x ;St )
�

f k � (1 � � k)1f k2 St g

�
; (4.7)

which has expected value equal to r g�
� (x) by using (4.6). The crucial point is, however,

that the evaluation and simulation of F(x ; St ) is efficient for very large d, unlike the
evaluation of r g�

� (x) from (4.6), which has exponential complexity in d and is thus
infeasible for large d. We apply the stochastic gradient descent algorithm described in
[218] to our specific problem to solve (4.4). This is a first-order iterative stochastic
descent algorithm with random projections and starts with some x (0) 2 [0; 1]d, which is
set to be x (0) = 0. In each iteration step, x (s) is updated to x (s+1) by first walking a bit
into the direction of the steepest descent and second by projecting the obtained value
back into the domain C if required. The idea that overcomes the numerical complexity
is to replace the true gradient r g�

� (x), which locally gives the direction of the steepest
descent but is intractable, with the tractable but random gradient F(x ; St ). Intuitively,
in each step, we walk into a random direction, which might not be optimal but is
guaranteed to be optimal on average. Algorithm 2 summarizes the SGD algorithm.
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Algorithm 2 SGD algorithm to compute minimum x � of g�
� (x) on C

Require: � ( i;j ) ; � g; � k ; w(k)
0 ; w(k)

( i;j ) ; wg; t; f k ; �; � k ; � s; N; x (0) ; a 8k 2 [d]; i 2 [n]; j 2 [mi ]
1: for s = 1 : N do
2: Simulate St according to Algorithm 1
3: Compute F

�
x (s) ; St

�
according to (4.7)

4: x (s+1 =2)  x (s) � � sF
�
x (s) ; St

�

5: if x (s+1 =2) 2 C then
6: x (s+1)  x (s+1 =2)

7: else
8: Project x (s+1 =2) back onto C to obtain x (s+1) via Algorithm 3
9: end if

10: end for
11: x � =

P N
s=(1 � a)N

1
s� (1� a)N +1 x (s+1)

1. This line initiates the current step of the algorithm, i.e., we make N steps in total.

2. Simulate the random default set according to Algorithm 1.

3. Calculate the random gradient used for the update.

4. As we minimize, we update the current position in the negative direction of the
gradient. However, we do not define this as the specified step yet, as this could be
outside the allowed boundary.

5. Next, we check whether the step is inside the allowed domain C. If yes, we update
the step of the algorithm; if not, we use Algorithm 3 to project it back into C.

6. Lastly, we output the final step as the average over the last aN steps and further
impose a weighting function on these values. See Remark 4.1 for further details.

The a.s. convergence and thereby justification of Algorithm 2 follows, as the stochastic
gradient in (4.7) is bounded, and the objective function is strongly convex over a convex
set, which is summarized in the following theorem.

Theorem 4.4 (Convergence of Algorithm 2 and solution of (4.4))
Consider a step width(� s)s� 0 that satisfies � s ! 0 and

P
s� 1 � s = 1 and denote by

x � 2 C the true optimum of (4.4). Using Lemma 4.1 and Lemma 4.2, we almost-surely
have

lim
s!1

x (s) = x � :

Proof. Can be found in the appendix.
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Remark 4.1 (Complexity of constraints and choice of step width)
Concerning the determination of step sizes for the SGD algorithm, it is imperative to
ensure that the step sizes gradually reduce to zero, fostering convergence without pre-
cipitating premature convergence before locating the optimal solution. This requirement
aligns with [218, Assumption 2], and, hence, we choose a step width sequence(� s)s� 1
that satisfies:

X

s� 1

� s = 1 ;
X

s� 1

� 2
s < 1 .

A viable selection for � s is:

� s = c=s; s� 1,

with c > 0 being an appropriately chosen constant, ensuring compliance with the above
conditions. However, selecting an optimalc necessitates insights into the objective func-
tion and its gradient, which may vary with the portfolio sized. An alternative strategy
employs a constant step-width� s = c for all iterations. While this approach accelerates
convergence towards the optimum (providedc is not excessively small), it may compro-
mise the convergence guarantees outlined in Theorem 4.1. Nevertheless, convergence can
be re-established by averaging over all (excluding the initial few) iterates rather than re-
turning xN +1 in Algorithm 2, as detailed in [193, Theorem 14.8, p.128]. This method
entails approaching the optimum with uniform steps and averaging the last few iterates
near the optimum for a refined approximation. Numerically, for us, this strategy proved
effective, especially when combined with a weighting function. It involves collecting the
last aN steps (for somea 2 (0; 1)), and assigning weights inversely proportional to their
sequence order. For our bivariate experiments, the constantc is set to 1=L, referencing
the Lipschitz constant from Lemma 4.2. See Algorithm 2 and Example 4.1 for more
details on the step width.

Before presenting a numerical example in two dimensions, it is pertinent to elucidate
the workings of the projection algorithm employed within Algorithm 2. It is essential
to remember that the stochastic gradient descent algorithm may occasionally venture
beyond the constraints of the feasible set, denoted by C. In such instances, the algorithm
projects the resultant step back within the set’s boundaries. This projection involves
mapping a point to the intersection of a box with a half-space, ensuring that the updated
point remains within the permissible domain. The specific process and mathematical
intricacies of this operation are detailed in Algorithm 3:
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Algorithm 3 Projection y of point x 2 Rd to the intersection of a box with a half space
Require: M 2 Rd, P � 2 R, half space HM ;P � = f x 2 Rd : hx ; M i � P � g, box [0; 1]d

1: Compute projection z of x to the box [0; 1] via

z = minf maxf x ; 0g; 1g

2: if hz; M i � P � then
3: y = z
4: else
5: Compute positive root r � > 0 of the following function:

r 7! hM ; minf maxf z � r M ; 0g; 1gi � P �

6: y = minf maxf z � r � M ; 0g; 1g
7: end if

1. The inputs include the debtor limit vector M = (M 1; : : : ; M d)0, the portfolio limit
P � , and the box [0; 1] representing the constraints from optimization problem (4.4).

2. The box constraints are applied componentwise, meaning if any component xk
lies outside the interval [0; 1], it must be projected back into this range. This
initial projection is performed by adjusting each component to lie within the box
boundaries.

3. Next, we check whether the portfolio limit P � is attained by evaluating the dot
product of the debtor limits with the decision vector. If this condition is met, we
return the current projection.

4. If the portfolio limit is exceeded, we compute the positive root r � of the function
r 7! hM ; minf maxf z � r M ; 0g; 1gi � P � , which represents the intersection of the
box and the half-space.

5. Finally, we adjust z using r � and obtain the final projection as
y = minf maxf z � r � M ; 0g; 1g.

Equipped with Algorithm 2, we analyze the case of two dimensions next.
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4.4 The case of two dimensions

As advocated in the last section, we aim to closely examine the case of two dimensions
in this part of the thesis. The reason for this has already become apparent in Section
3.1, as we can perform thorough and explicit calculations. In general, when applying a
numerical scheme such as Algorithm 2, it would be convenient to compare the output
with the true optimum of the objective function (4.3), thus determining the suitability of
the algorithm. As argued in the introduction of this thesis, calculating true parameters
in the underlying portfolio-default model becomes quite complex due to the exponential
amount of parameters. In two dimensions however, one can derive the true optimum
analytically, as the complexity of the original Marshall–Olkin parameters can be dealt
with. It has been shown that one can retrieve these original parameters from the Lévy
subordinator structure we have used in this thesis (i.e., see [149, 144, 143, 203]). We refer
the reader to those sources for more details in dimensions > 2. In the bivariate case,
however, we calculate the representations explicitly. The authors of [203, Proposition 3]
state that in this case, one has

� � f 1g = 	(1 ; 1) � 	(0 ; 1)

� � f 2g = 	(1 ; 1) � 	(1 ; 0)

� � f 1;2g = 	(0 ; 1) + 	(1 ; 0) � 	(1 ; 1),

where 	( x1; x2) is the Laplace exponent of the two dimensional Lévy subordinator
L t :=

�
L (1)

t ; L (2)
t

�
. We owe the reader an explanation of this definition, as so far we have

only dealt with univariate subordinators in this thesis. Following [203], a 2-dimensional
Lévy subordinator is a Lévy process in R2

+ = [0; 1 )2 that is nondecreasing in each of
its coordinates. Each of its coordinates is a one-dimensional subordinator according
to Definition 0.3. The 2-dimensional Laplace transform of a 2-dimensional subordina-
tor is given by the special case of the Lévy–Khintchine formula for 2-dimensional Lévy
processes:

E
h
e� x1L (1)

t � x2L (2)
t

i
:= e� t 	( x1 ;x2 ) ;

	( x1; x2) = � 1x1 + � 2x2 +

Z

R2
+

�
1 � e� x1 t1 � x2 t2

�
� (dt );

with the Laplace exponent 	( x1; x2) defined for all x with x1; x2 � 0. � 2 R2
+ is the drift

of the subordinator, and the Lévy measure � is a � -finite measure on R2 concentrated
on R2

+ n f 0g such that
R

R2
+

(kt k ^ 1) � (dt ) < 1 . The integrability condition means
that the Lévy measure is integrable away from the origin, while the singularity at the
origin is such that kt k� (dt ) is integrable. Recall that we used compound Poisson process
(CPP) subordinators and their corresponding structure. Therefore, we can calculate for
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x1; x2 � 0:

E
h
e� x1L (1)

t � x2L (2)
t

i

(3.3)= E
�
e� x1

�
v(1)

0 t+ v(1)
g L g

t +
P n

i =1
P m i

j =1 v(1)
( i;j ) L ( i;j )

t

�
� x2

�
v(2)

0 t+ v(2)
g L g

t +
P n

i =1
P m i

j =1 v(2)
( i;j ) L ( i;j )

t

� �

= e� t
�

v(1)
0 x1+ v(2)

0 x2

�

E
�
e�

�
x1v(1)

g + x2v(2)
g

�
L g

t

�
E

�
e�

P n
i =1

P m i
j =1

�
x1v(1)

( i;j ) + x2v(2)
( i;j )

�
L ( i;j )

t

�

= e� t
�

v(1)
0 x1+ v(2)

0 x2+	 g
�

x1v(1)
g + x2v(2)

g

�
+

P n
i =1

P m i
j =1 	 ( i;j )

�
x1v(1)

( i;j ) + x2v(2)
( i;j )

��

:

Using (3.11) and (3.9), we obtain

	( x1; x2) = w(1)
0 � 1x1 + w(2)

0 � 2x2 + � g
�

1 �
�

1 �
wg� 1

� g

� x1
�

1 �
wg� 2

� g

� x2
�

+
nX

i =1

m iX

j =1

� ( i;j )

0

@1 �

0

@1 �
w(1)

( i;j ) � 1

� ( i;j )

1

A

x1
0

@1 �
w(1)

( i;j ) � 2

� ( i;j )

1

A

x2
1

A :

In particular, we have

	(1 ; 1) = w(1)
0 � 1 + w(2)

0 � 2 + wg� 1 + wg� 2 �
w2

g� 1� 2

� g

+
nX

i =1

m iX

j =1

w(1)
( i;j ) � 1 + w(2)

( i;j ) � 2 �
w(1)

( i;j )w
(2)
( i;j ) � 1� 2

� ( i;j )

(3.2)= � 1 + � 2 �
w2

g� 1� 2

� g �
nX

i =1

m iX

j =1

w(1)
( i;j )w

(2)
( i;j ) � 1� 2

� ( i;j ) :

Similarly, we can calculate

	(1 ; 0) (3.11)= � 1; 	(0 ; 1) (3.11)= � 2:

Following [203], we can then obtain the bivariate parameters of the original Marshall–
Olkin model via

� f 1g = 	(1 ; 1) � 	(0 ; 1) = � 1 �
w2

g� 1� 2

� g �
nX

i =1

m iX

j =1

w(1)
( i;j )w

(2)
( i;j ) � 1� 2

� ( i;j ) ;

� f 2g = 	(1 ; 1) � 	(1 ; 0) = � 2 �
w2

g� 1� 2

� g �
nX

i =1

m iX

j =1

w(1)
( i;j )w

(2)
( i;j ) � 1� 2

� ( i;j ) ;
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and

� f 1;2g = 	(0 ; 1) + 	(1 ; 0) � 	(1 ; 1) =
w2

g� 1� 2

� g �
nX

i =1

m iX

j =1

w(1)
( i;j )w

(2)
( i;j ) � 1� 2

� ( i;j ) :

To now derive the true optimum of (4.3) in two dimensions, we use the original param-
eters as calculated above. First, we can rewrite the two-dimensional objective function
in the following way:

g�
� (x) = E

h
e� � (Rdet (x )+ R rand (x ;St ))

i
=

X

I :I �f 1;2g

�
P(St = I )e� � (Rdet (x )+ R rand (x ;I ))

�

= P
�

St = fg
�

exp
(

�
2X

k=1

� k(1 � rf kxk)
)

+ P
�

St = f 1g
�

exp
(

� � 1(rx 1(1 � � 1 � f 1) + � 1) � � 2(1 � rf 2x2)
)

+ P
�

St = f 2g
�

exp
(

� � 2(rx 2(1 � � 2 � f 2) + � 2) � � 1(1 � rf 1x1)
)

+ P
�

St = f 1; 2g
�

exp
(

�
2X

k=1

� k(rx k(1 � � k � f k) + � k)
)

:

We can further use the results in Section 3.1 and the results in [149] to calculate:

P
�

St = fg
�

= P
�

� 1 > t; � 2 > t
�

= P
�

min
k2f 1;2g

� k > t
�

(3.6)= e� t(� f 1g + � f 2g + � f 1;2g):

By the law of total probability, we can further calculate

P
�

St = f 1g
�

= P
�

� 1 � t; � 2 > t
�

= P
�

� 2 > t
�

� P
�

� 1 > t; � 2 > t
�

= e� t(� f 2g + � f 1;2g) � e� t(� f 1g + � f 2g + � f 1;2g);

and symetrically

P
�

St = f 2g
�

= e� t(� f 1g + � f 1;2g) � e� t(� f 1g + � f 2g + � f 1;2g);

as well as

P
�

St = f 1; 2g
�

= 1 � P
�

� 1 > t
�

� P
�

� 2 > t
�

+ P
�

� 1 > t; � 2 > t
�

= 1 � e� t(� f 1g + � f 2g) � e� t(� f 2g + � f 2g) + e� t(� f 1g + � f 2g + � f 1;2g):

We can then use the representation above to write the bivariate objective function as
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a deterministic function of the original parameters and use a deterministic optimizer to
find the true optimum for the numerical example depicted below. For this, we consider
the exemplary portfolio D2 as described in Section P3. The parameters for the default
model and, hence, the simulation of the default set St can be retrieved from Section 3.2.4.
Furthermore, we use the following parameters: r = 0:8; � = 1; a = 0:95; # = 0:7; t =
1; N = 6000; � s = 1=L 4:2= 1=(2�r ) = 0:625; wg = 0:07, and starting value x (0) = (0; 0).
Note that # = 0:7 opposes the portfolio limit, and we average according to Remark
4.1 over the last aN weighted values to obtain the estimated optimum. Furthermore,
by averaging several gradient simulations for each optimization step, we can smoothen
out the result, and, hence, the following graphic displays the result for several different
amounts of gradient simulations in each optimization loop.

Figure 4.1: Plots of the bivariate optimization based on the above set of parameters with dif-
ferent amounts of gradient simulations for each step. The star in the plots denotes
the true optimal portfolio. It can be seen that averaging over several gradient sim-
ulations for each step stabilizes the optimization.
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4.5 Conclusion and outlook

Building on the foundational concepts introduced at the outset of this chapter, our ob-
jective is to develop a sophisticated pricing model for SME factoring products. We have
chosen to adopt a game-theoretical framework to dissect the dynamic interactions be-
tween the factor and the supplier. This approach situates our study within the realm
of bi-level optimization problems, characterized by the reciprocal influence of the out-
comes of one level on the decisions at another. In this chapter, we have analyzed the
decision-making processes of the supplier, who serves as a pivotal player in this strategic
game. We introduced the objective function and structured the optimization problem,
incorporating constraints rooted in both debtor-specific and portfolio-specific consider-
ations. Subsequent analysis confirmed the strong convexity of the objective function
under weak and reasonable assumptions, and we established that employing a stochas-
tic gradient descent algorithm ensures convergence to the optimum almost surely. It’s
pertinent to acknowledge, as initially highlighted, that resolving this bi-level problem,
even within a linear framework, is NP-hard. Consequently, rather than attempting to
directly solve the outer problem in the ensuing discussion, we leverage the insights of this
chapter to develop bounds for the price vector f7. This vector signifies the decision vari-
able in the outer problem. Intuitively, drawing from the analyses presented herein, the
upper bound of the price interval signifies the maximal threshold at which the supplier
would consider engaging in the factoring service. Conversely, the lower bound delineates
the minimal price point necessary for the factor to deem the provision of this service
viable8.

7For further explanations on the di�culty of establishing an explicit solution for the outer problem, we
refer the reader to Section A.8.

8Nonetheless, we emphasize again that we did construct an explicit optimization problem for the factor,
as outlined in Section A.9.
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“To make insurance a trade at all, the common premium must be sufficient
to compensate the common losses, to pay the expense of management, and to
afford such a profit as might have been drawn from an equal capital employed
in any common trade.”

— Adam Smith, The Wealth of Nations (Book 1, Ch X, Part I, 5th Edition, 1789)

In every business sector, particularly within trade credit, companies are compelled to
adapt by introducing innovative products and services at competitive prices. This pric-
ing must not only compensate for expected losses and cover operational costs but also
generate a reasonable profit. Traditionally applied to insurance premiums, this principle
universally applies to any product pricing strategy.

Factoring, an established financing service, encounters new challenges with the intro-
duction of manual discounting for small and medium enterprises (SMEs), which brings
behavior-based risks necessitating a reevaluation of pricing models. The risk of adverse
selection demands a dynamic component within the pricing strategy. Unlike static pric-
ing, which maintains fixed rates, dynamic pricing adjusts prices in real time to optimize
revenue. Although this approach is common in industries such as airlines and online
retail, its use in insurance—through data-driven methods like smartwatches in health
insurance or accident-free periods in automotive insurance—raises concerns about data
privacy. However, in the business-to-business domain of SME factoring, these privacy
issues are less pronounced, enabling the use of dynamic pricing with demand covariates.
These covariates predict fluctuations in demand and incorporate attributes that broadly
and individually characterize the pricing environment.

The overarching goal is to ensure that the pricing strategy covers potential losses from all
risk sources and achieves a profitable return, aligning with the principles outlined in [162,
Chapter 1.1]. The analysis of the supplier’s behavior in Chapter 4 establishes an upper
limit for the price—the maximum at which the supplier still deems the factoring product
appealing. On the other hand, a reasonable lower bound is the cost-covering price
calculated from the expected losses incurred by the factor. We assume economically that,
in the event of a default, the recovery value received by the factor surpasses that which
the supplier could collect, a premise also supported by [209]. This rigorous mathematical
modeling leads to a tractable pricing formula that covers expected losses and includes a
dynamic cushion to accommodate the nuanced risks introduced by manual discounting.
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In the subsequent sections, we will review relevant literature to solidify our theoretical
framework, derive the pricing formula mathematically, and integrate a dynamic pricing
approach into our model, ensuring it remains practical and theoretically sound.

5.1 Literature review

Dynamic pricing is part of a broader problem known as earning and learning. The factor
tries to learn the demand function of the supplier while maximizing the earnings. The
trade-off between earning and learning has been studied in different fields, such as statis-
tics ([208, 124, 123]), computer science ([22, 21]), and economics ([191]). The author of
[77] extensively summarized the historical interest and corresponding papers related to
dynamic pricing, so we refer the reader to that work. The literature generally distin-
guishes between dynamic pricing with and without side information/covariates and two
main models for the demand function: linear and binary. In [120], the authors studied
the covariates-free linear model, and the authors of [42] argued why even misspecification
under a linear assumption has a bounded regret, which is the underlying performance
measure for the pricing scheme. In 2012, the authors of [53] generalized the linear model,
which was further developed in 2014 in [78]. Among the most relevant extensions in this
regard is [29], in which the authors considered the generalized linear demand model,
which includes both the linear and the binary example as a special case.

For the data-rich case, i.e., dynamic pricing with demand covariates, one of the most
recent works, [216], provides a list of sources dealing with this topic, including bounds
on the regret. Another addition is [183], in which the authors extended the arguments
from [78] to a data-rich environment, as they find a lower bound for the performance
of any pricing policy in the presence of demand covariates and, hence, show asymptotic
optimality. Further, the authors impose a martingale-type condition on the covariates,
which is similar to an i.i.d. assumption because both are to ensure that the minimum
eigenvalue of the sample covariance matrix is bounded away from zero.

Research gaps and contributions

As mentioned before, while some sources have dealt with a univariate default risk of the
debtor and even the supplier, we could not find contributions mentioning and dealing
with the risk of adverse selection that comes with offering manual discounting. Instead,
there are papers establishing a pricing formula for the factoring service (i.e., [168]),
however, not addressing the risk of choice from the supplier. We aim to fill this gap by
deriving a:

� Price interval for the factor that simultaneously covers default risk and leaves
the possibility to model a behavior-driven part, which can mitigate the risk of
adverse selection. Remarkably, the model setup results in the linear, expected-loss
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covering price formula. Consequently, our results show that deploying one of the
most simple and tractable pricing formulas to cover two risk sources is sufficient.

Ultimately, our pricing formula allows modeling a behavior-driven part of the price,
covering potential losses from adverse selection. While dynamic pricing has been at
the center of attention for many consumer-driven fields such as hotels, airlines, etc.,
we could not find an obvious use case for insurance pricing. More specifically, while
there have been attempts to gather personalized data, e.g., via smartwatches in health
insurance, the usage of this data for pricing contracts is delicate due to privacy issues.
As we consider factoring on a business-to-business level, these issues can be ignored, and,
hence, we can consider dynamic pricing in our analysis. Ultimately, our pricing formula
extends the literature so that a:

� Dynamic pricing algorithm is embedded into the modeling to overcome the risk of
adverse selection and include the suppliers’ behavior data into the models.

5.2 Pricing model formulation

In this section, we derive and formulate the mathematical price model. First, we translate
the recovery value assumption into a mathematical setting. Hence, we assume that in
case of default of debtor k 2 [d], the achievable recovery rate of the factor is higher than
the one of the supplier, i.e., � fac

k > � sup
k ; 8k 2 [d]. This translates into in the fact that

for all k 2 [d], there exists a � 2 (� l ; 1) � (0; 1)1 such that

� fac
k = � + (1 � � )� sup

k : (5.1)

Next, we derive the conditions for the price interval such that both parties, i.e., factor
and supplier, consider entering the contract2.

Lemma 5.1 (Necessary conditions for factoring)
For a given debtor k 2 [d], the supplier only considers the factoring contract, if the
factoring fee f k 2 [0; 1] satisfies

E
h
f k �

�
1 � � sup

k

�
1f k2 St g

i
< 0 , f k <

�
1 � � sup

k

��
1 � e� � k t

�
:

The factor finds the contract attractive, if

E
h
f k �

�
1 � � fac

k

�
1f k2 St g

i
> 0 , f k >

�
1 � � fac

k

��
1 � e� � k t

�
:

1 � l > 0 is needed to ensure the existence of the dynamic part in the price later on.
2This mirrors a market-dictated condition, as it is well established that factoring yields mutual bene�ts

for both parties; thus, any model must inherently re�ect this reality. The decision of �entering a
contract� is assumed to be made on cost considerations only.
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Proof. Can be found in the appendix.

Using these conditions, we can state a price interval and prove that the abovementioned
conditions are met.

Theorem 5.2 (Optimal price for factor)
Let c; m 2 [0; 1] be constants that represent costs and margins given by the management
level of the factor and assume� l = c=(1 + c). Then, the price interval given by

f k := E
h�

1 � � fac
k

�
1f k2 St g

i�
1 +  

�
; (5.2)

for debtor k 2 [d] and some 2
�

c; �
1� �

�
is non-empty and satisfies the interval con-

ditions in Lemma 5.1. Further, splitting the cushion into  = c + m + ’ allows the
possibility of modeling the behavior-driven part of the price

’ 2
�

� m;
�

1 � �
� c � m

�
: (5.3)

The resulting price interval reads

f k 2
�

E
h�

1 � � fac
k

�
1f k2 St g

i
(1 + c); E

h�
1 � � sup

k

�
1f k2 St g

i �
; k 2 [d]:

Proof. Can be found in the appendix.

Ultimately, (5.2) is the well-known linear pricing formula. Our price interval ensures
the factoring agreement, as the bounds fulfill the conditions of Lemma 5.1. Further,
the setup covers expected losses caused by a potential default of the debtor, and the
introduction of ’ as a behavior-driven part enables coverage of the additional risk caused
by the adverse selection of the supplier. The question remains: How shall we model this
dynamic part of the price? As there are many approaches for this, we refer the reader
to Section 5.1 for more details and only embed the most tractable data-rich case in the
following section.

Remark 5.1 (Comments on the price)
Generally, we ensure a lower bound for the price that covers the expected loss and costs
c > 0. As c and m are given constants, the bounds for and, ultimately, ’ are driven
by the value of� . Notice that � ! c=(1 + c) results in  ! c, and, hence, ’ ! � m.
Interpreting this, by nearing the lower boundary of � , one loses the ability to model a
dynamic part and the pricing model transforms into a static, cost-covering linear model
with

f k = E
h�

1 � � fac
k

�
1f k2 St g

i
(1 + c)

80



5 Hybrid pricing model

for debtor k 2 [d]. On the other hand, as� ! 1, we get from (5.1), that � fac
k ! 1. This

is not only unrealistic but also results in the acceptance of very low prices, as can be seen
from

f k 2
�

E
h�

1 � � fac
k

�
1f k2 St g

i
(1 + c); 1

1 � �
E

h�
1 � � fac

k

�
1f k2 St g

i �

(5.1)=
�

(1 � � )E
h�

1 � � sup
k

�
1f k2 St g

i
(1 + c); E

h�
1 � � sup

k

�
1f k2 St g

i �

!
� ! 1

�
0; E

h�
1 � � sup

k

�
1f k2 St g

i �
; 8k 2 [d]:

In summary, this means that the value of� is crucial for both modeling abilities and
acceptance of prices. A tractable value would be� = 1=2, which results in an upper
bound for the price of twice the expected loss of the factor and stil l preserves model
flexibility for the dynamic part. In the implementation of this project, Munich Re has
likewise selected� = 1=2.
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5.3 Technical implementation

As the additional risk in SME factoring is behavior-driven, the dynamic part of the price
should also be modeled in such a behavior-driven approach and, hence, in the following,
we introduce and adapt the simplest data-rich approach to model ’ , i.e., the linear model
including demand covariates. The authors of [183] developed that approach, which we
apply to the present setting, such that the interval condition (5.3) is met. In general,
the idea of earning and learning is to sequentially update prices in intervals t1; t2; : : : ; T
for a given time horizon T based on collected demand. The algorithm in [183] thus
determines a set of prices denoted by ’ T ; T 2 f t1; t2; : : :g, where the index T means
that this is the dynamic price for a given time interval T . We further assume that we
have collected ’ t0 and corresponding demand �D from past data. Hence, following [183]
the demand function, including the error term eT , reads:

D t = �D1T + ZT � + eT ,

where the matrix ZT is given by

ZT =

2

6
6
6
4

(’ 1 � ’ t0 ; x0
1)0

(’ 2 � ’ t0 ; x0
2)0

...
(’ T � ’ t0 ; x0

T )0

3

7
7
7
5

2 RT � (h+1) ;

for the demand covariate vector X T = (X T 1; : : : ; X T h) 2 Rh and parameter vector
� = (�; 
̂ 0)0. The variables �; 
̂ are the price and demand covariates coefficients, respec-
tively. The authors of [183] then show that the optimal price is given by

’ T =
�D + ĥ
 ; xT i

� 2�
+ ’ t0

2 2 [l; u ];

where

� l = min
� �D + ĥ
 ; xT i

� 2bmin
+ ’ t0

2 ;
�D + ĥ
 ; xT i

� 2bmax
+ ’ t0

2

�
,

� u = max
� �D + ĥ
 ; xT i

� 2bmin
+ ’ t0

2 ;
�D + ĥ
 ; xT i

� 2bmax
+ ’ t0

2

�
,

for some boundaries for the price coefficient bmin < � < b max < 0. Combining this with
the interval condition (5.3), we get the following necessary inclusion

[l; u ] �
�
� m;

�
1 � �

� c � m
�

:
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This results in the two inequalities (note that � 2bmin ; � 2bmax > 0, hence, when multi-
plying these, the inequality does not change directions)

min
� �D + ĥ
 ; xT i

� 2bmin
+ ’ t0

2 ;
�D + ĥ
 ; xT i

� 2bmax
+ ’ t0

2

�
� � m

, h 
̂ ; xT i � �
�

m + ’ t0

2

�
(� 2bmin ) � �D := B l ;

and

max
� �D + ĥ
 ; xT i

� 2bmin
+ ’ t0

2 ;
�D + ĥ
 ; xT i

� 2bmax
+ ’ t0

2

�
�

�
1 � �

� c � m

, h 
̂ ; xT i �
�

�
1 � �

� c � m �
’ t0

2

�
(� 2bmax ) � �D := Bu ;

where in the last equality, we used the fact that the incumbent price satisfies

’ t0 �
�

1 � �
� c � m;

implying that the first part of Bu is positive. In summary, we consider xT as given and
the following constraint on the coefficient vector 
̂ :

B l � h 
̂ ; xT i � Bu :

Both these inequalities span hyperplanes in the corresponding dimension. Hence, the
goal for the projection is to map points 
̂ outside the intersection of these planes back
into that intersection. Intuitively, we first project the price coefficient � back into the
interval [bmin ; bmax ] and then determine whether ĥ
 ; xT i is greater than Bu or smaller
than B l and project accordingly. The projection is listed in Algorithm 4.

Example 5.1 (Sanity check of embedded algorithm)
Collecting real demand responses for given prices was impossible in our case, so we
decided to fix a covariate-generating distribution and include a trend in the demand
response to check if the outcome of prices is reasonable. The analysis should primarily
reflect the correct interval of prices anyway, as the optimality of the linear approach has
been argued and shown in [183]. Therefore, consider the parametersbmax = � 0:5,
bmin = � 1; c = 0:5; m = 0:07; � = 0:5; ’ t0 = 0:17; �D = 0:30; N = 100, and assume that
the covariates follow a standard normal distribution, i.e., eachX T l � N (0; 1); 8l 2 [h].
The demand is sampled with an upward trend, whereas the maximum value is given by
md, and noise is added around the values. Further,h represents the number of covariates
considered.
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Figure 5.1: Four plots displaying the relation between dynamic prices and demand over time.
We fixed md = 0:6; h = 2 in the upper left plot. We kept the parameters in the
upper right plot but flipped the demand trend to decrease. In the lower plots, we
kept the original demand trend, reduced md = 0:4 for the left plot, and increased
the number of covariates h = 10 for the right plot.

First, the boundaries in this example following(5.3) are given by(� 0:07; 0:43). In each
case, these boundaries are respected. Next, in the upper left picture, we see that elevated
dynamic prices correctly reflect an upward trend in the demand values, as expected.
Lastly, increasing the number of covariates solidifies the trend, as seen from the lower
right picture. We must note that in case of a downward movement of the demand, prices
do not necessarily decrease, as can be seen from the upper right picture. As this is a
highly experimental analysis, however, we refer the reader to [183] for the optimality
of the approach. Note that we have sampled covariates from a normal distribution and
further assumed a demand trend with noise, which is unrealistic as the demand is a
function of the price. In our analysis, however, it suffices to see that the boundary
condition (5.3) is met. This numeric example generally analyzes the price boundaries
and observes that we have correctly embedded the approach of [183] into our work.
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Algorithm 4 Projection v of vector �̂ 2 Rh+1 to the intersection of a box with the
intersection of two half spaces

Require: �̂ =
�

�̂; 
̂ 0
� 0

; Bu ; B l ; xT ; bmin ; bmax

1: Compute projection v1 = minf maxf �̂; b min g; bmax g
2: if ĥ
 ; xT i � Bu then
3: Compute positive root r � > 0 of the following function:

r 7! hxT ; 
̂ � r xT i � Bu

4: v = 
̂ � r � xT

5: else if ĥ
 ; xT i � B l then
6: Compute positive root r � > 0 of the following function:

r 7! hxT ; 
̂ � r xT i � B l

7: v = 
̂ � r � xT

8: else
9: v = 
̂

10: end if
11: Return v as the desired projection

1. The inputs include the vector �̂ =
�

�̂; 
̂ 0
� 0

, representing the coefficients, upper
and lower bounds Bu and B l for the half-space intersection, the covariate vector
xT , and the price bounds bmin and bmax .

2. First, we project the scalar price component �̂ onto the interval [bmin ; bmax ].

3. Next, we check, which half-space constraint has been violated. If the product sum
of the covariates and the coefficients exceeds/subceeds the upper/lower bound
Bu=Bl , we find the root of the function r 7! hxT ; 
̂ � r xT i � Bu=Bl .

4. Lastly, we update the vector using the root v = 
̂ � r � xT

5. If the dot product is within the bounds [B l ; Bu ], we simply set v = 
̂
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5.4 Conclusion and outook

This chapter represents the culmination of the preceding chapters, integrating results
from the portfolio-default model and the supplier portfolio optimization to develop a
hybrid pricing model for SME factoring. The term hybrid refers to the model’s com-
position: a static component mitigates potential losses from defaults, while the interval
characteristic accommodates dynamic adjustments to pricing that account for behavior-
based adverse selection. Furthermore, we demonstrated the incorporation of the most
feasible dynamic pricing algorithm into this framework, highlighting the modeler’s abil-
ity to select any suitable model for the dynamic segment, provided that established
boundary conditions are maintained. Comparative analysis of various models for the
dynamic segment is detailed in [3], a master thesis I co-supervised during my doctoral
studies.

The analysis of the pricing model has been situated within the class of bi-level opti-
mization problems under uncertainty, with the outer problem drawing on the results
of Chapter 4. However, as prescribed in existing literature, an explicit solution is not
attainable in our case. Hence, we have devised an implicit solution, deriving an interval
for the price rather than a single optimal point. This approach bridges the realm of
dynamic pricing with bi-level optimization—an intersection scarcely explored in current
literature. The inclusion of adverse selection risk necessitates flexibility in choosing from
a range of prices based on the counterpart’s behavior. Given that pricing occurs in a con-
tinuous, short-term context, our approach is practical, as the optimization problem need
only be solved once to determine these intervals. Continuously solving it for infinitesimal
time periods would be impractical. Nonetheless, we recognize that this method diverges
from conventional solutions found in the literature3.

This pricing strategy allows factors to engage with the SME market by addressing two
primary risk categories. As initially suggested, additional risks, particularly fraud risk,
warrant further investigation. Given the challenges in quantifying fraud risk, it remains
a subject for future research. Moreover, this thesis posits that access to transactional
data could support the development of a fraud detection model, which we also leave for
future inquiry.

Regarding risk management, corporations have several strategies at their disposal, such
as outsourcing, insuring, or hedging the risk. CDS contracts can effectively remove de-
fault risk from the balance sheet for listed companies at risk. Nevertheless, insurance
firms may opt not to eliminate such risks entirely, as hedging might be preferred over
outsourcing. The subsequent chapter extends the discourse on SME factoring by propos-
ing a strategy for partially hedging the credit risk associated with insurance companies,
assuming the availability of tradeable derivatives for the listed company under scrutiny.

3For further explanations on the di�culty of establishing an explicit solution for the outer problem, we
refer the reader to Section A.8.
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In this chapter, we explore a method for mitigating credit risk exposure through the
strategic use of equity derivatives, drawing upon the foundational works by Merton
([159]) and Black ([45]) as our conceptual underpinning. We examine a company’s
balance sheet and denote by the variable Vt the company’s assets at time t � 0. In
alignment with fundamental accounting principles, these assets are financed by equity
and debt. Equity is quantified as the product of the share price St and the total number
of outstanding shares, which we denote by N 2 N> 0, i.e., E t = St N . Debt D , on the
other hand, aggregates all pending financial obligations with maturity T1. Thus, for
fixed time T , the equity value is conceptualized as a call option on the company’s assets
with a strike price equal to its debt, formalized as ET = ST N = (VT � D )+ , a notion
initially posited by Merton ([159]). The structural framework of Black ([45]), on the
other hand, introduced the concept of default as the moment the asset value falls below
the debt level, equivalently when the equity value and consequently the share price drop
to zero2, expressed as:

� = inf
n

t > 0 : Vt � D
o

= inf
n

t > 0 : E t = 0
o

= inf
n

t > 0 : St N = 0
o

= inf
n

t > 0 : St = 0
o

:

However, this definition may oversimplify the complexity of real-world defaults, which
can precede the stock price reaching zero, influenced by factors like market delays, pend-
ing derivative contracts, or speculative trading activities (take Wirecard as an example:
Even after default has been announced, trading in the stock remained active). Accord-
ingly, we propose the establishment of an alternate, positive default threshold B > 0,
wherein default is determined by the stock price’s initial crossing of this predefined level.
Both model definitions—the first involving a first-passage model over time and the sec-
ond concerning a fixed time T—serve different purposes in various applications. We
specify a company’s credit exposure C > 0 to the at-risk entity, defined as the total
outstanding debt maturing at T > 0. This places us within the framework established
by Merton, focusing specifically on the time point T rather than considering the entire
time span. Building upon that framework, we introduce the concept of loss X as a

1Merton originally introduced debt as the outstanding obligations with a �xed maturity T , and, hence,
assumes debt to be constant over time t � T .

2As the number of outstanding shares N is a constant, the default time is ultimately driven by the
dynamics of St . This change from asset to stock price dynamics has also been used in [72] by scaling
the volatility parameter accordingly; hence, this consideration is feasible.
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random variable functionally dependent on the share price at maturity ST
3:

X := f B (ST ) = C1f ST � B g: (6.1)

It is evident that the loss profile closely mirrors that of a digital put option based on ST ,
which pays out the exposure amount C > 0. Although this financial instrument would
serve as an ideal representation or hedge, it is not available in the market. Consequently,
we employ European put options as the most viable alternative. Generally, put options
offer only an approximation of the loss profile, a fact that is illustrated by the subsequent
graphic.

Figure 6.1: Payoff profiles of loss and put option. We note that costs are excluded in this
graphic.

In the depicted scenario, we set the exposure at C = 1. The green line represents
the original loss, while the blue line illustrates the payout from a put option with a
strike price of K . It is observable that incorporating a put option alongside the original

3The introduced threshold B is constant for the speci�c maturity T , and it is noteworthy that for small
T , this barrier will be close to the current stock price. This proximity arises because the likelihood of
the stock price falling substantially in a very short time interval is low, thus necessitating the default
barrier to be relatively near the current price. This relationship is corroborated by the numerical
analysis discussed later.
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exposure C yields a mitigated risk coverage: the area shaded in light blue indicates
the risk offset by the specific put option, whereas the red-shaded area delineates the
residual risk post the partial hedging with the put option. This observation aligns with
the concept of partial hedging as discussed in [68]. The mentioned study demonstrates
that employing a knock-out call option based on the Value at Risk reduces the loss
post-hedging for a predetermined risk level. As per the illustration above, adding a put
option to the portfolio manifests the remaining loss similarly to a knock-out call option
written on strike K � 1 with barrier B 4. This finding corroborates the partial hedging
theory, evidenced by the recent work [158], which illustrates that optimal partial hedging
strategies, even under the consideration of Conditional Value at Risk (CVaR) or Ranged
Value at Risk (RVaR), involve a knock-out call option. Thus, we intend to (partially)
hedge the original loss X using the portfolio a(PK � PK; 0), where

PK =
�

K � ST

� +

is the payout of the put option at maturity T and a 2 R signifies the number of options
purchased, with PK; 0 being the initial fair price of the put option. However, several
questions still persist:

� Which option, respectively, which strike K 5 to choose?

� How many of such options should we buy, i.e., what is the optimal a?

� Does this offer any benefits for the (insurance) company as the purchase of these
options comes at the cost of the premium?

To address the initial question, it is imperative to establish a criterion to optimize the
decision-making process. We note that the approach outlined above implies a linear
replicating portfolio in the put option; hence, as we aim for the best replication, we need
to find an option that maximizes a linear fit with the original loss X . This leads to the
classic Pearson’s correlation as a maximizing criterion. As the model implicitly gives all
other parameters and the estimation therein or the definition of the loss (maturity T
of the option coincides with the maturity of the exposure), we aim to optimize for the
strike K . Furthermore, due to the calculation rules of the correlation, we have:

Corr
�

X; P K

�
= Corr

�
C1f ST � B g; PK

�
= Corr

�
1f ST � B g; PK

�
:

Therefore, the problem can be formulated as follows:

max
K 2 R+

Corr
�

1f ST � B g; PK

�
: (6.2)

4This is only feasible for values K > 1. This restricts the allowed parameter set and excludes very small
default probabilities. However, as we only use this comparison to establish similarities with existing
literature, we do not investigate this further. Furthermore, this claim is proved in Theorem A.12.

5Given that the option's maturity aligns with that of the exposure and the model parameters are
predetermined, the strike price becomes the sole variable.
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Having established the strike, for which the corresponding option maximizes the linear
fit with the original loss X , we then focus on how many such options we should buy.
For this, we again formulate an optimization problem, but this time, we minimize the
expected squared distance between the two portfolios dependent on the parameter a 2 R.
This leads to the following optimization problem:

min
a 2 R+

E
��

X � a
�

PK � PK; 0

�� 2�
: (6.3)

As the strike is given by the previous optimization combined with the parameters de-
termined by the market model for ST , this optimization problem can be solved directly.
These considerations are taken under the real-world measure P. Hence, solving the
optimization problem by basic calculations yields:

Lemma 6.1 (Solution of (6.3))
The optimal solution a� 2 R+ for the optimization problem (6.3) is given by

a� =
E

h
X

�
PK � PK; 0

�i

E
h�

PK � PK; 0

� 2i ;

where X is given in (6.1).

Remark 6.1 (Connection to correlation function)
Under a risk-neutral measure Q, we havee� rT EQ[PK ] = PK; 0, which differs from the
real-world measureP. However, if we assume to have

E[PK ] � PK; 0; (6.4)

then the optimal portfolio is linked to the correlation function stated in the optimization
problem (6.3). This can be calculated using Lemma 6.1:

a� = E[X (PK � PK; 0)]
E[(PK � PK; 0)2] = E[XP K ] � PK; 0E[X ]

E[P2
K ] � 2PK; 0E[PK ] + P2

K; 0

= Cov(X; P K ) � E[X ](E[PK ] � PK; 0)
Var(PK ) � (E[PK ] � PK; 0)2

�
Cov(X; P K )

Var(PK ) = Corr(X; P K )

s
Var(X )
Var(PK ) :

The question remains: why is(6.4) a mild assumption only? For this, we investigate the
following:

E[PK ] =

Z
PK dP =

Z
PK

dP
dQ

dQ = EQ

�
dP
dQ

PK

�
= e� rT EQ

�
erT dP

dQ
PK

�
:
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Now, (6.4) can be translated into

erT dP
dQ

� 1:

As we are dealing with short periods, the factor in front can be neglected, leaving us with

dP
dQ

� 1:

The Radon-Nikodym derivative implicitly measures the difference between the drift� and
the riskless rater in the models we investigate. As we consider short time periods, this
implies that we assume the performance of a company does not significantly exceed that
of a riskless investment in the short term, which is a mild assumption.

Remark 6.2 (Comment on recovery value and motivation for put option)
The definition of the loss function (6.1) implies a specific structure for C, namely that
invoices with maturity T have been collected and the inherent recovery value of such
credit exposure is known and assumed to be constant. As we are in the Merton setup,
i.e., solely looking at a specific time pointT rather than the whole time and first-passage
model in [45], we could also consider the loss to be implicitly defined by the model as
B � ST , i.e., the magnitude of ST being belowB . Reintroducing the loss function with
such exposureC := B � ST leads to

f B (ST ) =
�

B � ST

�
1f ST � B g =

�
B � ST

� +
;

which amounts to the payout at maturity T of a put option written on strike B . This
shows the alignment with Merton’s framework and the motivation to use put options as
a partial hedge for the considered loss function(6.1).

Given that the loss X and the payout of put options PK are functions of the stock
price ST , the optimization problem (6.2) is well defined. Intuitively, selecting a higher
strike K could enhance the fit; however, it implies increased costs. This necessitates
addressing the subsequent question regarding cost considerations. According to Basel
II regulations, (insurance) companies must maintain a designated reserve of capital,
known as the Solvency Capital Requirement (SCR), to either fully or partially offset
the potential claims outstanding. This regulatory capital requirement, stipulated under
EU regulations, is intended to encompass 99.5% of the unexpected losses. Within the
context of our analysis, the risk is denoted by X , allowing us to express the SCR for this
risk as:

SCRX := V aR� (X � E[X ]);

where � is customarily set at 99.5%. Consequently, the feasibility of a (partial) hedge
utilising a(PK � PK; 0) is contingent upon achieving a positive reduction in SCR, math-
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ematically represented as:

SCRX � SCRX � PK > P K; 0:

This inequality must be satisfied to address cost considerations6. Contrary to the liter-
ature, we do not use structural models to explain default, but assume to have a default
model in place and aim to use this as a connection7. As argued for in Chapter 2, we
consider the default time � of the company in question to be an exponentially distributed
random variable, i.e.,

P(� � T) = 1 � e� � T :

In summary, the strategy that is deployed in the subsequent sections comprises of the
following steps:

S1 Fix a model for ST .

S2 Find the parameters for the model for ST and the necessary barrier B .

S3 Solve optimization problem (6.2)8, calculate the optimal quantity a� in Lemma
6.1.

S4 Obtain the loss profile to argue for a reduction in SCR.

The models under consideration include the traditional Black–Scholes model and en-
hanced jump-diffusion models featuring both log-normal and constant jump sizes. For
all models discussed, we establish a filtered probability space (
 ; F ; P) and introduce
f Wt gt2 [0;T ] to represent Brownian motion, f L t gt2 [0;T ] as a compound Poisson process
(CPP) subordinator (detailed in Chapter 3), and " � exp(1) as the default threshold
within this space. Subsequent sections begin with a review of existing literature on
default considerations in structural models and the strategies for partial hedging. Af-
ter exploring the dynamics of f St gt2 [0;T ] both with and without jumps, we analyse the
unexpected loss profile engendered by including the put option PK to show S4. The
discussion culminates with a conclusive summary.

6The comparison of the to-be-paid price for the options implies a challenge in measuring the reduction
in SCR in monetary units. This ambiguity complicates direct comparisons. However, this criterion
sets the absolute minimum requirement that must be met. Further details on this topic will be
explored in the numerical analysis of the SCR reduction later on.

7This enables companies to adapt the results of this chapter into their already existing risk management
process and lets us embed the �ndings into the structure of this thesis since we can use results from
Chapter 2 and 3.

8We do this by �nding a unique maximum of the objective function, �rst disregarding the capital
constraint. This will be considered by numerical analysis in S4.
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6.1 Literature review

This chapter contributes to two main areas of literature, i.e., default prediction in struc-
tural models and partial hedging.

Default prediction in structural models

There have been several approaches to assessing credit risk in the literature, most promi-
nently reduced form and structural models. Statistical models have started with the Alt-
man Z-Score ([5]) and have evolved into complex machine learning methods, including
regression trees, neural networks, and many more ([196]).

In structural models (named by [85]), on the other hand, it is assumed that certain
stochastic dynamics drive the value of a firm’s assets and that a default occurs when
the realization of this process is lower than the facial value of the firm’s debt at its
maturity. This approach was pioneered by [46] and [159]. The authors assumed that
the asset value follows a geometric Brownian motion, and the default probability can be
calculated using the standard normal distribution.

This model assumption has subsequently been extended to take into account various
features, such as sovereign issuers ([103]), the existence of multiple maturities for the
firm’s debt ([99]), or the possibility for the default to occur before the debt’s maturity
([45, 135, 128]); these latter models are often referred to as first passage or barrier
models9.

In [159], the author treated equity as a call option on the firm’s asset value. Under this
structural modeling approach, the corporate bond credit spread becomes a function of
financial leverage and firm asset volatility. The financial leverage then links equity to
debt and relates firm volatility to equity volatility. In [160], the author recognized the
direct impact of corporate default on the stock price process and assumes that the stock
price jumps to zero and stays there upon the random arrival of a default event

Building on this connection between debt and equity, Black introduced the so-called
distance to default (DD). The measure estimates the probability that the value of the
firm/asset falls beneath the value of the debt. After having been clarified in [72], many
researchers have analyzed this measure and concluded that it is a main covariate to asses
and predict financial distress ([84, 82]), as well as to explain CDS spreads ([26, 80]),
pure credit contract prices ([56]), or equity returns ([215]). The authors of [113] showed
that despite the simplifying assumptions that underlie its derivation, the DD measure
under the geometric Brownian motion model has proven empirically to be a strong
predictor of default. They further concluded that, generally, DD successfully ranks
firms’ default probabilities, even if the underlying model assumptions are altered, i.e., the

9For a complete overview of default modeling and related topics within the structural approach, we
refer to [1, 134].
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geometric Brownian motion assumption is relaxed. The authors of [43] provided evidence
showing that the functional form of Merton’s DD model makes it useful and important
for predicting defaults. They compared the model to a “naive” alternative, which uses
the functional form suggested by the Merton model but does not solve the model for an
implied probability of default. They concluded that while the Black DD model does not
produce a sufficient statistic for the probability of default, its functional form is useful
for forecasting. Building on that idea are the authors of [59], who investigated whether
the default predictability of the Merton DD model would be affected by considering
investors’ ambiguity aversion and concluded that this model performs better than the
naive model in [43].

While the Brownian assumption infers a tractable model, numerous authors pointed out
that stock returns are not normally distributed, significantly limiting the model’s use in
practice ([30, 87, 47]). Moreover, the estimates of the probability of default can be biased
downwards, exposing the banks to the possibility of undercapitalization and systematic
shocks. Furthermore, the Brownian hypothesis has been criticized for producing an
almost zero default probability for short maturities: if this were true, then short-term
bonds should have close to zero credit spread, which is typically not the case, as first
noted in [116] (see also subsequent discussions such as [139, 74]). This underestimation
of short-term default probabilities and theoretical credit spreads is known as the credit
spread puzzle. It has been evidenced many times and for every ranking, from high yield
to investment grade issuers (see a recent overview in [172]) and even sovereign issuers
(see [86] and references therein). The plausible explanation for this discrepancy is that
other factors can influence credit spreads, such as taxes, liquidity premia, and jump risk
([25]).

These arguments led researchers to extend the Brownian model. The natural idea is to
introduce jumps in the asset dynamics to better capture short-term defaults occurring
after a sudden drop in the value of a company’s assets following, for instance, earning
announcements, central bank meetings, or major political events. Jump processes can
be of two kinds: jump-diffusion or pure jumps processes, and the formalism of Lévy
processes conveniently describes both. Jump diffusion processes were introduced in
structural credit risk modeling in [231] by adding a Poisson process whose discrete jumps
are normally distributed to the usual diffusion process to materialize sudden changes in
the firm’s assets value; other distributions for the magnitude of the Poisson jumps have
subsequently been considered, such as negative exponential distributions, leading to
higher short term probabilities and more realistic credit spread curves. Self-exciting
Hawkes processes have also been introduced in [140], a model for which an analytical
formula for the equity value has been recently derived in [177]. Pure jump processes
allow for an interpretation in terms of business time (differing from the operational
time) or the possibility for jumps to occur arbitrarily often on any time interval; such
processes were introduced in the construction of credit risk models in the late 2000s
and early 2010s, notably in [141] for one-sided processes (i.e., featuring downward jumps
only) and from the point of view of first passage models, and in [93, 138] for double-
sided processes, with CDS-based calibrations. Extensions to multivariate processes have
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also been studied in [151]. The authors of [2] extended the literature on DD modeling
with pure jump processes. They showed that including jump processes is necessary
and that jump-diffusion processes are outperformed in default prediction because short-
term default probabilities are not underestimated. The authors of [118] extended the
Brownian model by allowing for Normal inverse Gaussian (NIG) distributed returns. By
applying their results to the Ljubljana stock exchange, they found that the probability
of default estimates using the Brownian model is biased. In contrast, the estimates from
the NIG Merton model are robust.

In [36], the authors enriched the DD metric with financial ratios and accounting variables
into a hybrid model. They concluded that the combination improves both the in-sample
fit of credit ratings and the out-of-sample predictability of defaults. The authors of
[105] recently analyzed a stressed version of the DD model by controlling for raw default
probability and failure beta. They showed that the stressed DD can explain credit default
swap spreads and rating variations. In [111], the authors most recently demonstrated
that default events in endogenous credit-risk models, initially defined by low asset values,
can also be characterized by low equity prices and negative net cash flows, measured
through the volatility-adjusted DD ratio. As mentioned, default is associated with a low
asset value under the Black/Merton approach. According to [111], this corresponds to
a low equity price/large and negative cash flow, and hence, the default barrier can be
chosen differently (in line with the findings in [45, 135, 128]).

An alternative to Merton are Leland-type models ([127]), where the default threshold
is taken endogenously by equity holders who maximize the value of their equity stake.
The default is an American put associated with a low asset value/large and negative
flow. The authors of [56] proposed a simple and robust link between equity out-of-
the-money American put options and a credit insurance contract on the same reference
company. This means it is natural to consider put options when considering credit
risk. These Leland-type models infer that the default event might be strategic, as both
equity holders and debt holders can have incentives to induce or force bankruptcy well
before the equity value completely vanishes. In [102], the authors find empirical support
for active strategic behaviors from private debt holders in setting the endogenous asset
value threshold below which corporations declare bankruptcy. In particular, they find
that private debt holders often find it optimal to force bankruptcy well before the equity
value vanishes. This again implies that it is natural to consider a barrier different from
the value of the debt in these passage models, which aligns with our approach in this
chapter.
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Partial hedging

Option pricing theory postulates that most contingent claims can be hedged, provided
the starting capital is at least equal to the claim’s fair value in complete markets or the
minimum super-hedging price in incomplete markets. Nonetheless, the expenses associ-
ated with perfect hedging are often prohibitively high for practical purposes, leading to
the emergence of partial hedging strategies.

In these strategies, investors use initial capital below the cost of perfect hedging to devise
strategies to reduce their potential losses according to specific risk metrics. Föllmer and
Leukert have been instrumental in advancing the concept of optimal partial hedging,
exploring areas such as quantile hedging and efficient hedging within semimartingale
financial market models, as detailed in [95] and [96], respectively. They offer straightfor-
ward solutions for complete markets utilizing the classical Neyman-Pearson lemma and
provide theoretical solutions for incomplete markets through the convex duality method.
The exploration of partial hedging has also extended into more complex market scenar-
ios.

In [73], the authors delved into quantile hedging in contexts where information is partial
and where market influence by large investors is significant. In [167], the author ad-
dressed the optimization of quantile hedging and efficient hedging strategies for claims
characterized by a single default time using linear loss functions. Furthermore, in [156],
the authors examined various partial hedging approaches and their utility in the pricing
and hedging insurance contracts, showcasing the broad applicability of these strategies
beyond traditional financial markets.

When devising partial hedging strategies, a critical factor for investors is the selection
of the risk criterion. The concept of risk measures was extensively examined in [19],
which laid the foundation for their application in the valuation and hedging of contin-
gent claims, as demonstrated in [226]. The optimal portfolio is identified in this context
by minimizing a convex risk measure. Additionally, the literature includes significant
contributions such as the study on Law-Invariance risk measures ([41]) and the explo-
ration of risk measures derived from distortion functions ([142]), further enriching the
field’s understanding of risk assessment methodologies. In financial institutions, Value
at Risk (VaR) and CVaR are the most commonly used risk measures, with a long list
of references. For instance, the authors of [157] studied partial hedging w.r.t. the CVaR
where the semi-explicit solution of the optimal CVaR hedging problem in complete mar-
kets was given. In [68], the authors discussed VaR-based optimal hedging, while in [69],
the CVaR-based optimal hedging problem was solved without the restriction regarding
the completeness of markets. In [158], the authors analyzed the more general tail risk
measure named RVaR, which was applied to hedging problems in [70] and [89]. The
measure includes VaR and CVaR as two limiting cases. Hence, it provides insights into
connections between these two other measures, and it is more customized since investors
can set their risk appetite by choosing two risk level parameters: � and � . They con-
cluded that the optimal hedging strategy is a knock-out call option written on the risk.
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Own contributions

In this chapter, we present a novel method for (insurance) companies to strategically
manage credit risk via derivatives, notably European put options. Our contributions to
the literature are manifold:

� Deviating from conventional approaches in the literature, which predominantly
employ structural models for modeling defaults directly, our approach is based
on the premise of a predefined default distribution, F (t); t > 0. This variation
facilitates the integration of our findings into the risk management frameworks of
(insurance) firms, offering a dynamic mechanism for credit risk mitigation.

� We define the potential loss as exposure (for instance, the sum of outstanding
invoices) with an assigned maturity T . Imposing equality in the distribution in T ,
i.e.,

F (T) != P(ST � B );

we establish and resolve an optimization problem to identify the European put
option10 that maximizes the correlation.

� Additionally, we demonstrate that applying this European put option solves the
optimization problem with a unique maximum and substantially reduces the cap-
ital requirement of insurance companies.

To conclude, the insights derived from this chapter provide (insurance) companies with
the strategy to maintain risk within their operational framework while concurrently
mitigating potential losses by acquiring European put options. The outcomes of our
research directly furnish the optimal strike price for these options. Additionally, the
following figure summarizes the strategy of this chapter and highlights our contributions.

10 For mathematical compatibility we choose the maturity of the option to coincide with T , however, any
available option at the market with maturity greater or equal than T will do. We propose choosing
the �rst available maturity after T .
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Connection/Strategy

Credit world Equity world

Model: P(� � t) := F (t).

Loss with maturity T :

X =
(

0; � > T;
C; � � T:

Original Model: P(Vt � D ):

Model: P(St � B ) := G(t)
All derivatives trading on St .

Impose for T : F (T) = P(� � T) != P(ST � B ) = G(T).

Then X = C1f ST � B g, representing a digital put option.

Approximate X with European put option PK with maturity � T .

Solve problem: max
K 2 R+

Corr(X; P K )

subject to: SCRX � SCRX � PK > P K; 0.

Figure 6.2: Graphical representation of the approach deployed throughout this chapter. � rep-
resents the default time of the at-risk company obtained with the pre-existing de-
fault model. The steps filled in yellow are the novel steps developed throughout
this chapter.
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6.2 Black–Scholes model

The first model we consider for ST is the Black–Scholes model. We therein assume that
the dynamics can be explained by the following SDE:

dSt = St (�dt + �dW t ); S0 > 0;

where �; � > 0 are drift and standard deviation of the process, respectively. Solving this
SDE utilizing Itô for the maturity time in question leads to

ST = S0e( � � 1=2� 2 )T + �W T

and we have WT � N (0; T). This concludes the model selection phase outlined in
S1. The subsequent phase involves defining the model’s parameters and determining
the appropriate barrier level. It is at this juncture that the relevance of our previously
established default model becomes apparent:

P(� � t) = 1 � e� � t = F (t):

Then, we let � = (�; � ) be the vector of model parameters, G(t) := P(St � B ) and use a
least squares estimation in the context of distributions, i.e., we minimize L 2(F; G) w.r.t.
the parameters11:

(�̂; �̂; B̂ ) = arg min
� ;B

1
2

�
�
�
�

�
�
�
�F � G

�
�
�
�

�
�
�
�

2

2
= arg min

� ;B

1
2

Z 1

0

(F (t) � G(t))2 dt:

For numerical reasons, we introduce a set of discrete time points t0 < t 1 < : : : < t N
12

and consider the discretized version of this continuous setting, i.e.,

(�̂; �̂; B̂ ) = arg min
� ;B

1
2

NX

i =0

�
P(St i � B ) � 1 + e� � t i

� 2
; (6.5)

where N is the number of time points we use. In the Black–Scholes model context, we
can explicitly calculate the default probability. This quantity is given by:

P(St � B ) = �
�

ln(B=S0) � (� � 1=2� 2)t
�

p
t

�
: (6.6)

Hence, the objective of (6.5) is to identify the model parameters and the barrier B such
that the above normal distribution closely aligns with the predetermined exponential dis-
tribution over time, while ensuring distributional equivalence for fixed T . An illustrative

11 Given that in the Black�Scholes model, the drift rate is implicitly given as a function of the risk-less
rate, the optimization could be reduced to two parameters. However, this implies knowledge about
potential risk-less rates, and, hence, we include the parameter in the estimation as well.

12 This grid implies that there exists an i 2 [N ] such that t i = T.
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example of such an alignment is provided in the subsequent graphical representation,
marking the completion of S2.

(a) Parameter estimation for � = 0 :1;
S0 = 1 ; T = 0 :3. This estimation results in
(�̂; �̂; B̂ ) = (0 :07; 0:15; 0:87).

(b) Parameter estimation for � = 1 :1;
S0 = 1 ; T = 0 :3. This estimation results in
(�̂; �̂; B̂ ) = (0 :07; 0:15; 0:97).

Figure 6.3: Comparison of parameter estimations under different � values for the Black–Scholes
model.

It becomes evident that for low default probabilities, as displayed in Figure 6.3a, the
fit between the two distributions is more accurate than for higher default probabilities
shown in Figure 6.3b. Additionally, the results exhibit similar values for both the drift
and the volatility, despite differing default barriers B̂ . Since this barrier must be crossed
for a default to occur, it is more likely with B̂ = 0:97, given that the initial value is
S0 = 1. Therefore, a higher barrier aligns with a higher default intensity, which is logical.
Moreover, since our focus is on distributional equivalence at a specific time point T , it
is crucial for the distributions to intersect at this time point, as demonstrated in both
scenarios. For further numerical analysis, we concentrate on the estimation parameters
from Figure 6.3b, corresponding to the higher default probability. Assuming accurate
parameter estimation, we can rearrange (6.6) for the exposure maturity T > 0 to obtain,

B = S0e�̂
p

T � � 1
�

1� e� � T
�

+( �̂ � 1=2�̂ 2 )T > 0; (6.7)

where �̂; �̂ are the estimated parameters from (6.3b)13. As motivated in the introduction
of this chapter, we aim to identify the strike price K that maximizes the correlation
between the default indicator process and the associated put option. Naturally, we
consider this question under the real-world measure P and the dynamics (6.2). Recall
the payout function of the put from (6).

13 In the above numerical example, we choseT = 0 :3. We can obtain with the above formula, B = 0 :97,
which coincides with the estimation results, B̂ .
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Theorem 6.2 (Correlation in the Black–Scholes model)
In the Black–Scholes model with given parameters�; � > 0, P-dynamics as given in(6.2),
maturity time T > 0, and barrier B obtained via (6.7), we have

Corr
 

1f ST � B g; PK

!

=

8
>>>>>>>>>><

>>>>>>>>>>:

1
f (PK )e� � T E[PK ] for K � B;

1
f (PK )

 �
1 � e� � T

��
K � E[PK ]

�

� S0e�T �
�

� � 1
�

1 � e� � T
�

� �
p

T
� ! for K > B;

where f (PK ) =
r

e� � T
�

1 � e� � T
��

E[P2
K ] � E[PK ]2

�
. Further, we can conclude that

there is a uniqueK � maximizing the correlation.

Proof. Can be found in the appendix.

Example 6.1 (Illustration of correlation including its derivative)
In the analysis of the correlation function, which is divided into two segments, we employ
distinct colorations for each segment within our graphical representation. In this numer-
ical example we utilize� = 1 :1: and the parameter estimation illustrated in Figure 6.3b,
obtaining the values(�̂; �̂; B̂ ) = (0:07; 0:15; 0:97). With (6.7), we can explicitly calculate
B in this model and obtain, as expectedB = B̂ = 0:9714. The selected time horizon is
T = 0:3 years, corresponding to approximately four months, deemed a practical duration
for assessing exposure. Subsequently, we present a graphical depiction of the derivative
corresponding to the aforementioned numerical scenario as utilized for the correlation
function.

14 The barrier in this particular example is relatively high, considering S0 = 1 . As argued before, this
comes from the short time horizon T = 0 :3, as the Brownian motion is unlikely to fall signi�cantly
in a short time window, and, hence, to re�ect default, the barrier needs to be higher.

101



6 Partial hedge of credit debt

Figure 6.4: Numerical demonstration of correlation utilizing parameters S0 = 1; �̂ = 0:07;
T = 0:3; �̂ = 0:15; � = 1 :1; B = B̂ = 0:97.

Figure 6.5: Numerical illustration of the derivative of correlation with parameters S0 = 1;
�̂ = 0:07; T = 0:3; �̂ = 0:15; � = 1 :1; B = B̂ = 0:97.

In addition to solving the optimization problem (6.2) explicitly, we can also write down
the optimal quantity as displayed in Lemma 6.1. Furthermore, the case displayed in
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Remark (6.1) is possibly more interesting. For this, we have:

Lemma 6.3 (Optimal quantity in the Black–Scholes model)
If K � is obtained and fixed with Theorem 6.2, we have

a� =

8
>>>>>>>>>><

>>>>>>>>>>:

e� � T E[P �
K ]

Var(P �
K ) for K � � B;

1
Var(P �

K )

 �
1 � e� � T

��
K � � E[P �

K ]
�

� S0e�T �
�

� � 1
�

1 � e� � T
�

� �
p

T
� ! for K � > B:

Proof. Follows from Remark 6.1 and

1
f (P �

K )

s
Var(X )
Var(P �

K ) = 1
Var(P �

K ) :

The following graphic displays the optimal quantity for the strike price established in
Example 6.1.

Figure 6.6: Numerical demonstration of optimal quantity utilizing parameters S0 = 1;
�̂ = 0:07; T = 0:3; �̂ = 0:15; � = 1 :1; B = B̂ = 0:97; K � = 1:02, resulting in
a� = 8:29.
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6.3 Jump-diffusion model with lognormal jumps

As discussed in the literature review, the Black–Scholes model, while pioneering, exhibits
certain limitations (e.g., underestimation of short-term default probabilities, negligence
of jumps) that necessitate the inclusion of jumps to more accurately reflect market
dynamics. In [160], the author introduced the concept of jumps characterized by a
lognormal distribution with parameters � J ; � 2

J , to address these limitations. The author
derived the SDE dynamics and related this to the Black–Scholes model. For details, we
refer the reader to the original source. However, we end up with the following conditional
dynamics:

S(k)
t = S(k)

0 e
�

� � 1=2� 2
k

�
t+ � k Wt ; (6.8)

where S(k)
t is equal to St conditioned on the number of jumps f N t = kg and � k , S(k)

0
15

are adjusted standard deviation and a modified initial value. The construction again im-
plies mutual independence between N t and Wt , and a fixed T represents the exposure’s
maturity. This concludes S1. The subsequent step S2 implies further complexity com-
pared to the Black–Scholes model as the introduction of jumps results in non-continuous
paths of St . Comparing this with a continuous distribution such as the exponential is
non-trivial. Furthermore, more parameters must be estimated, as the jump parameters
must also be considered. Therefore, we leave this for further research, as parameter
estimation for Lévy processes is a field of theory in itself. However, we can formulate a
condition for the barrier B , similar to the Black–Scholes model. Therefore, we impose
that for the discrete-time point T (maturity of exposure and, hence, option), we have
equality in the distribution, i.e.,

P(ST � B ) =
1X

k=0

P(NT = k)P(ST � B j NT = k)

(6.8)=
1X

k=0

P(NT = k)P
�

S(k)
0 e( � � 1=2� 2

k )T + � k WT � B
�

=
1X

k=0

P(NT = k)P
 

1
p

T
WT �

ln
�

B
S( k )

0

�
�

�
� � 1=2� 2

k

�
T

� k
p

T

!

=
1X

k=0

P(NT = k)�
 ln

�
B

S( k )
0

�
�

�
� � 1=2� 2

k

�
T

� k
p

T

!

=:
1X

k=0

P(NT = k)�
�

d(B; k )
�

!= 1 � e� � T : (6.9)

15 Listed in the proof of Theorem 6.4.
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Diverging from the Black–Scholes model, the introduction of jumps eliminates the avail-
ability of a closed-form solution, necessitating numerical methods for root finding. It’s
important to note that the probability of observing k jumps over a period T , given by
P(NT = k) = ( �T )k

k! e� �T , becomes increasingly negligible for larger values of k, espe-
cially over short time horizons where the likelihood of numerous jumps is limited. This
characteristic significantly simplifies the numerical root search process, as it allows the
search to be constrained to a manageable range, such as up to k = 5.

Figure 6.7: Numerical root search for B with parameters S0 = 1; � = 0:07; T = 0:3;
� = 0:15; � = 1 :1; � = 1:5; � J = 0:02; � J = 0:1.

In the visualization, the default probability is depicted in orange, while the probability of
the stock price ST breaching the barrier level B is illustrated in blue, with both probabil-
ities viewed as functions of B . This graphical representation facilitates the identification
of a unique barrier level B at which these two probabilities agree, supporting the previ-
ous argument. This concludes S2 for this jump-diffusion model. Next, we reintroduce
the put option as

PK =
�

K � ST

� +
=

1X

k=0

P(N t = k)
�

K � S(k)
0 e( � � 1=2� 2

k )T + � k WT

� +

:=
1X

k=0

P(NT = k)PBS

�
S(k)

0 ; � k ; K
�

:

Given the adjusted parameters, it’s crucial to understand that the inside of the function
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equates to a European put option within the Black–Scholes framework, written on strike
K . Henceforth, this formula is denoted as PBS

�
S(k)

0 ; � k ; K
�

, where S(k)
0 and � k are

the initial stock price and volatility adjusted for k jumps, respectively. In subsequent
discussions, whenever we refer to PK , it specifically denotes the put option priced in the
context of this jump-diffusion market.

Theorem 6.4 (Correlation in the Merton jump-diffusion model)
In the Merton jump-diffusion model with lognormal jumps and given parameters
�; �; � J ; � J > 0, (conditional) P-dynamics as given in(6.8) and barrier B obtained via
(6.9), we have

Corr
 

1f ST � B g; PK

!

= 1
f (PK )

1X

k=0

P(NT = k)h(K; k );

where

h(K; k ) =

8
>>>>>>><

>>>>>>>:

e� � T E
h
PBS

�
S(k)

0 ; � k ; K
�i

; K � K �
k ;

�
1 � e� � T

��
K � E

h
PBS

�
S(k)

0 ; � k ; K
�i �

� S(k)
0 e�T �

�
d(B; k )

�
� � k

p
T

� ; else

for K �
k = S(k)

0 ed(B;k ) � k
p

T +( � � 1=2� 2
k )T and

f (PK ) =
r

e� � T
�

1 � e� � T
��

E[P2
K ] � E[PK ]2

�
. Further, we can conclude that there is

a unique K̂ � maximizing the correlation above.

Proof. Can be found in the appendix.

Example 6.2 (Correlation example including derivative)
The selected time horizon for this numerical analysis isT = 0:3 years, correspond-
ing to approximately four months, deemed a practical duration for assessing exposure.
Furthermore, we chose the same parameters as for the Black–Scholes example to draw
comparisons, and the barrierB was estimated via the root search as depicted in Figure
6.7. The analysis again confirms the expectations as a unique maximum is found. In
contrast to the Black–Scholes model, however, the correlation function is not a piecewise
function.
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Figure 6.8: Numerical example of the correlation for the parameters S0 = 1; � = 0:07;
T = 0:3; � = 0:15; � = 1 :1; � = 1:5; � J = 0:02; � J = 0:1; B � 0:97.

The following graphic shows the derivative for the same numerical use case as done for
the correlation function.

Figure 6.9: Numerical example of the correlation derivative for the parameters S0 = 1;
� = 0:07; T = 0:3; � = 0:15; � = 1 :1; � = 1:5; � J = 0:02; � J = 0:1; B � 0:97.
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Additionally, Remark 6.1 yields:

Lemma 6.5 (Optimal quantity in the lognormal jump-diffusion model)
If K̂ � is obtained and fixed with Theorem 6.4, we have

a� = 1
Var(PK̂ � )

1X

k=0

P(NT = k)h(K̂ � ; k);

where

h(K̂ � ; k) =

8
>>>>>>><

>>>>>>>:

e� � T E
h
PBS

�
S(k)

0 ; � k ; K
�i

; K̂ � � K �
k ;

�
1 � e� � T

��
K̂ � � E

h
PBS

�
S(k)

0 ; � k ; K
�i �

� S(k)
0 e�T �

�
d(B; k ) � � k

p
T

� ; else

for K �
k = S(k)

0 ed(B;k ) � k
p

T � ( � � 1=2� 2
k )T .

The following graphic displays the optimal quantity for the strike price established in
Example 6.2.

Figure 6.10: Numerical demonstration of optimal quantity utilizing parameters S0 = 1;
� = 0:07; T = 0:3; � = 0:15; � = 1 :1; � = 1:5; � J = 0:02; � J = 0:1; B � 0:97;
K̂ � = 1:03, resulting in a� = 6:85.
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6.4 Jump-diffusion model with constant jumps

The preceding section explored the incorporation of lognormal jumps as an augmentation
to the Black–Scholes framework. This section draws inspiration from Chapter 3. Within
that context, we introduced a Lévy subordinator, L t , characterized as being of the CPP
type with a constant jump size � credit > 0, expressed as

L t = � credit N t ;

where N t denotes a CPP with intensity parameter � . Accordingly, a firm’s default is the
initial time L t surpasses a unit-exponential threshold, depicted in (3.1). Conceptually,
an increase in L t (presuming the absence of drift) diminishes the gap to the default
threshold, thus potentially elevating the default risk. If we assume that this specific
process also influences the dynamics in a structural framework, we can integrate this
notion seamlessly into this chapter by suggesting that a jump in the process N t signifies
a detrimental impact on the asset value St , typically correlating with the advent of
adverse news. This rationale motivates the examination of the subsequent SDE:

dSt = St

�
�dt + �dW t + (1 � � asset)dNt

�
: (6.10)

This represents a jump-diffusion model characterized by exclusively constant negative
jumps 0 < � asset < 116. Adopting an approach that excludes positive jumps, which
means disregarding potential positive news, may appear overly cautious from a modeling
standpoint. Nonetheless, this section examines this scenario analogous to the lognormal
jumps analysis.

Lemma 6.6 (Solution of SDE)
In this model, the solution of the SDE (6.10) is given by

ST = S0 exp
� �

� + � (1 � � asset) � 1=2� 2
�

T + �W T

�
(1 � � asset)NT ; S0 > 0:

Proof. Can be found in the appendix.

We see that by conditioning on the number of jumps k and introducing an adjusted
starting value S(k)

0 = S0(1� � asset)ke� (1� � asset ) , we are again situated in the Black–Scholes
world. The mutual independence of N t and Wt follows again by construction. The option
and exposure’s maturity time T is set to coincide, ensuring that the distributions match

16 As the asset side assumes a relative change and the credit size a total change, it is natural to assume
� credit 6= � asset .
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at this specific point:

P(ST � B ) =
1X

k=0

P(NT = k)�
 ln

�
B

S( k )
0

�
�

�
� � 1=2� 2

�
T

�
p

T

!

:=
1X

k=0

P(NT = k)�
�

d(B; k )
�

!= 1 � e� � T : (6.11)

In congruence with the last section, a numerical root search needs to be deployed, and
by simulating for k = 5, we obtain the following graphic:

Figure 6.11: Numerical root search for B with parameters S0 = 1; � = 0:07; T = 0:3;
� = 0:15; � = 1:5; � = 1 :1; k = 5.

We again note that parameter estimation (as in the lognormal jump-diffusion model) is
left for further research. The default definition on the credit side of this model is driven
by the Lévy subordinator � credit NT , while on the structural side, it is influenced by the
dynamics of ST , which also depends on a process NT . We assume that these processes
are the same to enable meaningful comparisons. The root search above could also be
deployed to find � asset for a given barrier B . Alternatively, one could search for the jump
size on the credit side by comparing the default definition through the subordinator with
the predetermined exponential distribution. Contrary to the asset side, the credit side
yields the possibility to calculate the jump size � credit explicitly.
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Lemma 6.7 (Choice of jump size � credit > 0)
In this specific model, we have

� credit := � ln
�

1 �
�
�

�
:

Therefore, we need to ensure� < � . More on this condition can be found in Example
6.3.

Proof. Can be found in the appendix.

This concludes S1 and S2 for this jump-diffusion model. By using the adjusted starting
value S(k)

0 from above, we reintroduce the put option as

PK =
�

K � ST

� +
=

1X

k=0

P(N t = k)
�

K � S(k)
0 e( � � 1=2� 2 )T + �W T

� +

:=
1X

k=0

P(NT = k)PBS

�
S(k)

0 ; �; K
�

:

Theorem 6.8 (Correlation in the jump-diffusion model with constant negative jumps)
In the jump-diffusion model with constant negative jumps 0 < � asset < 1, given parame-
ters �; � > 0 and barrier B obtained via (6.11), we have

Corr
 

1f ST � B g; PK

!

= 1
f (PK )

1X

k=0

P(NT = k)h(K; k );

where

h(K; k ) =

8
>>>>>>><

>>>>>>>:

e� � T E
h
PBS

�
S(k)

0 ; �; K
�i

; K � K �
k ;

�
1 � e� � T

��
K � E

h
PBS

�
S(k)

0 ; �; K
�i �

� S(k)
0 e�T �

�
d(B; k )

�
� �

p
T

� ; else

for K �
k = S(k)

0 ed(B;k ) �
p

T +( � � 1=2� 2 )T and f (PK ) =
r

e� � T
�

1 � e� � T
��

E[P2
K ] � E[PK ]2

�
.

Further, we can conclude that there is a uniqueK̂ � maximizing the correlation above17.

Proof. Can be found in the appendix.

17 We note that the sole di�erence compared to the jump-di�usion model with lognormal jumps lies in
the de�nition of S( k )

0 and the fact that the volatility does not need to be adjusted.
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Example 6.3 (Correlation example including derivative)
The selected time horizon for this numerical analysis isT = 0:3 years, corresponding
to approximately four months. Furthermore, the barrier B was estimated via the root
search as depicted in Figure 6.11. We choose� asset = 0:4, which means a jump ofNT
results in a 40% decrease ofST . Furthermore, Lemma 6.7 yields � > � , restricting the
choice of � . This results in the following exemplary correlation and derivative:

Figure 6.12: Correlation for the set of parameters S0 = 1; � = 0:07; T = 0:3; � = 0:15;
� = 1 :1; � = 1:5; � asset = 0:4.
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Figure 6.13: Derivative of correlation for the set of parameters S0 = 1; � = 0:07; T = 0:3;
� = 0:15; � = 1 :1; � = 1:5; � asset = 0:4.

Additionally, the combination of Remark 6.1 and Theorem 6.8 yields:

Lemma 6.9 (Optimal quantity in the jump-diffusion model with constant jumps)
If K � obtained and fixed with Theorem 6.8, we have

a� = 1
Var(PK̂ � )

1X

k=0

P(NT = k)h(K̂ � ; k);

where

h(K̂ � ; k) =

8
>>>>>>><

>>>>>>>:

e� � T E
h
PBS

�
S(k)

0 ; �; K
�i

; K̂ � � K �
k ;

�
1 � e� � T

��
K̂ � � E

h
PBS

�
S(k)

0 ; �; K
�i �

� S(k)
0 e�T �

�
d(B; k ) � �

p
T

� ; else

for K �
k = S(k)

0 ed(B;k ) �
p

T � ( � � 1=2� 2 )T .

The following graphic displays the optimal quantity for the strike price established in
Example 6.3.
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Figure 6.14: Numerical demonstration of optimal quantity utilizing parameters S0 = 1;
� = 0:07; T = 0:3; � = 0:15; � = 1 :1; � = 1:5; K � = 1:18, resulting in a� = 1:53.

6.5 Application to risk capital under Solvency II

Building upon the foundation laid in the introduction, our goal is to ensure that

SCRX � SCRX � PK > P K; 0;

where PK denotes the value at maturity of the put option derived in preceding sections
through the maximization of its correlation with the default indicator. In this section,
we shift our focus to S4 and demonstrate through numerical analysis that for each of
the three models discussed, integrating the aforementioned put option into the portfolio
significantly diminishes the risk capital, thereby mitigating the potential for unexpected
loss. In the definition of the solvency capital requirement, � corresponds to 0:995 and
represents the confidence level. Furthermore, in the parts of the analysis incorporating
the option, the price for the option PK; 0 is always included. We note that, due to Remark
6.1 and the derivation therein, the addition of such put options should not result in a
change in the expected loss but rather in the unexpected loss. This arises from the fact
that while the payout of the put option is considered under P, its price is evaluated
under Q and is discounted over the time horizon T . Since this time horizon is relatively
short, the difference arising from the change of measure should not be significantly large.
Therefore, the shift in the expected loss should be minimal and is expected to be reflected
in the subsequent numerical analysis.
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Black–Scholes model

In our analysis across different markets, we strive for numerical consistency by adopting
identical parameter values in the correlation function examples. It is important to note
that the selection of T = 0:3 and � = 1 :1 results in a medium default probability.
This choice was deliberate, the rationale being that the impact of our analysis becomes
increasingly pronounced with higher default probabilities. Therefore, we can validate our
findings more robustly by focusing on the lower end of the default probability spectrum.
This approach ensures that our conclusions are not merely artifacts of high-risk scenarios
but are applicable across a broader range of conditions, reinforcing our results’ validity.

Figure 6.15: Reduction in risk capital for the parameters S0 = 1; �̂ = 0:07; T = 0:3;
�̂ = 0:15; � = 1 :1; B = B̂ = 0:97; � = 0:995 and the obtained strike of the put
option K � = 1:02:18

In the upper graph, we observe the original loss distribution characterized by a binary
profile, wherein losses are either absent or amount to 1 � � = 0:6, with � = 0:4 represent-
ing the recovery value. Here, the exposure is defined as C = 1. In the lower graphs, we
discern the altered loss profiles after the strategic incorporation of one put option into
the portfolio on the left and the incorporation of a� put options on the right. Notably,
a shift of the unexpected loss towards the right is evident in the distribution. Adding

18 See numerical Example 6.1.
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the put option(s) has displaced the loss profile, signifying a notable alteration in the
portfolio’s risk dynamics. Nonetheless, as expected, the expected loss barely changed.
Despite potential limitations in the underlying Black–Scholes model for ST , the analysis
of the loss profile aligns with our expectations and concludes S4 for the Black–Scholes
model.

Merton jump-diffusion with lognormal jumps

Mirroring the approach taken in the context of the Black–Scholes model, we derive:

Figure 6.16: Reduction in risk capital for the parameters S0 = 1; � = 0:07; T = 0:3;
� = 0:15; � = 1 :1; � = 1:5; � J = 0:02; � J = 0:1; � = 0:995, barrier B � 0:97,
obtained via the root search in Figure 6.7 and the obtained strike of the put
option K̂ � = 1:0319.

In comparison to the Black–Scholes model, our findings highlight a similar outcome.
While the unexpected loss could be reduced, the expected loss remained on a similar
level, as expected. This concludes S4.

19 See numerical Example 6.2.
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Jump-diffusion with constant negative jumps

The final model we explored for ST , inspired by the principles of Lévy factor models, in-
corporated a jump-diffusion model characterized by exclusively negative constant jumps.
Our analysis established a unique maximum for the correlation function, a finding that
we recognized as contingent upon the parameter selection, particularly the differential
between the default intensity � and the frequency � of the underlying Poisson process.
It is imperative that � < � for the model to remain coherent, a condition absent in the
previous jump-diffusion model, highlighting a critical limitation of adopting this model,
as we previously discussed. Employing the same parameters as those in Example 6.3
produces the following numerical outcome.

Figure 6.17: Loss comparison for the parameters S0 = 1; � = 0:07; T = 0:3; � = 0:15;
� = 1 :1; � = 1:5; � = 0:995, barrier B = 0:79, obtained via the root search in
Figure 6.11 and the obtained strike of the put option K̂ � = 1:1820.

Compared to preceding models, the outcomes generated by this model appear excep-
tionally favorable. This observation is primarily attributed to the parameter selection
strategy employed. As previously discussed, we need to have � < � and 0 < � asset < 1.
Hence, the modeler has two parameters to choose. Specifically, these parameters must be
chosen so that the original loss is not significantly underestimated, which is challenging

20 See numerical Example 6.3.
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without comparisons to other models. Consequently, the choice of these parameters is
crucial for the model’s outcome, leading to an elevated model risk. In summary, while
this model is conceptually linked to the portfolio-default model associated with Lévy
factor models, its practical application presents challenges. Therefore, despite its intu-
itive appeal, this model should only be used for practical risk assessment tasks if the
model risk can be adequately addressed.

Comparison of numerical examples

In this section, we aimed to maintain consistency in our parameter choices to enable
meaningful comparisons. We set the company’s default intensity parameter at � = 1 :1,
corresponding to an approximate 28% default probability. The drift, volatility, and time
were fixed at (�; �; T ) = (0:07; 0:15; 0:3). The confidence level was inherently determined
by SCR regulations, with � = 0:995, and the initial value was set to S0 = 1. For the
jump-diffusion models, we selected Poisson process intensity parameters of � = 1:5 for
both the log-normal model and the model with constant negative jumps. The following
table compares the outcomes of parameters that differ; specifically the obtained barrier
for the given market parameters, the optimal strike with corresponding correlation and
quantity, and the unexpected loss (UEL) both before and after hedging with a� respective
put options.

Parameter Black–Scholes model Lognormal jumps Constant negative jumps

Barrier B 0.97 0.97 0.79
Correlation 0.87 0.86 0.87
Optimal Strike K � 1.02 1.03 1.18
Optimal Quantity a� 8.29 6.85 1.53
UEL -0.77 -0.78 -0.77
UEL after hedging -0.61 -0.64 -0.46
Difference in UEL 0.16 0.14 0.31

Table 6.1: Comparison of the models with highlighted best values.

It becomes apparent that the model with constant negative jumps yields the smallest
optimal quantity while still achieving the highest reduction in unexpected loss (UEL).
As previously discussed, this outcome is significantly influenced by the choice of � given
the default intensity parameter � and � asset. In this numerical analysis, the parameters
were selected so that the original loss closely matches that of the other two models, as
reflected in the table. In practice, however, this comparison may not always be available,
leaving the modeler with limited guidance for parameter choice beyond � > � , thereby
introducing elevated model risk. For this specific numerical example, the Black–Scholes
model and the model with lognormal jumps exhibit similar behavior. Consequently, the
choice rests between the simplicity of the Black–Scholes model and the more realistic
framework of the jump-diffusion model with lognormal jumps. Further analysis could
explore scenarios with varying jump size parameters.
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6.6 Conclusion and outlook

This chapter focused on mitigating existing credit debt through derivatives. This concept
holds particular relevance for (insurance) companies who aim to retain the risk in-house
while safeguarding against exposure. Diverging from conventional literature, our ap-
proach used structural default models assuming a pre-established default model. This
strategic choice facilitates integrating this chapter’s insights into existing risk manage-
ment frameworks. Furthermore, by adopting a realistic view that defaults can precede a
complete depletion of company stock value, we transitioned from Merton’s original asset
value-based default distance to considering stock price breaches of a new, positive barrier
B > 0. The loss in question was then defined relative to this stock price threshold in
(6.1), including the maturity T . The objective was to bridge the previously established
default model with any given model for ST , imposing equivalence exclusively at matu-
rity T . This equivalence at maturity T , crucial for comparing the loss profile against
derivatives written on ST , laid the groundwork for examining the efficacy of incorporat-
ing a European put option, denoted as PK , in counterbalancing potential losses as ST
decreases.

We realized that the introduced loss profile (6.1) closely resembles a digital put option
as a function of ST . We then further argued, as these derivatives are not traded, that
one should be able to partially represent the loss function by a European put option
PK . As decreasing values in ST lead to an elevated risk of a loss, the inclusion of
such a put option, as it then increases in value, should be able to partially offset the
resulting loss. Understanding that our goal was to achieve the best linear fit between
the original loss X and the portfolio a(PK � PK; 0), we defined Pearsons’s correlation
as the objective function in our optimization problem stated in (6.2). This approach
ultimately determines a unique strike.

Having established this strike, we addressed how many such options should be purchased
in (6.3). We then commenced with the Black–Scholes model. As the most tractable
model for ST , it allowed for parameter estimation, as we were able to, in addition to the
equivalence in T , estimate parameters based on a least squares criterion for distributions
for all other time points. Next, we extended the model with lognormal jumps and
observed similar behavior of the correlation function, as a unique maximum was found.
Parameter estimation, however, is quite difficult as adding jumps renders the paths of
St not continuous. Furthermore, the jump parameters extend the complexity. Hence,
we imposed distributional equivalence in T and left the parameter estimation for further
research. The third model we considered was motivated by Chapter 3. Considering a
jump-diffusion process with solely negative jumps, we also found a unique maximizer of
the optimization problem. However, the constant jump size has to be chosen explicitly,
reducing the applicability of this model. Comparative loss analyses across these models
affirmed the anticipated outcomes, albeit with a critical view of the practical deployment
of the constant negative jump model.
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In addition, adopting Pearson’s correlation can also be challenged. Lastly, employing
the found European put options as an approximation for the digital option might be
unnecessary. This comes from the fact that one can closely represent such an option
as a specific long/short position. We (re)derived this in Section A.10. Hence, future
research could instead be conducted on this combination of derivatives. Furthermore, al-
ternate loss functions, increased model sophistication, and refined parameter estimation
for jump-diffusion processes could be considered. The optimization problem’s underlying
constraints, particularly concerning the SCR, might also warrant reevaluation. More-
over, while the methodology presupposes the availability of derivatives for listed, liquid
companies, the idea can be extended to unlisted entities via correlated liquid indices,
factoring in a “correlation error” to adjust the findings accordingly.
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The selection of non-recourse factoring for small and medium enterprises (SMEs) intro-
duces an enhanced layer of risk stemming from manual discounting, as these businesses
often prefer selective factoring over comprehensive whole turnover policies. This thesis
has been dedicated to crafting a pricing model that effectively covers, or at least signif-
icantly mitigates, the perennial default risk and the emerging risk of adverse selection.
The strategy employed encompassed a game theoretical framework between the factor
and the supplier, which ultimately delineated a pricing interval with fixed boundaries,
forming a hybrid price model.

To lay the groundwork for this model, it was crucial first to define and assess a model
for univariate defaults, as outlined in Chapter 2. This chapter details the methodology
employed, highlighting the necessity of incorporating non-financial features. Such inclu-
sion is imperative since SMEs are not mandated to publish detailed financial reports,
complicating the task of robust data analysis. A random forest algorithm was deployed
to estimate the default intensity parameter, � k , for each company k 2 [d], yielding
satisfactory performance metrics. Given the specific nature of trade credit, especially
the short at-risk period, univariate default times were assumed to follow an exponential
distribution.

However, the univariate model’s assumption of company independence significantly un-
derestimates the risk by failing to consider the possibility of simultaneous defaults. To
address this, Chapter 3 introduced a sophisticated model to assess portfolio-defaults,
explicitly accounting for company dependencies. One plausible choice building on the
memoryless property emerged in maintaining the exponential margins: the Marshall–
Olkin distribution. Despite its intuitive appeal, the practical application of this distribu-
tion faces substantial challenges due to the complex nature of its parameter estimation
and shock simulation. Thus, a connection to Lévy subordinators was exploited to de-
velop a Lévy factor model, simplifying the computational complexity from exponential
to polynomial and aligning the model with the univariate scenario. Generally, factor
models are interconnected with univariate models, as they utilize variables or factors
to influence the default probability of (sub-)portfolios. In the constructed model of this
thesis, a weighted sum of Lévy subordinators, L (k)

t , was scrutinized, and the default time
for company k was defined as the first passage time of L (k)

t across a unit exponential
threshold:

� k = inf
n

t > 0 : L (k)
t > " k

o
:
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Given the theoretical complexity of Lévy processes, we provided the reader with a heuris-
tic guide on selecting parameters for the portfolio-default model. This method serves as
one potential approach, but the ultimate decision on parameter selection rests with the
modeler.

After revisiting existing research on diversification effects, we concluded the chapter with
a numerical analysis. This analysis underscored that the measurable dependence within
the model significantly depends on the specific nature and form of the margins. With
the portfolio-default model established, our focus shifted to the primary objective of
this thesis: developing a pricing model for the factor. To address this, we structured
a game-theoretical problem between the supplier and the factor within the domain of
bi-level optimization problems. This setup presents considerable challenges due to its
inherent complexity. The initial step involved defining and solving the inner problem,
which represents the optimal decision-making process for the supplier:

min
x

g�
� (x)

s:t:
dX

k=1

xkM k � P � ;

x 2 [0; 1]d:

The objective function in our model encapsulates both a deterministic and a random
return. The random return is contingent upon the set of defaulted companies St , which
can be effectively simulated using the portfolio-default model we previously introduced.
Despite the problem’s linear form, it posed exponential complexity due to the many
possible subsets of defaulted companies. To navigate this complexity, we implemented a
stochastic gradient descent algorithm to solve this problem numerically. In our analysis,
similar to the approach taken in the portfolio-default model chapter, we paid particular
attention to the case of two dimensions. This specific scenario is advantageous because
the underlying Marshall–Olkin distribution facilitates an explicit calculation of the true
optimal solution for the problem discussed. Indeed, analyzing the gradient of this func-
tion not only provided insights into the model’s behavior under different scenarios but
also bridged us to the subsequent chapter.

In Chapter 5, we derived the pricing model, building on the groundwork laid by solving
the inner problem as described. This progression adheres to the typical solution strategy
for bi-level optimization problems, where the resolution of the outer problem depends
critically on the outcomes of the inner problem solved in the prior chapter. However,
establishing an explicit optimal price point is not feasible, as an infinite iteration of
this minmax game setup would not result in a mutual agreement. In such a configura-
tion, the supplier will always prefer a lower price while the factor will aim for a higher
one1. Therefore, we leveraged the inner problem’s gradient analysis to derive fixed price

1For further explanations on the di�culty of establishing an explicit solution for the outer problem, we
refer the reader to Section A.8.
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bounds. These bounds represent the maximum price the supplier is willing to pay and
the minimum price the factor would accept. To establish these bounds, we introduced
an assumption based on differing recovery values for the two game participants in the
event of a default. This assumption helped to quantify the extent of financial risk each
party is willing to accommodate. Consequently, we delineated a price interval with fixed
boundaries, yet allowing for dynamic deviations within this interval:

f k := E
h�

1 � � fac
k

�
1f k2 St g

i�
1 +  

�
:

The cushion  in our formula plays a crucial role in covering costs, adding a margin,
and incorporating the dynamic component ’ that allows for price deviations within
the specified interval. Selecting the model for this dynamic part delves into dynamic
pricing. While we have integrated the most tractable model into this thesis, it is essential
to emphasize that the setup accommodates any available model, provided it adheres
to the stipulated interval as outlined in Equation (5.3). This flexibility ensures that
our pricing model can adapt to various market dynamics while maintaining robust risk
coverage. This comprehensive approach concluded the main project of this thesis, which
focused on modeling SME factoring. Additionally, we embarked on a supplementary
project in Chapter 6. This project aimed to develop a method for companies to manage
their credit exposures using structured derivatives. Specifically, we crafted a method
that leverages existing risk models of companies, establishes a linkage to structured
markets, and identifies an approximate and partial exposure hedge through European
put options. The development of this method led to the formulation of the following
optimization problem:

max
K 2 R+

Corr
�
X; P K

�

s:t: SCRX � SCRX � PK > P K; 0:

This optimization problem challenged us to find the optimal strike price K of European
put options that maximize the correlation of the loss X and the put option PK , ensuring
that the difference in Solvency Capital Requirement (SCR) after hedging minus the price
(SCRX � SCRX � PK � PK; 0) is positive. This strategy not only aids in mitigating financial
risk but also aligns with regulatory requirements, providing a pragmatic approach to risk
management. The limitations and implications of this approach are discussed in detail
in the corresponding chapter.

Additionally, the project on SME factoring has identified several areas that may stimu-
late further research. For instance, this thesis addressed non-recourse factoring to thor-
oughly explore a particular risk configuration. Expanding this analysis to include other
types of factoring, as outlined in Table 1.1, could provide a more comprehensive view
of the different risk dynamics and operational strategies within the factoring industry.
Furthermore, our study concentrated on the interaction between a single factor and sup-
plier, considering only the dependencies among debtors. Future studies could broaden
this scope to include scenarios where factors manage multiple suppliers. This expan-
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sion would naturally lead to a more complex model that also accounts for dependencies
between suppliers, potentially affecting the risk assessments and pricing strategies. Ad-
ditionally, the heuristic approach to parameter estimation for Lévy processes presented
in this thesis highlights the challenges associated with such methods, suggesting that
further research could focus on refining these estimation techniques to enhance their
accuracy and reliability.

Throughout, we have examined the combination of default and adverse selection risk.
Fraud risk, on the other hand, remains a prevalent issue in supply chain finance, en-
compassing various forms such as identity fraud, invoice fraud, relationship fraud, and
more. However, due to the inherent lack of data, quantitative modeling of these risks is
particularly challenging, and we leave this aspect for future research.

In conclusion, we have equipped factoring companies, particularly those operating in
the SME non-recourse factoring market segment, with robust tools and methodologies
to effectively manage risks associated with their business activities. Moreover, risk man-
agement companies might find the insights from the last chapter particularly useful for
developing strategies to maintain and partially hedge credit risk. This contribution not
only aids in risk mitigation but also supports the stability and growth of businesses in
this sector.
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A Proofs and supplementary material

A.1 Proofs for Section 3.2 (Model)

Theorem 3.1 (Survival probability and survival copula)
Let (
 ; F ; P) be a probability space supporting the following:

1. A sequence of independent exponential trigger variables" k � exp(1); k 2 [d],

2. a sequence of independent Lévy subordinatorsL ( i;j )
t with corresponding Laplace

exponents	 ( i;j ) satisfying 	 ( i;j )(1) = 1; i 2 [n]; j 2 [mi ],

3. independent of allL ( i;j )
t , a Lévy subordinator L g

t with Laplace exponent	 g satis-
fying 	 g(1) = 1.

We then define for each companyk 2 [d] its default time via

� k = inf
�

t > 0 : L (k)
t > " k

�
= inf

�
t > 0 : v(k)

0 t + v(k)
g L g

t +
nX

i =1

m iX

j =1

v(k)
( i;j )L

( i;j )
t > " k

�
:

Then, using t = (t1; : : : ; td) and � : [d] 7! [d] as a permutation such that
t � (1) � : : : � t � (d) , as well asv( � (k))

g ; v� (k)
( i;j ) as the coefficients that belong to the t � (k) -th

component, we calculate the survival probability�F (t ) of � = (� 1; : : : ; � d) to be:

exp
(

�
dX

k=1

"

v(k)
0 tk +

�
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� !#)

:

Additionally, by using u = (u1; : : : ; ud) 2 [0; 1]d, we calculate the survival copulaĈ(u)
of � = (� 1; : : : ; � d) to be:
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Proof. We can calculate with the tower property and then the independence of the
trigger variables

�F (t ) = P(� > t ) = P(� 1 > t 1; : : : ; � d > t d) = P
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5 :

We note that the sum in the exponent is completely represented by the paths of L g
t and

L ( i;j )
t , respectively. As the path of a Lévy subordinator is almost surely non-decreasing

(see,e.g., Definition 0.3), we can split the path into several independent increments. We
let � : [d] 7! [d] be a permutation such that t � (1) � : : : � t � (d) and rewrite:

L ( i;j )
t � ( d+1)
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Then we can reformulate the sum to
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We just need to take the corresponding values of v(k)
( i;j ) as well to match the original

summands. By deploying the same strategy for the sum involving L g
t , these increments
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are independent and, hence, we can return back to our calculation:
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This establishes the survival probability. Next, the integral transform theorem states
that �
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Then we can use the survival analog of Theorem A.4 to calculate
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( i;j )

� #!)

=
dY

k=1

u
v ( k )

0
� k

k u
1

� � ( k )

�
	 g

� P k
l =1 v� ( l )

g

�
� 	 g

� P k � 1
l =1 v� ( l )

g

�
�

� (k)

� u
1

� � ( k )

P n
i =1

P m i
j =1

�
	 ( i;j )

� P k
l =1 v� ( l )

( i;j )

�
� 	 ( i;j )

� P k � 1
l =1 v� ( l )

( i;j )

�
�

� (k) :

Lemma 3.5 (Choice of parameters in compound Poisson process (CPP))
Assuming a CPP structure, we transform the weights in the definition of(3.3) via

v(k)
0 = w(k)

0 � k ; v(k)
g = �

1
� g ln

�
1 �

wg� k

� g

�
; v(k)

( i;j ) = �
1

� ( i;j ) ln

0

@1 �
w(k)

( i;j ) � k

� ( i;j )

1

A ; (A.11)

such that we preserve the correct margins, i.e.,P(� k > t ) = e� � k t ; 8k 2 [d]; t � 0.

Proof. By setting the weights as defined above, we get with (3.5)

	 (k)(1) = v(k)
0 + � g

�
1 � e� v( k )

g � g
�

+
nX

i =1

m iX

j =1

� ( i;j )
�

1 � e� v( k )
( i;j ) � ( i;j )

�

= � k

0

B
B
B
B
@

w(k)
0 + wg +

nX

i =1

m iX

j =1

w(k)
( i;j )

| {z }
=1

1

C
C
C
C
A

= � k ;

as the desired intensity of the marginal default time � k .
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A.2 Proofs for Section 4.3 (Technical implementation)

Theorem 4.1 (Strong convexity of g�
� (x))

Consider the optimization problem (4.4) with objective function (4.3) and assume
P(St = f kg) > 0; � k < 1 � f k 8k 2 [d]1. Then, the function g�

� (x) is strongly convex on
C with constant

c = � 2r 2e� 2� min
k2 [d]

�
� 2

k(1 � � k � f k)2P(St = f kg)
�

> 0:

Proof. We assume P
�
St = f kg

�
> 0; � k < 1 � f k 8k 2 [d] and aim to show strong

convexity of the objective function (4.3). Note that if a function f 1 is strongly convex
with constant c and a function f 2 is convex, the sum f 1 + f 2 is also strongly convex with
constant c. Recall:

g�
� (x) = E

h
e� � (Rdet (x )+ R rand (x ;St ))

i
=

X

I :I �f 1;:::;dg

P(St = I )e� � (Rdet (x )+ R rand (x ;I )) :

Both Rdet(x) and Rrand (x ; I ) are linear functions in x ,and, hence, convex. Their sum,
as a sum of convex functions, is also convex. Next, x 7! e� �x for x 2 [0; 1]; � > 0 is also
a convex function, and, hence, the concatenation is a convex function as well. Therefore
x 7! P(St = I )e� � (Rdet (x )+ R rand (x ;I )) is convex for each I � [d]. As g�

� (x) is a sum over
these functions, it suffices to show strong convexity for one of the summands. It is
simplest to consider the singular defaults, i.e.,

h1(x) :=
dX

k=1

P(St = f kg)e� � (Rdet (x )+ R rand (x ;f kg))

and aim to show strong convexity for this function. We first reformulate the exponent
in the following way:

Rdet(x) + Rrand (x ; f kg) =
dX

‘ =1

� ‘ rx ‘ (1 � f ‘ ) +
dX

‘ =1

(1 � rx ‘ )� ‘

�
1 � (1 � � ‘ )1f ‘ = kg

�

=

2

4
X

‘ 6= k

� ‘ (1 � rx ‘ f ‘ )

3

5 + [� k rx k(1 � f k) + (1 � rx k)� k � k ]

=

2

4
X

‘ 6= k

� ‘ (1 � rx ‘ f ‘ )

3

5 + [� k(rx k(1 � f k � � k) + � k)] :=
X

‘ 6= k

� ‘ (1 � rx ‘ f ‘ ) + g(xk);

1P(St = f kg) > 0 is a mild assumption that ensures a company k can default by itself within [0; t ].
Further, the assumption on the relation between factoring fee and recovery rate, � k < 1� f k excludes
arbitrage.
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with

� g(xk) = � k(rx k(1 � f k � � k) + � k),

� g0(xk) = � k r (1 � f k � � k);

such that

h1(x) =
dX

k=1

P
�
St = f kg

�
e� �

P
‘ 6= k � ‘ (1� rx ‘ f ‘ )e� �g (xk ) .

Next we fix a k 2 f 1; : : : ; dg and define

h1;k (xk) = P
�
St = f kg

�
e� �

P
‘ 6= k � ‘ (1� rx ‘ f ‘ )e� �g (xk ) .

Note that the first exponential function serves as a constant in the derivative w.r.t. xk
and, hence, we can calculate

h0
1;k (xk) = � �g 0(xk)P

�
St = f kg

�
e� �

P
‘ 6= k � ‘ (1� rx ‘ f ‘ )e� �g (xk )

= � �r� k(1 � f k � � k)P
�
St = f kg

�
e� �

P
‘ 6= k � ‘ (1� rx ‘ f ‘ )e� �g (xk ) :

Therefore, for any xk ; yk 2 [0; 1]; xk 6= yk ; � k < 1 � f k , and Ck := � k(1 � f k � � k) > 0,
we have

�
h0

1;k (xk) � h0
1;k (yk)

�
(xk � yk)

= � �rC kP
�
St = f kg

�
e� �

P
‘ 6= k � ‘ (1� rx ‘ f ‘ )

h
e� �g (xk ) � e� �g (yk )

i
(xk � yk)

� � 2rC kP
�
St = f kg

�
e� �

P
‘ 6= k � ‘ (1� rx ‘ f ‘ )(xk � yk) (g(xk) � g(yk)) e� � (g(xk )+ g(yk )) =2

= � 2r 2C2
k P

�
St = f kg

�
e� �

P
‘ 6= k � ‘ (1� rx ‘ f ‘ )e� � (g(xk )+ g(yk )) =2(xk � yk)2:

The inequality follows from Lemma 0.4, as � �C k r P(St = f kg)e� �
P

l 6= k � l (1� rx l f l ) < 0.
The last step follows from g(xk) � g(yk) = rC k(xk � yk). Next, we note that g(xk)
maps into [� k � k ; � k(r (1 � � k � f k) + � k)] for xk 2 [0; 1]. In any case, we have that
g(0) < g (1) < 1 and therefore e� �g (xk ) > e � � . Further we can see

e� �
P

‘ 6= k � ‘ (1� rx ‘ f ‘ ) > e � �
P

‘ 6= k � ‘ > e � � :

We can use this to see that
�
h0

1;k (xk) � h0
1;k (yk)

�
(xk � yk) � � 2r 2C2

k P
�
St = f kg

�
e� 2� (xk � yk)2:
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With these calculations, we can return to the original problem and calculate for
x 6= y 2 [0; 1]d:

hr h1(x) � r h1(y); x � y i =
dX

k=1

�
h0

1;k (xk) � h0
1;k (yk)

�
(xk � yk)

�
dX

k=1

� 2r 2C2
k P

�
St = f kg

�
e� 2� (xk � yk)2

� � 2r 2e� 2� min
k2 [d]

n
C2

k P
�
St = f kg

� o dX

k=1

(xk � yk)2

= � 2r 2e� 2� min
k2 [d]

n
C2

k P
�
St = f kg

� o
kx � yk2

2;

which proves strong convexity with constant

c = � 2r 2e� 2� min
k2 [d]

n
� 2

k(1 � f k � � k)2P
�
St = f kg

� o
> 0:

Lemma 4.2 (Lipschitz-continuity of g�
� (x))

The function g�
� (x), as defined in (4.3), is Lipschitz-continuous with constant

L = 2�r:

Proof. We first note that for two Lipschitz-continuous functions f 1; f 2 : A � Rn 7! Rm

that are bounded via jf 1j � M 1; jf 2j � M 2 with Lipschitz constants L 1; L 2, respectively,
we have that f 1 + f 2 is Lipschitz-continuous with constant L 1 + L 2 and further f 1 � f 2
is Lipschitz-continuous with constant M 1L 1 + M 2L 2. Lastly, f 1 � f 2 is also Lipschitz-
continuous with constant L 1L 2 (see, e.g., [90, Chapter 12]). Recall (4.3), where

g�
� (x) = E

h
e� � (Rdet (x )+ R rand (x ;St ))

i
=

X

I :I � [d]

P(St = I ) e� �R det (x )e� �R rand (x ;I ) :

Now we note that for x 6= y 2 [0; 1]d and I � [d], we have

�
�Rdet(x) � Rdet(y)

�
� =

dX

k=1

r� k (1 � f k) jxk � yk j � r
dX

k=1

jxk � yk j = r jx � y j;

as well as

�
�Rrand (x ; I ) � Rrand (y ; I )

�
� =

dX

k=1

r� k

�
1 � (1 � � k)1f k2 I g

�
jxk � yk j � r jx � y j;
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which implies Lipschitz-continuity with constant r for both functions. Next, the function
x 7! e� �x for some � > 0 and x 2 [0; 1] is bounded by M := 1. Lemma 0.4, Inequality
(1) yields for u 6= v 2 I :

�
�
�e� �u � e� �v

�
�
�

(1)
�

�
�
� � �e � � u + v

2 (u � v)
�
�
� � �

�
�
�u � v

�
�
�;

implying Lipschitz-continuiy with constant � . Therefore, we can conclude that the map

x 7! P
�
St = I

�
e� �R det (x )e� �R rand (x ;I )

is Lipschitz-continuous with constant P
�
St = I

�
2�r . We obtain the result by combining

this with the fact that
X

I :I � [d]

P(St = I ) = 1.

Lemma 4.3 (Stochastic representation and complexity of the gradient)
The gradient r g�

� (x) =
�

@
@x1 g�

� (x); : : : ; @
@xd

g�
� (x)

�
is given by

@
@xk

g�
� (x) = CkE

h
e� �R rand (x ;St ) �

f k � (1 � � k)1f k2 St g
� i

; 8k 2 [d]; (A.6)

where Ck := �r� ke� �R det (x ) . This implies complexity of order O(2d)2.

Proof. For k 2 [d] we can calculate:

@
@xk

g�
� (x) = � � E

�
e� � (Rdet (x )+ R rand (x ;St )) @

@xk

�
Rdet(x) + Rrand (x ; St )

��

= � � E
�
e� � (Rdet (x )+ R rand (x ;St ))

�
@

@xk
Rdet(x) + @

@xk
Rrand (x ; St )

��

= � � E
h
e� � (Rdet (x )+ R rand (x ;St ))

�
r� k(1 � f k) � r� k(1 � (1 � � k)1f k2 St g)

�i

= �r� ke� �R det (x )E
h
e� �R rand (x ;St )

�
f k � (1 � � k)1f k2 St g

�i
;

where we have used the chain rule several times as well as

� @
@xk

Rdet(x) = r� k(1 � f k),

2This is known as Bachmann-Landau notation and characterizes functions according to their growth
rates. In particular, complexity of order O(2d ) means the asymptotic growth rate compares to an
exponential. For details, see, e.g., [150].
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� @
@xk

Rrand (x ; St ) = � r� k

�
1 � (1 � � k)1f k2 St g

�
.

But then we have

@
@xk

g�
� (x) = Ck

X

I � [d]

P
�
St = I

�
e� �R rand (x ;I )

�
f k � (1 � � k)1f k2 I g

�
;

where Ck := �r� ke� �R det (x ) . The evaluation of

r g�
� (x) =

�
@

@x1 g�
� (x); : : : ; @

@xd
g�

� (x)
�

hence involves a sum over O(2d) terms, each corresponding to a potential outcome of
the random set St .

Theorem 4.4 (Convergence of Algorithm 2 and solution of (4.4))
Consider a step width(� s)s� 0 that satisfies � s ! 0 and

P
s� 1 � s = 1 and denote by

x � 2 C the true optimum of (4.4). Using Lemma 4.1 and Lemma 4.2, we almost-surely
have

lim
s!1

x (s) = x � :

Proof. Similar to the proof in [144], we apply [218, Theorem 1]. To this end, we need to
check [218, Assumptions 1 and 2], as well as Assumptions (i ) and (ii ) in [218, Theorem
1]. Since g�

� (x) is Lipschitz continuous by Lemma 4.2, [218, Assumption 1] is satisfied.
The step width chosen in Algorithm 2 satisfies [218, Assumption 2]. Since C is a poly-
gon, [218, Assumption 3] holds, and since P(St = I ) > 0 for I � [d] by construction,
[218, Assumption 4] is also satisfied. [218, Proposition 1] consequently implies that
Assumption (ii ) of [218, Theorem 1] holds. Finally, our stochastic gradient simulation
engine is unbiased and satisfies [218, Assumption 8], so that [218, Proposition 5] implies
that Assumption (i ) of [218, Theorem 1] also holds. In summary, almost sure conver-
gence follows. Note that alternatively, one could use the results of [213] to conclude
L 2-convergence as a direct consequence of Lemma 4.1 and 4.2.

A.3 Proofs for Section 5.2 (Pricing model formulation)

Lemma 5.1 (Necessary conditions for factoring)
For a given debtor k 2 [d], the supplier only considers the factoring contract, if the
factoring fee f k 2 [0; 1] satisfies

E
h
f k �

�
1 � � sup

k

�
1f k2 St g

i
< 0 , f k <

�
1 � � sup

k

��
1 � e� � k t

�
:
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The factor finds the contract attractive, if

E
h
f k �

�
1 � � fac

k

�
1f k2 St g

i
> 0 , f k >

�
1 � � fac

k

��
1 � e� � k t

�
:

Proof. Recall that the random gradient function is given by

Fk(x ; St ) = �r� ke� � (Rdet (x )+ R rand (x ;St ))
�

f k � (1 � � k)1f k2 St g

�
; k 2 [d]:

Following Algorithm 2, the steps of our gradient descent algorithm are updated in the
negative direction of this function. Mathematically, this implies for step s

Fk(x (s) ; St ) < 0 ) x (s+1) > x (s) ; k 2 [d]: (A.2)

Translating this into the business case, this means that for a fixed step s, the supplier
prefers the factoring solution after the step-size update in case the gradient is negative,
whereas in the other case, relying on the creditworthiness of the customer is selected,
i.e., not factoring. The gradient depends on the instance of the set St , and, hence, we
distinguish between the cases k =2 St and k 2 St . In the former, the resulting function
looks like

Fk(x ; St ) = �r� ke� � (Rdet (x )+ R rand (x ;St )) f k

= �r� ke� �
P d

i =1 � k (1� rx k f k ) f k ;

which is clearly non-negative. Hence, according to condition (A.2), the supplier prefers
not to enter a factoring agreement. This makes sense, as he aims to maximize his return
and does not pay a fee in case of no default. In the case where k 2 St , we obtain:

Fk(x ; St ) = �r� ke� � (Rdet (x )+ R rand (x ;St )) (f k � (1 � � k)) :

The function could potentially be negative, implying an increase in xk , and, hence,
according to (A.2), a preference towards the factoring solution. The sign change happens
at f k = 1 � � k , i.e., the supplier only ever considers entering the factoring solution in
case he pays on average less than what he potentially loses, establishing the first part of
the lemma. Next, consider the return function of the factor as

Rfac (x ; St ) =
dX

k=1

xkM k

�
f k �

�
1 � � fac

k

�
1f k2 St g

�
; x 2 C; f 2 [0; 1]d:

From this, we can already read the price condition for the factor, as he aims to make an
expected profit.

Theorem 5.2 (Optimal price for factor)
Let c; m 2 [0; 1] be constants that represent costs and margins given by the management
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level of the factor and assume� l = c=(1 + c). Then, the price interval given by

f k := E
h�

1 � � fac
k

�
1f k2 St g

i�
1 +  

�
; (A.2)

for debtor k 2 [d] and some 2
�

c; �
1� �

�
is non-empty and satisfies the interval con-

ditions in Lemma 5.1. Further, splitting the cushion into  = c + m + ’ allows the
possibility of modeling the behavior-driven part of the price

’ 2
�

� m;
�

1 � �
� c � m

�
: (A.3)

The resulting price interval reads

f k 2
�

E
h�

1 � � fac
k

�
1f k2 St g

i
(1 + c); E

h�
1 � � sup

k

�
1f k2 St g

i �
; k 2 [d]:

Proof. We check the conditions from Lemma 5.1:

E
h
f k �

�
1 � � fac

k

�
1f k2 St g

i
= E

h�
1 � � fac

k

�
1f k2 St g

i
(1 +  ) � E

h�
1 � � fac

k

�
1f k2 St g

i

=  E
h�

1 � � fac
k

�
1f k2 St g

i
> 0;

and, hence, the factor makes a positive return on average. Furthermore, we have

E
h
f k �

�
1 � � sup

k

�
1f k2 St g

i
= E

h�
1 � � fac

k

�
1f k2 St g

i
(1 +  ) � E

h�
1 � � sup

k

�
1f k2 St g

i

= P(k 2 St )
�

(1 +  )
�

1 � � fac
k

�
�

�
1 � � sup

k

��

(5.1)= P(k 2 St )
�
 � � ( + 1) � � sup

k ( � � ( + 1))
�

= P(k 2 St )( � � ( + 1))
�

1 � � sup
k

�
< 0;

by using the boundary condition. Non-emptiness of the interval also follows from the
boundary condition and as  2

�
c; �

1� �

�
we can split

 = c + m + ’;

and solve for ’ to obtain the domain. The lower bound of the price interval follows from
the condition on  . The upper bound is given by

1
1 � �

E
h�

1 � � fac
k

�
1f k2 St g

i (5.1)= E
h�

1 � � sup
k

�
1f k2 St g

i
=

�
1 � � sup

k

��
1 � e� � k t

�
:
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A.4 Proofs for Section 6.2 (Black–Scholes model)

Theorem 6.2 (Correlation in the Black–Scholes model)
In the Black–Scholes model with given parameters�; � > 0, P-dynamics as given in(6.2),
maturity time T > 0, and barrier B obtained via (6.7), we have

Corr
 

1f ST � B g; PK

!

=

8
>>>>>>>>>><

>>>>>>>>>>:

1
f (PK )e� � T E[PK ] for K � B;

1
f (PK )

 �
1 � e� � T

��
K � E[PK ]

�

� S0e�T �
�

� � 1
�

1 � e� � T
�

� �
p

T
� ! for K > B;

where f (PK ) =
r

e� � T
�

1 � e� � T
��

E[P2
K ] � E[PK ]2

�
. Further, we can conclude that

there is a uniqueK � maximizing the correlation.

Proof. The proof consists of three main steps, i.e.,

(i) Derive the correlation function in this model by calculating each quantity.

(ii) Derive the derivative of the correlation function by calculating the derivative of
each part and piecing them together.

(iii) Show that there exists a K � such that

8K < K � : @
@K

Corr
�

1f ST � B g; PK

�
> 0;

8K > K � : @
@K

Corr
�

1f ST � B g; PK

�
< 0:

This yields the existence of a maximum. For uniqueness, we then show

lim
K !1

@
@K

Corr
�

1f ST � B g; PK

�
= 0:
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Step (i): Derivation of the correlation function

Expectation and variance of loss indicator

With the connection to the existing default model, we can see that

Var
�

1f ST � B g

�
= E

h�
1f ST � B g

� 2i
� E

h
1f ST � B g

i 2
= P

�
ST � B

�
� P

�
ST � B

� 2

(6.7)=
�

1 � e� � T
�

�
�

1 � e� � T
� 2

= e� � T
�

1 � e� � T
�

:

Furthermore, we have

E
h
1f ST � B g

i
= P

�
ST � B

� (6.7)= 1 � e� � T :

Expectation and variance of put option payout

E[PK ] (6)= E
h�

K � S0e( � � 1=2� 2 )T + �W T
� + i

= E
h
1f K>S T g

�
K � S0e( � � 1=2� 2 )T + �W T

�i

= 1
p

2�

Z d(K )

�1

�
K � S0e( � � 1=2� 2 )T + �

p
T x

�
e� x 2

2 dx;

where

d(K ) =
ln

�
K
S0

�
�

�
� � 1

2 � 2
�

T

�
p

T
: (A.3)

With the help of a quadratic expansion, we can solve the integral and obtain:

E[PK ] = K �
�

d(K )
�

� S0e�T �
�

d(K ) � �
p

T
�

: (A.4)
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Next, we have a look at the second moment, i.e.,

E[P2
K ] = E

�� �
K � S0e( � � 1=2� 2 )T + �W T

� +
� 2�

= E
h
1f K>S T g

�
K � S0e( � � 1=2� 2 )T + �W T

� 2i

= 1
p

2�

Z d(K )

�1

�
K 2 � 2KS 0e( � � 1=2� 2 )T + �

p
T x + S2

0e2(� � 1=2� 2 )T +2 �
p

T x
�

e� x 2

2 dx

= K 2�
�

d(K )
�

� 2KS 0e�T �
�

d(K ) � �
p

T
�

+ S2
0e2(� � 1=2� 2 )T 1

p
2�

Z d(K )

�1

e2�
p

T x � x 2

2 dx

= K 2�
�

d(K )
�

� 2KS 0e�T �
�

d(K ) � �
p

T
�

+ S2
0e2(� +1 =2� 2 )T �

�
d(K ) � 2�

p
T

�
; (A.5)

where in the last step, we have used a quadratic expansion again. With these results,
we also obtain the variance of PK .

Covariance between loss indicator and put option

E
h
1f ST � B gPK

i
= E

�
1f 1p

T
WT � d(B )g1f K>S T g

�
K � S0e( � � 1=2� 2 )T + �W T

� �

= 1
p

2�

Z min
n

d(B );d(K )
o

�1

�
K � S0e( � � 1=2� 2 )T + �

p
T x

�
e� x 2

2 dx

(A.4)= K �
�

min
n

d(B ); d(K )
o�

� S0e�T �
�

min
n

d(B ); d(K )
o

� �
p

T
�

:

Using this, we calculate the covariance via:

Cov
�

1f ST � B g; PK

�
= E

h
1f ST � B gPK

i
� E

h
1f ST � B g

i
E

h
PK

i

(A.4)= �
�

min
n

d(B ); d(K )
o�

� S0e�T �
�

min
n

d(B ); d(K )
o

� �
p

T
�

�
�

1 � e� � T
��

K �
�

d(K )
�

� S0e�T �
�

d(K ) � �
p

T
� �

=

8
<

:

e� � T E[PK ] for K � B;
�

1 � e� � T
��

K � E[PK ]
�

� S0e�T �
�

d(B )
�

� �
p

T
�

for K > B;
(A.6)
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where B is taken from (6.7). Putting (A.4); (A.5) and (A.6) together yields the corre-
lation function. Furthermore, we can rearrange (6.7) to find d(B ) = � � 1

�
1 � e� � T

�

explicitly in this model.

Step (ii): Derivation of the derivative

Next, we calculate the derivative for each part and, ultimately, the correlation function.

Derivative of moments of put option payout

We start with the price of the put:

@E[PK ]
@K

= �
�

d(K )
�

+ K�
�

d(K )
� @

@K
d(K ) � S0e�T �

�
d(K ) � �

p
T

� @
@K

d(K )

= �
�

d(K )
�

+ �
�

d(K )
� 1

�
p

T
� S0e�T �

�
d(K ) � �

p
T

� 1
�

p
T K

:

Next, we calculate the derivative of the second moment of PK :

@E[P2
K ]

@K
(A.5)= 2K �

�
d(K )

�
+ K 2�

�
d(K )

� @
@K

d(K ) � 2S0e�T �
�

d(K ) � �
p

T
�

� 2KS 0e�T �
�

d(K ) � �
p

T
� @

@K
d(K ) + S2

0e2(� +1 =2� 2 )T �
�

d(K ) � 2�
p

T
� @

@K
d(K )

= 2K �
�

d(K )
�

+ K�
�

d(K )
� 1

�
p

T
� 2S0e�T �

�
d(K ) � �

p
T

�

� 2S0e�T �
�

d(K ) � �
p

T
� 1

�
p

T
+ S2

0e2(� +1 =2� 2 )T �
�

d(K ) � 2�
p

T
� 1

�
p

T K
:

Derivative of covariance of loss indicator and put option payout

Using this result, we can calculate:

@
@K

Cov
�

1f ST � B g; PK

�
=

8
><

>:

e� � T @E[PK ]
@K

for K < B;
�

1 � e� � T
��

1 �
@E[PK ]

@K

�
for K > B:

Before continuing further, we owe the reader an argument for differentiability in K = B .
Hence, we check if the left limit agrees with the right limit. With the continuity of the
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derivative of the price of the put, we then have the following condition:

lim
K % B

e� � T @E[PK ]
@K

= lim
K & B

1 � e� � T �
@E[PK ]

@K
+ e� � T @E[PK ]

@K

, lim
K & B

@E[PK ]
@K

= 1 � e� � T : (A.7)

Now, we calculate with the definition of d(K ):

lim
K & B

@E[PK ]
@K

(6.7)= 1 � e� � T + �
�

d(B )
� 1

�
p

T
� S0e�T �

�
d(B ) � �

p
T

� 1
�

p
T B

= 1 � e� � T + 1
p

2��T
e� d(B )2=2

�
1 �

S0e�T

B
e�

p
T d(B ) � 1=2� 2T

�

= 1 � e� � T + 1
p

2��T
e� d(B )2=2

�
1 �

S0e�T

B
eln( B=S0 ) � �T

�

= 1 � e� � T ;

completing (A.7), and, hence, we write K � B in the derivative of the covariance above.

Derivative of 1=f (PK )

Using the chain and product rule, we obtain:

@
@K

1
f (PK ) = �

1
2

�
e� � T

�
1 � e� � T

�
Var(PK )

� � 3
2

� e� � T
�

1 � e� � T
� �

@
@K

Var(PK )
�

; (A.8)

where f (PK ) =
r

e� � T
�

1 � e� � T
��

Var(PK )
�

.
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Derivative of correlation function

In total, we then get

@
@K

Corr
�

1f ST � B g; PK

�

= @
@K

Cov
�

1f ST � B g; PK

� 1
f (PK ) + Cov

�
1f ST � B g; PK

� @
@K

1
f (PK )

=

8
>>>>>><

>>>>>>:

e� � T

f (PK )
@E[PK ]

@K
+ e� � T E[PK ] @

@K
1

f (PK ) for K � B;

1 � e� � T

f (PK )

�
1 �

@E[PK ]
@K

�

+
� �

1 � e� � T
��

K � E[PK ]
�

� A
�

@
@K

1
f (PK ) for K > B;

(A.9)

where A = S0e�T �
�

d(B ) � �
p

T
�

.

Step (iii): Existence and uniqueness

In general, we know that the variance of the put option decreases with increasing K , as
higher strike prices lead to lower sensitivity of the option price to the underlying stock
price, thus reducing the variance. Hence, using the definition of f (PK ) and (A.8), we
have

1
f (PK ) � 0;

@
@K

1
f (PK ) � 0: (A.10)

Therefore, we see that the correlation function is increasing for all K � B 3 and, hence,
the derivative is positive for this part. Therefore, any extremum of this function should
be larger than B , and hence, we focus on the right side of the correlation function and
its derivative.

Existence

For all K > B , we reformulate the derivative via

@
@K

Corr
�

1f ST � B g; PK

�

=
�

1 � e� � T
�

 
1

f (PK )

�
1 �

@E[PK ]
@K

�
+

�
K � E[PK ]

��
@

@K
1

f (PK )

� !

� A
@

@K
1

f (PK )

=
�

1 � e� � T
�

@
@K

�
1

f (PK )

�
K � E[PK ]

� �
�

@
@K

�
1

f (PK )A
�

:

3Follows from the fact that the price of the put option increases in K .
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Let g(K ) := K � E[PK ]. We clearly know that g(K ) � 0, g(K ) is monotonically
decreasing, and, hence,

@
@K

g(K ) < 0: (A.11)

Lastly, as E[PK ] approaches K for large strikes, we have

lim
K !1

g(K ) = 0: (A.12)

Putting these arguments together, we can see that

9K � : 8K > K � : g(K ) < C := A
1 � e� � T : (A.13)

But then we have that there exists a K � such that for all K > K � , we have

@
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@
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f (PK )A
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1 � e� � T

��
@

@K
1

f (PK )

�
A

1 � e� � T �
@

@K

�
1

f (PK )A
�

= 0:

This means, that there exists K � such that for all K < K � the derivative of the corre-
lation is positive and for all K > K � negative, and, hence, a maximum.

Uniqueness

Uniqueness follows if we show that for all K > K � , the derivative of the correlation
converges to 0. First, due to (A.12), g(K ) monotonically decreasing and non-negative,
and

lim
K !1

1
f (PK ) = 1

r

e� � T
�

1 � e� � T
�

Var
�

ST

�

A: 14= 1
r

e� � T
�

1 � e� � T
�

S2
0e2�T

�
e� 2T � 1

� ;
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we see from (A.9), it suffices to have

lim
K !1

@
@K

1
f (PK ) = 0:

However, as we have

lim
K !1

@
@K

1
f (PK )

= lim
K !1

�
1
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�
e� � T

�
1 � e� � T

�
Var(PK )
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e� � T
�

1 � e� � T
� �

@
@K

Var(PK )
�

= �
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�
e� � T

�
1 � e� � T

�
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0e2�T
�

e� 2T � 1
� � � 3

2

e� � T
�

1 � e� � T
�

lim
K !1

�
@

@K
Var(PK )

�
;

this follows from Lemma A.1.

Remark A.1 (Variance of ST )
We owe the reader a derivation of the variance ofST :

Var(ST ) = E[S2
T ] � E[ST ]2

By using Itô’s Lemma for the function f (x) = x2, we obtain

dS2
t = St

�
�S t dt + �S t dWt

�
+ � 2S2

t ;

which leads us to

Var(ST ) = S2
0e2�T

�
e� 2T � 1

�
: (A.14)

Lemma A.1 (Limit of derivative of variance of put option)
We have

lim
K !1

�
@

@K
Var(PK )

�
= 0:

Proof. First, since h(K ) := Var(PK ) is monotonically decreasing and converging to
L = Var(ST ) (A.14)= S2

0e2�T
�

e� 2T � 1
�

, we have

8" > 0 9� > 0 :
�
�
�h(K ) � L

�
�
� < " 8K > �: (A.15)
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As h(K ) is also differentiable, we can apply Theorem 0.5 to see that for any interval
[K; K + 1] for large K > � , there exists K � 2 (K; K + 1) such that

@
@K

h(K � ) = h(K + 1) � h(K ):

With this, we can use the definition of the limit again:
�
�
�
�

@
@K

h(K � ) � 0
�
�
�
� =

�
�
�h(K + 1) � h(K )

�
�
� �

�
�
�h(K + 1) � L

�
�
� +

�
�
�h(K ) � L

�
�
�

(A.15)
� 2" 8K � > K > �:

As K ! 1 implies K � ! 1 by construction (K � > K > � ), we have

lim
K !1

@
@K

h(K ) = lim
K !1

@
@K

h(K � ) = 0:

A.5 Proofs for Section 6.3 (Jump-diffusion model with
lognormal jumps)

Theorem 6.4 (Correlation in the Merton jump-diffusion model)
In the Merton jump-diffusion model with lognormal jumps and given parameters
�; �; � J ; � J > 0, (conditional) P-dynamics as given in(6.8) and barrier B obtained via
(6.9), we have

Corr
 

1f ST � B g; PK

!

= 1
f (PK )
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>>>>>>><
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h
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�
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�
� � k

p
T

� ; else

for K �
k = S(k)

0 ed(B;k ) � k
p

T +( � � 1=2� 2
k )T and

f (PK ) =
r

e� � T
�

1 � e� � T
��

E[P2
K ] � E[PK ]2

�
. Further, we can conclude that there is

a unique K̂ � maximizing the correlation above.
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Proof. As, conditioned on the number of jumps, this model relates to the Black–Scholes
model, we aim at applying the arguments from the proof of Theorem 6.2, albeit different
parameters, namely different starting value

S(k)
0 = S0e� � (e� J + 1

2 � 2
J � 1)t+ k� J +

k� 2
J

2 ;

adjusted volatility

� k :=
r

� 2 +
k� 2

J
t

;

and adjusted (A.3),

d(K; k ) =
ln

�
K

S( k )
0

�
�

�
� � 1

2 � 2
k

�
T

� k
p

T
:

To apply all arguments, especially those including limits, we need to ensure exchange-
ability of the limit w.r.t. the strike and the infinite sum stemming from the number of
jumps. For this, we consider

1X

k=0

g(K; k ) :=
1X

k=0

P(NT = k)h(K; k ):

Here, h(K; k ) relates to the Black–Scholes model for any fixed k, and, hence, following
the arguments in the proof of Theorem 6.2, we have

9M > 0 :
�
�
�h(K; k )

�
�
� � M:

Furthermore, we know that the density of a compound Poisson distribution decays ex-
ponentially fast, and, hence, we have

9C > 0; � > 0 :
�
�
�P(NT = k)

�
�
� � Ce� �k :

This, however, implies that an integrable function dominates g(K; k ), and, hence, the
dominated convergence theorem yields

lim
K !1

1X

k=0

P(NT = k)h(K; k ) =
1X

k=0

P(NT = k) lim
K !1

h(K; k ):

With this, all the arguments from Theorem 6.2 can be used with the adjusted parameters
stated above. We note that the constant limit for the variance differs, as can be found
in [169]. Additionally, in contrast to the Black–Scholes model, we cannot derive d(B; k )
explicitly but only by root search (see, Figure (6.7)).
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A.6 Proofs for Section 6.4 (Jump-diffusion model with
constant jumps)

Lemma 6.6 (Solution of SDE)
In this model, the solution of the SDE (6.10) is given by

ST = S0 exp
� �

� + � (1 � � asset) � 1=2� 2
�

T + �W T

�
(1 � � asset)NT ; S0 > 0:

Proof. Following the arguments in the proof of [160], we aim to solely focus on pure jump
effects, and, hence, we must eliminate the incremental drift resulting from the jumps.
Given that these are relative changes, we have E[1 � � asset] = 1 � � asset. As the jumps
are solely negative, we obtain the following final form of the SDE:

dSt

St
=

�
� + � (1 � � asset)

�
dt + �dW t + (1 � � asset)dNt ;

We then deploy Lemma 0.6 to find the solution of this equation. By comparing coeffi-
cients, we see that we have bs =

�
� + � (1 � � asset)

�
St ; � s = �S t and consider the function

f (t; St ) = ln(St ). Then, with Lemma 0.6, we obtain the solution.

Lemma 6.7 (Choice of jump size � credit > 0)
In this specific model, we have

� credit := � ln
�

1 �
�
�

�
:

Therefore, we need to ensure� < � . More on this condition can be found in Example
6.3.

Proof. As we impose distributional equivalence in T , we need to ensure (6.11). Fur-
thermore, as we have motivated the connection to Chapter 3, we also describe default
by checking if, at time T , the Lévy subordinator � credit NT has crossed the threshold
" � exp(1). Hence, we need to choose the jump size, such that we ensure

P(� credit NT � ") (6.11)= 1 � e� � T :

In particular, we need to have

P(� credit NT � ") =
1X

k=0

P(NT = k)
�

1 � e� � credit k
�

= 1 � e� �T
1X

k=0

(�T )k

k! e� � credit k

= 1 � e� �T
�

1� e� � credit
�

!= 1 � e� � T :
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The claim follows.

Theorem 6.8 (Correlation in the jump-diffusion model with constant negative jumps)
In the jump-diffusion model with constant negative jumps 0 < � asset < 1, given parame-
ters �; � > 0 and barrier B obtained via (6.11), we have

Corr
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!

= 1
f (PK )

1X

k=0

P(NT = k)h(K; k );

where

h(K; k ) =
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>>>>>>><

>>>>>>>:
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h
PBS
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0 ; �; K
�i

; K � K �
k ;

�
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h
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�
S(k)

0 ; �; K
�i �

� S(k)
0 e�T �

�
d(B; k )

�
� �

p
T

� ; else

for K �
k = S(k)

0 ed(B;k ) �
p

T +( � � 1=2� 2 )T and f (PK ) =
r

e� � T
�

1 � e� � T
��

E[P2
K ] � E[PK ]2

�
.

Further, we can conclude that there is a uniqueK̂ � maximizing the correlation above4.

Proof. See proof of Theorem 6.4. The only difference is the parameters (no adjusted
volatility, slightly different starting value) and, therefore, the constant limit of the vari-
ance.

A.7 Background theory portfolio-default model

This section is dedicated to a comprehensive review of established theoretical frame-
works, providing essential insights into the mathematical underpinnings of the risk
model. The discourse commences with a (re-)examination of copulas, followed by an
exploration of the general and exchangeable Marshall–Olkin distribution. Subsequently,
we analyze Lévy subordinators and conclude with an examination of the extendible
case of the Marshall–Olkin distribution, thereby fostering a cohesive integration across
the domains above. The ensuing synthesis draws upon various works cited within the
literature review, summarized in [171] and [149].

4We note that the sole di�erence compared to the jump-di�usion model with lognormal jumps lies in
the de�nition of S( k )

0 and the fact that the volatility does not need to be adjusted.
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Copulas

To illustrate the concept with an engaging example, envision two random variables, X 1
and X 2, characterized by their respective distribution functions, F1(x1) and F2(x2),
alongside their combined distribution function represented as H (x1; x2) = P(X 1 �
x1; X 2 � x2). For any real number pair (x1; x2), we can derive three specific values:
F1(x1); F2(x2), and H (x1; x2), all of which are confined within the interval I . Conse-
quently, each pair (x1; x2) maps to a point (F1(x1); F2(x2)) of the unit square I 2, which,
in turn, corresponds to a specific value H (x; y) within I . The copula is the function re-
sponsible for mapping each pair of individual distribution function values to their joint
distribution function value. Given the non-decreasing nature of univariate distribution
functions, this property must be adapted to the multivariate context to facilitate the
abovementioned linkage. The subsequent section summarizes definitions and statements
from [171] and [149].

Definition A.1 (H -volume of K , [171, Definition 2.1.1])
Let S1; S2; : : : ; Sd be non-empty subsets ofR and let H be a d-place real function such
that Dom(H ) = S1 � S2 � : : : � Sd. Let K = [a; b] be a d-box, all of whose vertices are
in Dom(H ). Then the H -volume of K is given by

VH (K ) =
X

sgn(c)H (c);

where the sum is taken over all verticesc of K and sgn(c) is given by

sgn(c) =
(

� 1; if ck = ak for an odd number ofk0s
1 if ck = ak for an even number ofk0s:

By using this inclusion-exclusion procedure, we can state the H -volume of K in two and
three dimensions:

Example A.1 ([171, Example 2.1.1]) 1. Let H be a 2-place real-valued function with
domain R2 and let K = [x1; x2] � [y1; y2]. Then the H -volume of K is given by

VH (K ) = H (x2; y2) � H (x2; y1) � H (x1; y2) + H (x1; y1):

2. Let H be a 3-place real function with domainR3 and let K = [x1; x2] � [y1; y2] �
[z1; z2]. Then the H -volume of K is given by

VH (K ) = H (x2; y2; z2) � H (x2; y2; z1) � H (x2; y1; z2) � H (x1; y2; z2)
+ H (x2; y1; z1) + H (x1; y2; z1) + H (x1; y1; z2) � H (x1; y1; z1):

Next, we look at the characteristic of d-increasing and grounded.
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Definition A.2 (d-increasing, grounded, and margins, [149, Definition 1.2])
A d-place real function H is d-increasing if VH (K ) � 0 for all d-boxes K , whose
vertices lie in Dom(H ). Now suppose thatDom(H ) = S1 � : : : � Sd, where eachSk has
a smallest elementak . Then we say,H is grounded if H (z) = 0 for all z 2 Dom(H )
such that zk = ak for at least onek. If each Sk is non-empty and has a greatest element
bk , then we say thatH has margins, and the one-dimensional margins ofH are the
functions Hk given byDom(Hk) = Sk and

Hk(x) = H (b1; : : : ; bk � 1; x; bk+1 ; : : : ; bd); 8x 2 Sk :

Higher dimensional margins are defined by fixing fewer places inH .

Example A.2 ([171, Example 2.3])
Consider the function H : [� 1; 1] � [0; 1 ] � [0; �= 2] 7! R given by

H (x; y; z) = (x + 1)(ey � 1) sin z
x + 2ey � 1 :

Then, H is grounded becauseH (x; y; 0) = 0 = H (x; 0; z) = H (� 1; y; z). Further, H has
one-dimensional margins given by

� H1(x) = H (x; 1 ; �= 2) = x + 1
2 ; x 2 [� 1; 1],

� H2(y) = H (1; y; �= 2) = 1 � e� y ; y 2 [0; 1 ],

� H3(z) = H (1; 1 ; z) = sin z; z 2 [0; �= 2],

and two-dimensional margins given by

� H1;2(x; y; �= 2) = (x + 1)(ey � 1)
x + 2ey � 1 ; x 2 [� 1; 1]; y 2 [0; 1 ],

� H2;3(1; y; z) = (1 � e� y) sin z; y 2 [0; 1 ]; z 2 [0; �= 2],

� H1;3(x; 1 ; z) = (x + 1) sin z
2 ; x 2 [� 1; 1]; z 2 [0; �= 2].

Next, we state the theorem on being non-decreasing in every argument and provide a
proof in two dimensions.

Lemma A.2 (Non-decreasing in every argument)
Let S1; : : : ; Sd be non-empty subsets ofR and let H be a groundedd-increasing function
with Dom(H ) = S1 � : : : � Sd. Then H is non-decreasing in every argument, that is if
(z1; : : : ; zk � 1; x; zk+1 ; : : : ; zd); (z1; : : : ; zk � 1; y; zk+1 ; : : : ; zd) 2 Dom(H ) and x < y , then
H (z1; : : : ; zk � 1; x; zk+1 ; : : : ; zd) � H (z1; : : : ; zk � 1; y; zk+1 ; : : : ; zd).

Proof. See, [171, Lemma 2.1.4].
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Remark A.2 (d-increasing ; non-decreasing in every argument, [171, Example 2.1,2.2])
We want to emphasize that beingd-increasing without the characteristic of being grounded
does not suffice for being non-decreasing in every argument, as can be seen by the fol-
lowing example in two dimensions:

� Let H : I 2 7! R; H (x; y) := max(x; y). Then, clearly, H is non-decreasing in x
and y, however, we haveVH (I 2) = � 1.

� Let H : I 2 7! R; H (x; y) := (2x � 1)(2y � 1). Then, clearly, VH (K ) > 0 8K � I 2.
However it is a decreasing function inx for each y in (0; 1=2) and a decreasing
function of y for each x in (0; 1=2).

We are now prepared to first redefine a sub-copula as a certain class of grounded, d-
increasing functions with margins and then redefine copulas as sub-copulas with domain
I d.

Definition A.3 (Subcopulas and copulas, [171, Definition 2.2.1])
A d-dimensional, real-valued subcopulaC0 is a function with:

� Dom(C0) = S1 � S2 � : : : � Sd, where eachSk is a subset ofI containing 0 and 1.

� C0 is grounded andd-increasing.

� C0 has (one-dimensional) marginsC0
k ; k = 1; 2; : : : ; d which satisfy

C0
k(u) = u; 8u 2 Sk :

Note that for every u in Dom(C0), 0 � C0(u) � 1, such that Ran(C0) is also a subset of
I . A Copula is a d-dimensional subcopulaC such that Dom(C) = I d.

Corollary A.2.2 (Continuity of subcopula and copula, [149, Lemma 1.2])
Let C0 be ad-dimensional subcopula. Then for everyu; v 2 Dom(C0) we have that

jC0(u) � C0(v)j �
dX

k=1

juk � vk j:

Hence, C0 is uniformly continuous on its domain.

Before stating the most famous theorem in this field of theory, we want to mention
well-known bounds for any sub-copula C0.

Lemma A.3 (Fréchet–Hoeffding bounds for sub-copulas)
For any subcopulaC0 and any u 2 Dom(C0), we have,

maxf u1 + u2 + : : : + ud � d + 1; 0g � C0(u) � minf u1; u2; : : : ; udg:
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Proof. See, [149, Lemma 1.3].

In order to re-introduce the d-dimensional version of Sklar’s theorem, we recall d-
dimensional distribution functions.

Definition A.4 (Distribution function, [171, Definition 2.3.1])
A d-dimensional distribution function is a function H with Dom(H ) = Rd such that

� H is d-increasing,

� H (t) = 0 8t 2 Rd such that tk = �1 for at least one k and H (1 ; 1 ; : : : ; 1 ) = 1.

Thus, H is grounded and becauseDom(H ) = Rd, it follows from Lemma A.2 that
the one-dimensional margins of ad-dimensional distribution function are distribution
functions, which for d � 3 we denote byF1; F2; : : : ; Fd.

Theorem A.4 (Sklar’s theorem)
Let H be ad-dimensional distribution function with margins F1; F2; : : : ; Fd. Then, there
exists ad-dimensional copulaC such that for all x 2 Rd:

H (x1; x2; : : : ; xd) = C(F1(x1); : : : ; Fd(xd)):

If F1; F2; : : : ; Fd are all continuous, then C is unique, otherwiseC is uniquely deter-
mined on Ran(F1) � : : : � Ran(Fd). Conversely, if C is a d-dimensional copula and
F1; F2; : : : ; Fd are distribution functions, then the function H defined as above is ad-
dimensional distribution function with margins F1; F2; : : : ; Fd.

Proof. See, [197]. The name “copula” was chosen to emphasize the manner in which a
copula “couples” a joint distribution function to its univariate margins.

In our analysis, we include the partial derivatives of copulas, conceptualized in terms
of densities and measures of dependence. To this end, we re-introduce the following
theorem.

Lemma A.5 (Derivative)
Let C be a d-dimensional copula. For k 2 [d] and fixed (u1; : : : ; uk � 1; uk+1 ; : : : ; ud) 2
I d� 1, the partial derivative

@
@uk

C(u1; : : : ; ud)

exists (Lebesgue) almost everywhere onI and takes values inI .

Proof. See, [149, Lemma 1.2 (2)].
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In the setting of modeling credit default events, it might be more interesting to look at
the opposite case, i.e., survival. The survival analog of Theorem A.4 shows the same
results for marginal survival functions �F1; �F2; : : : ; �Fd, d-dimensional survival function �H
and d-dimensional survival copula Ĉ (see, e.g., [149, Theorem 1.3]).

Marshall–Olkin distribution/copula and Lévy subordinators

In the subsequent section, we draw upon the analysis and arguments detailed in [149,
Chapter 3] intending to simplify the parameter requirements within the Marshall–Olkin
distribution framework. While we revisit the foundational derivations initially presented
in [153], we abstain from including the proofs for additional results. Instead, we direct
the reader to [149, Chapter 3] for comprehensive explanations. Recall, that for objects
k 2 [d] we define their corresponding default times by � k and assume that these are
exponentially distributed, i.e., P(� k > t ) (2.1)= e� � k t ; t � 0 with support [0; 1 ). As shown
in [44, p.190], this is equivalent to the lack of memory property, i.e., for all x; y � 0 it
holds that

P(� k > x + yj� k > y ) = P(� k > x ):

In [153], Marshall and Olkin derived a multivariate analog of this lack of memory prop-
erty. Hence, following their definition, we have, that the random vector � = (� 1; : : : ; � d)
with support [0; 1 )d is said to have a Marshall–Olkin distribution with parameters
� I ; I � [d] such that � k =

P
I :k2 I � I > 0; 8k 2 [d], if for all x1; : : : ; xd � 0 one has

�F (x1; : : : ; xd) = P(� 1 > x 1; : : : ; � d > x d) = exp

0

@�
X

;6= I � [d]

� I max
k2 I

xk

1

A :

Utilizing Theorem A.4, we observe that for a given set of exponentially distributed mar-
gins—which, by their nature, are continuous—the relationship between the multivariate
survival function �F (x1; : : : ; xd) and its margins can be expressed as

�F (x1; : : : ; xd) = Ĉ(F̂ (x1); : : : ; �F (xd)):

Hence, we calculate (see, e.g.,[149, Lemma 3.2])

�F (x1; : : : ; xd) =
Y

;6= I � [d]

e� � I maxk 2 I f xk g =
Y

;6= I � [d]

min
k2 I

e� � I xk

=
Y

;6= I � [d]

min
k2 I

e� xk
P

I :k 2 I � I
� IP

I :k 2 I � I =
Y

;6= I � [d]

min
k2 I

e� xk � k
� IP

I :k 2 I � I

=
Y

;6= I � [d]

min
k2 I

Fk(xk)
� IP

I :k 2 I � I := Ĉ( �F (x1); : : : ; �F (xd)):
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Hence,

Ĉ(u1; : : : ; ud) = �F ( �F  (u1); : : : ; �F  (ud)) =
Y

;6= I � [d]

min
k2 I

�F ( �F  (uk))
� IP

I :k 2 I � I

=
Y

;6= I � [d]

min
k2 I

u
� IP

I :k 2 I � I
k :

This relationship is indicative of the Marshall–Olkin survival copula. From this obser-
vation, it becomes apparent that simulations based on this model exhibit inefficiencies,
particularly due to their exponential computational complexity, denoted as O(2d). Such
a computational demand becomes impractical for dimensions exceeding approximately
d � 15. Consequently, the ensuing section is dedicated to identifying the exchange-
able subset of Marshall–Olkin copulas, a measure aimed at enhancing the efficiency of
simulations within this modeling framework.

Exchangeable case, [149, Section 3.2]

Exchangeable distribution functions are characterized by their invariance under any per-
mutation of their arguments. In the context of a random vector � = (� 1; : : : ; � d), gov-
erned by a Marshall–Olkin distribution with parameters � I � 0; ; 6= I � [d], and where
� k =

P
I :k2 I � I for k 2 [d], the concept of exchangeability is defined by the condition

that the vector is exchangeable if, and only if, its parameters meet the exchangeability
criterion:

jI j = jJ j =) � I = � J :

This condition significantly simplifies the estimation process by reducing the number of
parameters that need to be specified from 2d � 1 to merely d, thereby making the model
more tractable and efficient, especially in higher-dimensional scenarios.

Lemma A.6 (Exchangeable Marshall–Olkin (eMO) survival copula)
The Marshall–Olkin survival copula of the random vector(� 1; : : : ; � d) with parameters
satisfying exchangeability is given by

Ĉ(u1; : : : ; ud) =
dY

k=1

u

P d � k
i =0 (d � k

i )� i +1
P d � 1

i =0 (d � 1
i )� i +1

(k) :=
dY

k=1

uak � 1
(k) ;

where u(1) � : : : � u(d) denotes the ordered list ofu1; : : : ; ud 2 I and � k is defined via

f � kg = f � I : jI j = kg; k 2 [d]:
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Hence, the survival distribution function is given by

�F (x1; : : : ; xd) = exp
 

�
dX

k=1

x(d+1 � k)

d� kX

i =0

�
d � k

i

�
� i +1

!

;

wherex(1) � : : : � x(d) denotes the ordered list ofx1; : : : ; xd � 0. Clearly, both Ĉ and �F
are invariant w.r.t. permutations of their arguments.

Proof. See [149, Lemma 3.5].

While this analytical formulation proves to be beneficial, the expression for the exponent
remains complex, prompting the need for a reparametrization to simplify the represen-
tation. It’s imperative to note that the sequence (a0; : : : ; ad� 1) must satisfy certain
conditions, necessitating the introduction of additional notation.

Definition A.5 (Difference operator, [149, Definition 3.1])
For a given sequence of real numbersa0; a1; : : : the difference operator � is defined by
� ak := ak+1 � ak ; k 2 N0

The following definition is crucial for the study of eMO-copulas.

Definition A.6 (d-Monotonicity of sequences, [149, Definition 3.2])
A finite sequence(a0; : : : ; ad� 1) of real numbers is called d-monotone if

(� 1)j � j ak � 0; k 2 f 0; : : : ; d � 1g; j 2 f 0; : : : ; d � k � 1g:

Lemma A.7 (Reparametrization of eMO survival copulas)
We can reparametrize the eMO survival copulas via:

eMO :=
( dY

k=1

uak � 1
(k)

�
�
�(a0; : : : ; ad� 1) d-monotone; a0 = 1

)

:

Moreover the original parameters (� 1; : : : ; � d) 2 [0; 1 )d n f (0; : : : ; 0)g and the new pa-
rameters are related via

� ak :=
P d� k � 1

i =0
� d� k � 1

i
�
� i +1

P d� 1
i =0

� d� 1
i

�
� i +1

; k 2 f 0; : : : ; d � 1g,

� � k = c(� 1)k � 1� k � 1ad� k ; k 2 [d].

This implies

dY

k=1

uak � 1
(k) is an exchangeable copula, a0 = 1 and (a0; : : : ; ad� 1) is d-monotone:
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Proof. See, e.g., [147], [145, Chapter 3].

Extendible case, [149, Section 3.3]

This section aims to identify the subclass of extendible Marshall–Olkin copulas, which
are derived from stochastic models featuring conditionally i.i.d. components. Drawing on
Lemma A.7, we understand that exchangeable Marshall–Olkin copulas are characterized
by a finite d-monotone sequence of real numbers starting with the value 1. The discussion
now proceeds to define the complete monotonicity of sequences.

Definition A.7 (Complete Monotonicity of Sequences, [149, Definition 3.3])
An infinite sequence of real numbersf akgk2 N0 is completely monotone if(a0; a1; : : : ; ad� 1)
is d-monotone for eachd � 2, i.e., if

(� 1)j � j ak � 0; k 2 N0; j 2 N0:

The connection between complete monotone sequences and Lévy subordinators is stated
in the following theorem.

Theorem A.8 (Connection between completely monotone sequences and Lévy subor-
dinators)
Any pair (c; f akgk2 N0 ) of a numberc > 0 and a completely monotone sequencef akgk2 N0

with a0 = 1 is associated with a Lévy subordinatorL , which is unique in distribution.

Proof. See, e.g., [149, Theorem 3.1].

Using Theorem A.8, it can be shown that eMO copulas are extendible if and only if the
corresponding sequence (a0; : : : ; ad� 1) is extendible to a completely monotone sequence
and can thus be associated with some Lévy subordinator (see, e.g., [149, Theorem 3.2]).
Due to this connection, extendible eMO-copulas are called Lévy-frailty copulas (defined
in Definition 0.4). These steps are formalized in the following theorem.

Theorem A.9 (Extendibility of eMO survival copulas using Lévy-frailty copulas)
Let (
 ; F ; P) be a probability space supporting an i.i.d. sequence of unit exponential ran-
dom variables f " kgk2 N and an independent non-zero Lévy subordinatorL t . Denote by
(c; f akgk2 N0 ) the pair associated withL t . Then for each d � 2 the survival copula of
the vector (� 1; : : : ; � d) is the Lévy-frailty copula Ĉ	 associated with(a0; : : : ; ad� 1) via 	 ,
where

� k := inf
n

t > 0 : L t > " k

o
; k 2 [d]

is the first passage time ofL t across the level" k . Moreover, the random variables� k are
Exp(c) distributed, 8k 2 [d].

Proof. See [149, Theorem 3.5].
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A.8 Bi-level optimization under uncertainty - Why is the
solution of the outer problem only implicit?

The following considerations include details from [112, Section 3.1]. In the setting of
a bi-level optimization problem under uncertainty, a leader (here the factor) aims at
optimizing its objective (upper level), integrating into the constraints the decision of the
follower (here the supplier), viewed as the solution of an inner optimization problem
(lower level). Following the notation of Section 4.2 and 4.3, we denote by f 2 I d the
vector of variables controlled by the leader (upper variables) and by x 2 I d the vector
of variables controlled by the follower (lower variables). The two players have distinct
objectives:

� Rfac : I d � I d 7! I the leader’s objective function,

� Rsup : I d � I d 7! I the follower’s objective function.

The strategy chosen by the leader is supposed to belong to a subset F � I d. For a leader
strategy f 2 F , the follower maximizes Rsup by finding an optimal strategy x � 2 X (f ),
where the set of optimal lower decisions X (f ) is defined as

X (f ) := arg max
x 2C

Rsup(f ; x):

C is given in (4.5) and represents the feasible values of x , taking into account the con-
straints of the follower. To be able to compare with the literature, we denote

C
(4.5)=

�
x 2 I d :

dX

k=1

xkM k � P �
�

=:
�

x 2 I d : g(x) � 0
�

;

and g : I d 7! R> 0 is convex. In general, the set of optimal strategies X (f ) may not be
reduced to a singleton, i.e., there may exist several distinct lower decisions that appear to
the follower as equivalent. However, these decisions are not equivalent in general for the
leader. To overcome this issue, the literature differentiates between an optimistic model
where the follower acts cooperatively by choosing x � = arg maxx 2X (f ) Rfac (f ; x) or a
pessimistic model where the follower realizes the worst case for the leader by choosing
x � = arg minx 2X (f ) Rfac (f ; x). The optimistic case is often easier to solve than the
pessimistic model, see e.g., [75]. We are pessimistic, assuming that the supplier acts in
his interest, thereby reducing X (f ) to a singleton,i.e., the worst case for the factor. The
general pessimistic bi-level problem can then be written as

max
f 2 F;x �

�
Rfac (f ; x � )

�
�
�x � = arg max

x 2C
Rsup(f ; x)

�
: (A.16)

Problems of this form are NP-Hard in general (even when the leader’s and the follower’s
objective functions are linear). However, the authors of [32] list two previously intro-
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duced methods to solve them. In particular, most of the literature aims to reformulate
bi-level instances into single-level problems. The first approach consists of replacing the
lower level with the Karush-Kuhn-Tucker (KKT) optimality conditions when suitable.
Thereby, let us assume that

� 8 f 2 F; x 7! Rsup(f ; x) is convex,

� and for each f 2 F , there exists x̂ 2 C (Slater condition).

Then, the set of global solutions of (A.16) coincides with the one of

max
f 2 F; x 2 C

Rfac (f ; x)

s:t: r x Rsup(f ; x) + � r x g(x) = 0;
g(x) � 0;
�g (x) = 0;
� � 0:

The second most used approach is the Optimal-Value Reformulation. We define the
optimal value function of the follower ’ : I d 7! I as

’ (f ) := max
x 2C

Rsup(f ; x):

The pessimistic bi-level problem can then be recast as a one-level instance:

max
f 2 F; x 2 C

Rfac (f ; x)

s:t: Rsup(f ; x) � ’ (f ):

When employing the Karush-Kuhn-Tucker (KKT) conditions as the initial approach, it
is evident that the necessary pre-conditions are satisfied. Convexity is established by
Theorem 4.1, and the Slater condition is always met because the constraint of the inner
problem is independent of the outer problem. However, the KKT constraints encompass
both the objective function (4.3) and its gradient (4.6). Given that the objective function
exhibits exponential complexity, and, as demonstrated by Lemma 4.3, so does the gradi-
ent, the conventional application of KKT conditions proves impractical in this scenario.
The alternative approach, first proposed in [173], involves a single-level reformulation of
the KKT conditions, which has been predominantly utilized in branching algorithms [76].
Nonetheless, the constraint remains challenging due to its exponential complexity. In
summary, the problem of non-recourse factoring under the risk of adverse selection falls
within the category of bi-level optimization problems under uncertainty. However, due
to the exponential complexity of both the objective and gradient functions, traditional
solution methods are too complex, necessitating an alternative approach. Consequently,
rather than explicitly solving the outer problem, we derive intervals for the pricing vector
that meet certain criteria, resulting in an optimal price range rather than a specific price
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point. Although this use of the term optimal diverges from its conventional definition
(which typically refers to a particular point), it remains suitable for the business context,
as both parties agree to the contract for the factoring product.

A.9 Portfolio optimization for factor

In Chapter 4, we addressed and resolved the supplier’s optimization problem, using
these insights to define pricing boundaries in Chapter 5. However, this approach only
indirectly tackled the factor’s optimization problem by setting constraints rather than
formulating and solving an explicit optimization problem. Further elaboration on this
complexity is provided in the preceding section. This section is included solely for the
sake of completeness and does not influence the main results of the thesis. Nonetheless,
by considering a slightly different scenario—namely, the factor’s situation without the
adverse selection of the supplier—we can explicitly formulate and solve an optimization
problem for the factor, as no inner problem needs to be incorporated. This section,
therefore, serves the purpose of completion and is intended for the reader’s interest,
employing methods similar to those in Chapter 4. Moreover, the scenario proposed
here is motivated by another practical business context, making the results valuable for
practitioners. We assume the supplier has predetermined which invoices to factor and
then proposes invoice returns (fees) to the factor, who makes the final decision. This
shifts the decision-making process entirely to the factor, thereby eliminating adverse
selection and focusing solely on default risk and the optimization of returns. Invoices are
procured through a digital platform managed by the supplier’s partners, where invoices
issued to debtors are cataloged, allowing the factor to select those that align with their
risk-return criteria.

The primary objective for the factor in this framework is to optimize returns, which,
due to the transactional nature of invoice purchases, requires an evaluation of returns
at the individual invoice level. However, this approach diverges from our current risk
model, as outlined in Chapter 3, which assesses risk at the company level due to the
lack of comprehensive transactional data. Thus, the proposed returns on the supplier’s
platform must be converted into debtor-specific returns to align with our risk model
framework. To achieve this, we introduce the following notation:
The factor aims to maintain exposure below a predetermined threshold, denoted as
L 2 R> 0, akin to the supplier’s debtor/portfolio limit. We designate l 2 N> 0 to denote
the invoice under consideration and utilize the function � : N> 0 7! [d] to link each
invoice to its respective debtor, where k 2 [d] has been identified as the debtor index.
Generally, an invoice l features an invoice amount IA l and can be acquired by the factor
for a purchase price P Pl , where typically IA l > P P l (akin to 1 � f k in the supplier’s
optimization problem). Moreover, the factor is obliged to allocate a portion of the
transaction to the platform provider, referred to as the closing fee rate, mathematically
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expressed as
CFR l = %(IA l � P Pl )

IA l
;

where %represents a fractional value within the range (0; 1). Subsequently, we define
the internal rate of return per invoice for the factor based on these considerations:

IRR l = (IA l � P Pl ) (1 � CFR l )
P Pl + (IA l � P Pl ) CFR l

360
D l

;

where D l 2 N> 0 is the number of days until the due date. This reflects time sensitivity
and provides an invoice-specific return. As we address risk at the debtor level (discussed
in Chapter 3), we aim to transform this return to the debtor level. Assuming that
invoices from the same debtor share the same underlying default risk, we propose (recall
f k from Chapter 3 as the factoring fee):

IA l � P Pl

IA l
= IA u � P Pu

IA u
= f k ; 8l; u s.t. � (l) = � (u) = k; (A.17)

indicating consistency in relative price for invoices from debtor k. From this, we derive:

IA l � P Pl

P Pl
= f k

1 � f k
; 8l s.t. � (l) = k:

Consequently, both definitions are aggregated to the debtor level. We can reformulate
the invoice rate of return as follows:

IRR l = f k (1 � %fk)
1 � f k (1 � %fk)

360
D l

:

This allows us to define the debtor rate of return as:

IRR %;k := 360 f k (1 � %fk)
1 � f k (1 � %fk)

X

l

1
D l

1f � ( l )= kg =
f %;k

1 � f %;k

X

l

360
D l

1f � ( l )= kg;

where f %;k := f k (1 � %fk). These derivations enable us to formulate an optimization
problem at the debtor level, incorporating the risk model defined in Chapter 3. Conse-
quently, the objective shifts from determining which invoices to purchase to optimizing
the allocation of exposure across each debtor k. To define the objective function for the
factor in this setup, we again let Ek be the available exposure of the supplier towards
debtor k, i.e., the maximal amount for the factor to invest in each debtor. Further, we
again let x 2 I d be the investment decision for each debtor, � k 2 [0; 1] the recovery
value and � k := Ek=E; k 2 [d]. We can then distinguish two cases, namely including and
excluding a default of debtor k, i.e.,

� 1f k2 St g� k
�
xk � k IRR %;k � xk

�
, i.e., in case of a default of debtor k, a return on the

recovered exposure is made, but the initial investment is lost,
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� 1f k =2 St g� k
�
xk + xk IRR %;k� , i.e., in case of no default, the return of the investment

is accumulated.

By combining both cases with the fact that 1f k =2 St g = 1 � 1f k2 St g we can define the
following objective function for the factor:

Rfac (x ; St ) =
dX

k=1

xk � k

�
1 � 21f k2 St g + IRR %;k� 1 � (1 � � k)1f k2 St g

� �
:

To make this more realistic, we again assume a risk aversion structure given by the
exponential utility function

U�;� (y) = �
�

1 � e� �y
�

; �; � 2 R> 0; y 2 R:

We define our objective function as h�;� : [0; 1]d 7! [0; 1]. We then maximize the expected
utility

h�;� (x) := E [U�;� (Rfac (x ; St ))]

= � � � E
h
e� �R fac (x ;St )

i
:

The expectation is taken w.r.t. the distribution of St , which is implicitly given by the law
of the subordinators L (k)

t ; k 2 [d] (see Chapter 3). Maximizing this function is equivalent
to minimizing

h�
� (x) := E

h
e� �R fac (x ;St )

i
: (A.18)

The optimization problem then reads

minx h�
� (x)

s:t:
dX

k=1

xkEk � L;

x 2 I d:

(A.19)

Regarding the technical implementation, we refer the reader to Section 4.3 for details
and proofs, since the techniques are the same. First of, we denote as

CI :=
(

x 2 [0; 1]d :
dX

k=1

xkEk � L

)

the set that we wish to optimize over, and note that this is a convex and compact set.
Further, (A.18) is strongly convex and Lipschitz-continuous on CI .
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Theorem A.10 (Strong convexity of h�
� (x))

Consider the optimization problem (A.19) with objective function (A.18) and assume
P(St = f kg) > 0 8k 2 [d]5. Then, the function h�

� (x) is strongly convex onCI with
constant

cI = � 2e� 2�d min
k2 [d]

� �
1 � � k IRR %;k

� 2
P(St = f kg)

�
> 0:

Proof. The result follows the arguments in the proof of Theorem 4.1. When finding the
bound for the exponential function, however, we use Lemma 0.4, Equation (2) instead
of (1).

Lemma A.11 (Lipschitz-continuity of the function h�
� (x))

The function h�
� (x), as defined in (A.18), is Lipschitz-continuous on CI with constant

L = 2�e � :

Proof. Following the argumentation in the proof of Lemma 4.2, we have for
x 6= y 2 [0; 1]d and I � [d],

�
�Rfac (x ; I ) � Rfac (y ; I )

�
�

=
dX

k=1

� k

�
1 � 21f k2 St g + IRR %;k� 1 � (1 � � k)1f k2 St g

� �
jxk � yk j

�
dX

k=1

� k

�
1 + IRR %;k

�
jxk � yk j � 2jx � y j;

which implies Lipschitz-continuity with constant 2. Next, the function x 7! e�x for some
� > 0 and x 2 [0; 1] is bounded by M := e� . Lemma 0.4, Equation (2) then yields for
u 6= v 2 I :

�
�e�u � e�v �

�
(2)
�

�
�
�
�
�
2

�
e�x + e�y ��

x � y
�
�
�
�
� � �e � �

�x � y
�
�;

implying Lipschitz-continuitys with constant �e � . This yields the claim similar to the
proof of Lemma 4.2.

Similar to Chapter 4, we opt to use the stochastic gradient descent algorithm for
this problem. However, to avoid redundancy, we solely define the random gradient
H (x ; St ) as an input for the algorithm, but refer the reader to Chapter 4 for any
details, arguments, and algorithms about this problem. We introduce the function

5P(St = f kg) > 0 is a mild assumption that ensures a company k can default by itself within [0; t ].
In contrast to Theorem 4.1, no assumption on the recovery rate is needed as we always have1 �
� k IRR �;k > 0.
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H (x ; St ) := (H1(x ; St ); : : : ; Hd(x ; St )) as the stochastic gradient for Algorithm 2, where
for k 2 [d] we have

Hk(x ; St ) = �� k

�
21f k2 St g � 1 �

�
1 � (1 � � k)1f k2 St g

�
IRR %;k

�
e� �R fac (x ;St ) :

As a consequence of Theorem A.10 and Lemma A.11, we then have:

Corollary A.11.3 (Convergence of SGD)
Consider a step width (� s)s� 0 that satisfies � s ! 0 and

P
s� 1 � s = 1 and denote

by x � 2 CI the true optimum of (A.19). Using Theorem A.10 and Lemma A.11, we
almost-surely have

lim
s!1

x (s) = x � :

Following Algorithm 2, the steps of our gradient descent algorithm are updated in the
negative direction of Hk(x ; St ). Hence,

Hk(x (s) ; St ) < 0 ) x (s+1) > x (s) ; k 2 [d]; (A.20)

which implies that the factor prefers investing in the exposure towards debtor k, whereas
the other case implies the opposite. We have argued that the above function depends
on the realization of the random set St , and, hence, we distinguish between the cases
k =2 St and k 2 St . In the former, the resulting function corresponds to

Hk(x ; St ) = � �� k

�
1 + IRR %;k

�
e� �R fac (x ;St )

which is clearly always negative, hence according to condition (A.20), the factor prefers
investing. This makes sense, as the corresponding debtor does not default. Further, we
see that the return for each debtor has a linear influence on the decision xk . In the case,
where k 2 St , we obtain:

Hk(x ; St ) = �� k

�
1 � � k IRR %;k

�
e� �R fac (x ;St ) :

In this case the function will always be positive and, hence, no investment is preferred
as there is not enough return to compensate for the loss of the initial capital.

Remark A.3 (Change of sign)
In Chapter 4, we observed a significant difference in the optimal decision-making process
between the supplier and the factor. Specifically, the supplier’s optimal decision hinges
on comparing the price and potential loss amount, which may lead to a sign change in
the decision. However, this sign change phenomenon does not manifest in the case of the
factor. If a company defaults, the amount recovered becomes inconsequential to the factor,
as the algorithm consistently favors non-investment in that debtor. This difference in
behavior arises from the nature of returns. The supplier can secure a deterministic return
upfront, independent of the specific instance! of the default setSt . In contrast, for the
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factor, both potential returns are contingent upon the realization of the default set. Thus,
a specific realization ! of St , where debtork defaults, significantly influences the factor’s
decision regarding that debtor. Consequently, the algorithm recommends investment in
debtor k only for realizations, where the debtor does not default.

Remark A.4 (Comment on transactional data and approach)
This section underscores the need to not only transform the original binary problem into
a continuous framework (analogous to Chapter 4), but also to transition the focus from
the invoice level to the debtor level. This is done via assumption(A.17). We thereby
exclude transactional data by assuming uniform default risk for invoices issued to the
same debtor. Once such data is available, one could argue that the steps above may
become unnecessary, as the risk model from Chapter 3 could be calibrated directly for
invoices. As the factor purchases invoices rather than exposures, Algorithm 5 explains
the invoice purchasing procedure. Additionally, Figure A.1 summarizes the process.

Algorithm 5 Invoice purchasing algorithm
Require: D l for all invoices l 2 N> 0, x � 2 CI , E = (E1; : : : ; Ed)

1: for k = 1 to d do
2: Sort all invoices l with � (l) = k in descending order of D l to get l � = (l �1; l �2; : : :)
3: Initialize � = 0 and h = 1
4: while � < x �

kEk do
5: Buy invoice l �h
6: � = � + P Pl �h
7: h = h + 1
8: end while
9: end for

Supplier uploads invoices with IRR. Translate invoice return to debtor return.

Factor finds optimal exposure for
each debtor according to (A.19).

Factor buys invoices based on op-
timal exposure and Algorithm 5.

Figure A.1: Process of optimization for the factor.
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A.10 Additional results partial hedge

Remaining loss after hedge

The work of [69] revealed that within the context of a capital-constrained partial hedging
problem, the ideal hedging strategy equates to a European knock-out-call option, which
is based on the risk. Although our methodology is centered on the dynamics of the
stock price at maturity T , ST , a parallel inference can be drawn. Specifically, after
implementing partial hedging through this put option, the residual risk mirrors that of
a European knock-out call option, albeit with a modified strike and the inclusion of a
barrier B . This concept is encapsulated in the subsequent theorem:

Theorem A.12 (Remaining loss after hedge)
The remaining loss of X , after adding the before-motivated put option with strikeK
amounts to a knock out call option written on strikeK 2 = K � 1 with barrier B , i.e.,

RL (X; P K ) = C(ST � K 2)+ 1f ST � B g:

Proof. We prove this statement with the help of Figure 6.1. It is imperative to ascertain
the point of intersection between the inherent loss and the compensation provided by the
put option, should such an intersection exist. This necessitates solving C(K � x) = C
for x, which, assuming a positive exposure, leads to x = K � 1. Subsequently, it becomes
apparent that the consequent loss constitutes a composite of segments within the graph,
contingent upon the value of ST . Specifically,

RL (X; P K ) =

8
><

>:

0; if ST � K � 1;
C � C(K � ST ); if K � 1 � ST � B;
0; if ST > B:

Hence, we can write

RL (X; P K ) =
�

C � C
�
K � ST

�
�

1f K � 1� ST � B g = C
�

1 �
�
K � ST

�
�

1f K � 1� ST � B g

= C
�

ST �
�
K � 1

�
�

1f K � 1� ST � B g := C
�

ST � K 2

�
1f K 2 � ST � B g

= C
�

ST � K 2

� +
1f ST � B g;

which yields the claim.
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Representation of digital put

Recall the comparison between the loss profile and the payout of the put option illus-
trated in Figure 6.1, where we discussed both the loss and the payout profile of the put
option. It has been determined that the loss mirrors the payout from a digital put. One
can employ either a bear call strategy or a bear put strategy to mimic the digital put.
Regarding the latter, the illustration provided in Figure A.2 shows that by purchasing a
put option with a strike price of K and selling a put option with a strike price of K � h
for some small positive value h, the resultant combined payout approximates that of a
digital put with a slope of � 1. If one were to sell and buy 1=h put options, the resulting
slope would be � 1=h. One can emulate the payoff of a digital put option by taking
the limit as h ! 0. However, impractical in real-world applications, this motivates the
partial hedging approach of this thesis. Intriguingly, the pricing of such a digital put
option, derived from this approach, matches the derivative of a European put option at
strike K , expressed as

lim
h! 0

PK � h � PK

h
;

where the fraction represents the financial position obtained by buying and selling 1=h
put options written on the respective strikes.

ST

Payoff

K
K � h

Long and Short Put Options

ST

Payoff

K � h K

Combined Payoff

Figure A.2: Bear put spread with long and short put combinations.
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