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Zusammenfassung
(German)

Diese Dissertation behandelt Fortschritte in non-Markov Modellen mit einem Schwerpunkt
auf zweidimensionalen Erweiterungen von bedingten Übergangsraten und deren Anwen-
dungen in der Lebensversicherung. Das Konzept der bedingten Übergangsraten wurde
ursprünglich entwickelt, um die Schätzungen der Reserven von Versicherungspolicen zu
verbessern, indem auf die Markov-Annahme verzichtet wird, und ermöglicht dadurch die
Berechnung bedingter Erwartungswerte. Die neu entwickelten zweidimensionalen beding-
ten Übergangsraten werden zur Berechnung von bedingten Momenten zweiter Ordnung
verwendet, die für die Risikoanalyse in der Versicherungsmathematik von entscheidender
Bedeutung sind. Um die statistische Grundlage zu schaffen, wird ein Schätzer für zweidimen-
sionale bedingte Übergangsraten eingeführt, der die Theorie bivariater Survivalfunktionen
mit der Theorie der Landmark-Nelson-Aalen- und Landmark-Aalen-Johansen-Schätzung
kombiniert. Diese zweidimensionalen bedingten Übergangsraten sind nicht nur nützlich
für die Berechnung von Momenten zweiter Ordnung, sondern auch zur Erfassung der
intertemporalen Abhängigkeit von pfadabhängigen Zahlungsströmen, wie sie beispielsweise
durch optionale Vertragsänderungen entstehen.

Des Weiteren wird ein alternativer Ansatz zur Schätzung der Reserve für Policen mit
pfadabhängigen Zahlungsströmen untersucht. Dieses Verfahren verwendet skalierte Wahr-
scheinlichkeiten, die die stochastische Natur der Zahlungsfunktionen erfassen, indem diese
als Skalierungsfaktor in die Aalen-Johansen-Schätzung integriert werden. Diese Schätzme-
thode eignet sich auch für die Analyse allgemeinerer stochastischer Zahlungen, wie sie bei
stochastischen Zinssätzen auftreten.
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Abstract
(English)

This thesis investigates advances in non-Markov models, focusing on two-dimensional
extensions of conditional forward transition rates and their applications in life insurance.
The concept of conditional forward transition rates, originally developed to improve reserve
estimation by eliminating the need for the Markov assumption, enables the calculation of
conditional expected values. The newly developed two-dimensional conditional transition
rates are used to calculate second-order conditional moments, which are crucial for risk
analysis in actuarial applications. To further support this framework, an estimator for two-
dimensional conditional transition rates is introduced, combining the theory of bivariate
survival functions with the theory of landmark Nelson-Aalen and landmark Aalen-Johansen
estimation. These two-dimensional conditional transition rates prove useful not only for
calculating second-order moments but also for capturing the intertemporal dependency of
path-dependent cash flows, such as those resulting from incidental policyholder behavior
upon contract modifications.

Furthermore, an alternative approach to reserve estimation for policies with path-dependent
cash flows is examined. This method uses scaled transition rates and scaled probabilities,
which capture the stochastic nature of the payment functions by incorporating it as a scaling
factor into the Aalen-Johansen estimation. This estimation procedure is also beneficial for
analyzing more general stochastic payments, such as those involving stochastic interest
rates.
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Chapter 1

Introduction

This thesis concerns multi-state modeling in actuarial mathematics, with a particular
focus on applications in life insurance. Multi-state models operate on a finite state space
representing the various states an insured individual can occupy. In practice, these models
are frequently used alongside the Markov assumption, which broadly implies that future
developments depend only on the current state and not the past states. However, recent
actuarial and statistical literature has raised questions about the validity of the Markov
assumption in certain contexts. This thesis primarily investigates challenges associated
with non-Markov modeling in actuarial mathematics. Non-Markov models include all
multi-state models, regardless of whether the Markov assumption holds.

The first chapter serves to motivate the research questions for the subsequent three
chapters by illustrating the current state of research on different actuarial topics. See the
following table for a short overview of the theoretical content in this introduction:

Markov modeling Non-Markov modeling
Reserve calculation
and estimation Subsections 1.1.1–1.1.2 Section 1.2

Calculation of higher
moments Subsection 1.1.3 Subsections 1.3.1–1.3.2

Modeling of stochas-
tic payments Subsection 1.1.4 Subsections 1.3.1–1.3.3

Section 1.1 introduces and discusses various known aspects of Markov modeling for
actuarial applications, beginning with the calculation of conditional expected values of
payment streams with deterministic payment functions and estimation via Nelson-Aalen
and Aalen-Johansen estimators. Following this, the calculation of higher moments of these
cash flows is illustrated. Lastly, generalizations to stochastic payment functions in Markov
models are discussed. The section is not intended to provide a comprehensive overview of
the extensive theory of Markov modeling, but rather to offer a concise introduction to the
key concepts that are essential for the subsequent work.
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Chapter 1 Introduction

Section 1.2 illustrates the challenges that arise when the Markov model is used without
verifying the validity of the assumptions, along with the resulting systematic model risk.
Following this, the section introduces the recently proposed non-Markov models, described
in the literature as all multi-state models on finite state spaces. An overview of current
non-Markov research is provided, covering topics such as the calculation of prospective
reserves and estimation techniques such as landmark Nelson-Aalen and Aalen-Johansen
estimations. The section concludes by identifying gaps in current non-Markov literature
and establishing the research questions addressed in this thesis, which focus on two main
areas: The calculation of higher moments of discounted accumulated future cash flows in
non-Markov models and the modeling of cash flows with stochastic payment functions in
non-Markov models.

Building on this, Section 1.3 continues with an overview of the main contributions of the
subsequent chapters, emphasizing the construction and applications of two-dimensional
conditional transition rates and scaled transition rates. It highlights the relevance of these
developments to the research questions, while keeping the technical aspects to a minimum.

Lastly, Section 1.4 provides a conclusion of the thesis and an outlook on possible future
research questions.

1.1 Markov modeling

Historically, future cash flows of insurance contracts have been modeled using Markov chain
models, see the innovative work of Hoem [Hoe69]. The statistical basis of non-parametric
estimators for these models, including the Nelson-Aalen and Aalen-Johansen estimators,
was first introduced by Aalen [Aal78] and Aalen and Johansen [AJ78]. This approach was
further explored in Norberg [Nor91] and Milbrodt and Stracke [MS97], while its continuing
significance can still be seen in Buchardt and Møller [BM15]. Today, different models
build on the idea of the multi-state Markov models, including the semi-Markov model;
see the work of Hoem [Hoe72], Janssen and de Dominicis [JD84], Christiansen [Chr12],
and Buchardt, Møller, and Schmidt [BMS15], as well as other extensions, see the work of
Buchardt [Buc17] and Ahmad, Bladt and Furrer [ABF23].

This section is mainly an adaptation of classical Markov literature, as well as the statistical
literature on Nelson-Aalen and Aalen-Johansen estimators. It gives an overview of the
theory and introduces the basis for current research in multi-state life insurance modeling.

Let (Ω, A,P) be a probability space with sigma algebras (Ft)t≥0 representing the information
at the corresponding times. These do not need to form a filtration, since the information
can be non-monotone. In actuarial mathematics and especially life insurance mathematics,
the state of the insured is often governed by a non-explosive and càdlàg jump process
Z = (Z(t))t≥0 on a finite state space Z. The elements, which are called states, represent

2



1.1 Markov modeling

different, typically biometric and behavioral states of the insured. In the remainder of this
chapter, the indices z, i, j, k, l will all be states in the state space Z as long as they are
not defined otherwise. In addition to the state process, a multivariate counting process
(Nij(t))t≥0 is introduced to count transitions between the different states in Z, defined
as

Nij(t) := #{s ∈ (0, t] : Z(s−) = i, Z(s) = j}, t ≥ 0, i ̸= j.

For the remainder of this section, the state process Z is assumed to be a Markov chain.
The goal of this modeling is the calculation of conditional expected values of cash flows of
insurance policies. In Markov models, these calculations are usually based on transition
probabilities (P (s, t))t≥s≥0 and transition rates (λ(t))t≥0, whose components are defined
as

Pi,k(s, t) = P(Z(t) = k|Z(s) = i),

λij(t) = lim
h↘0

P(Z(t + h) = j|Z(t) = i)
h

, 0 ≤ s ≤ t, i ̸= j,

whenever the limit exists. Define cumulative transition rates Λ̃ as the right-continuous
process with

Λ̃jk(t) :=
∫︂

(0,t]

1
P(Z(u−) = j)dE[Njk(u)], t ≥ 0, k ̸= j,

where 0
0 := 0, which is used for the rest of this thesis. For the rest of this section, Λ̃ is

assumed to be absolutely continuous. One can show that

Λ̃jk(t) =
∫︂

(0,t]

λjk(u)du, t ≥ 0, k ̸= j,

which shows the reason for the name cumulative transition rates. If the transition rates exist,
Kolmogorov’s forward differential equations can be used to calculate the transition proba-
bilities from the transition rates by solving the differential equations

∂

∂t
Pi,j(s, t) =

∑︂
k∈Z
k ̸=j

Pi,k(s, t)λkj(t) −
∑︂
k∈Z
k ̸=j

Pi,j(s, t)λjk(t), t ≥ s,

where Pi,j(s, s) = 1{i=j}. The solution to this differential equation can be computed with
the help of the product integral and the cumulative transition rates

(Pi,k(s, t))k∈Z = (1{i=k})k∈Z

[︃ t

R
s

(︂
Id + Λ̃(du)

)︂]︃
, t ≥ s, (1.1.1)

where the families of functions are interpreted as column vectors and matrices, and the
diagonal of Λ̃ reads Λ̃jj = −

∑︁
k:k ̸=j Λ̃jk.

3



Chapter 1 Introduction

1.1.1 Reserve calculation with canonical cash flows

In practice, an insurance policy can be characterized by a cash flow, including premium
and benefit payments. These cash flows are usually stochastic because they depend on the
development of the insured, meaning the state process Z. For classic insurance contracts,
the cash flow (B(t))t≥0, which refers to all payments that are part of the insurance policy
up until the time point t, can be expressed by

B(t) := b0 +
∑︂
j∈Z

∫︂
(0,t]

1{Z(u−)=j}dBj(u) +
∑︂

j,k∈Z
j ̸=k

∫︂
(0,t]

bjk(u)dNjk(u). (1.1.2)

Here, suitably regular, bounded and deterministic cumulative payment functions (Bj)j∈Z
and transition payment functions (bjk)j,k:j ̸=k are considered, along with a deterministic
lump sum payment b0. When the cash flow of an insurance contract follows the form given
in Equation (1.1.2), it is said to have a canonical cash flow representation and deterministic
payment functions. The time value of payments is modeled with a deterministic short rate
r, such that the value of a deterministic savings account is

κ(t) := e
∫︁ t

0 r(u)du,

which is assumed to be bounded away from zero on compacts. Non-deterministic short
rates are not considered in this subsection, but will be discussed in Subsection 1.1.4.

Fixing a time point s ≥ 0 as the current time point, the discounted accumulated future
cash flow is given by

Y (s) :=
∫︂

(s,∞)

κ(s)
κ(t) dB(t).

The discounted accumulated future payments Y (s) are generally not Fs measurable.
Therefore, for reserving and premium calculation, the calculation of the prospective
reserve

V (s) := E[Y (s)|Fs]

is appropriate. Now assume that

σ(Z(s)) ⊂ Fs ⊂ σ((Z(u))u≤s),

then the prospective reserve simplifies, due to the Markov assumption, to V (s) =
E[Y (s)|σ(Z(s))]. Thus, it is sufficient to calculate the state-wise prospective reserve
Vi(s) := E[Y (s)|Z(s) = i] for all i ∈ Z with P(Z(s) = i) > 0. Using transition probabilities
and transition rates, the state-wise prospective reserve of a cash flow with a canonical cash
flow representation follows the well-known formula

Vi(s) =
∑︂
j∈Z

∫︂
(s,∞)

κ(s)
κ(t) Pi,j(s, t)dBj(t) +

∑︂
j,k∈Z
j ̸=k

∫︂
(s,∞)

κ(s)
κ(t) bjk(t)Pi,j(s, t)λjk(t)dt, (1.1.3)

4



1.1 Markov modeling

where it is assumed that the transition rates exist everywhere. The use of the transition
rates (λjk(t))t≥0, which are independent of the condition at time s, is made possible by
the Markov assumption.

1.1.2 Nelson-Aalen and Aalen-Johansen estimation

The central mathematical objects in Section 1.1 are the transition probabilities and
transition rates, which are normally estimated with Nelson-Aalen and Aalen-Johansen
estimators, see the work of Aalen [Aal78] and Aalen and Johansen [AJ78]. This subsection
motivates and illustrates the use of Nelson-Aalen and Aalen-Johansen estimation in
Markov models.

Both transition probabilities and the expected number of jumps could be targeted through
simple averages. This would be sufficient for the estimation of conditional expected values
of discounted accumulated future cash flows. To formalize this, assume that n independent
observations (Z(j))j=1,...,n of the state process Z are observed. A natural estimator for
transition probabilities is given by

P ⋆
z,i(s, t) =

∑︁n
j=1 1{Z(j)(s)=z,Z(j)(t)=i}∑︁n

j=1 1{Z(j)(s)=z}
, t ≥ s.

This estimator, however, does not fully utilize all available data because it sub-samples at
time s and it is biased, when censored data is involved. This poses a challenge, especially
when working with survival data, which is commonly encountered in actuarial mathematics.

For a basic inclusion of censoring into the model, consider entirely random right-censoring
times R(j). Suppose that n independent individuals ((Z(j)(t))0≤t≤R(j)), η(j) ∧ R(j))j=1,...,n

are observed, where η(j) is the absorption time for individual j. A classic estimation
procedure in this case is the use of the Nelson-Aalen estimator in combination with the Aalen-
Johansen estimator. For the definition of these estimators, start with

I⋆
j (t) :=

n∑︂
i=1

1{Z(j)(t)=j}1{t≤R(j)},

N⋆
jk(t) :=

n∑︂
i=1

N
(j)
jk (t ∧ R(j)),

for t ≥ 0 and j ̸= k. This leads to the Nelson-Aalen estimator

Λ⋆
jk(t) :=

∫︂
(0,t]

1
I⋆

j (u−)dN⋆
jk(u), t ≥ 0, k ̸= j,

which is a uniformly consistent estimate for the cumulative transition rates Λ̃jk(t). This
estimator can then be plugged into Kolmogorov’s forward equation, which is then solved

5



Chapter 1 Introduction

via the product integral, resulting in the Aalen-Johansen estimator:

(P ⋆
i,k(s, t))k∈Z = (1{i=k})k∈Z

[︃ t

R
s

(︂
Id + Λ⋆(du)

)︂]︃
, t ≥ s,

where Λ⋆
jj = −

∑︁
k:k ̸=j Λ⋆

jk, using the usual matrix interpretation. This combination of
estimation techniques is one reason why transition rates are so prevalent in the actuarial
literature.

Using Duhamel’s equation, see Gill and Johansen [GJ90], it can be shown that the product
integral is a continuous operator on the class of additive interval functions with respect to
the variation norm on bounded intervals. As a result, the consistency of the Aalen-Johansen
estimator follows immediately. Both the Nelson-Aalen and the Aalen-Johansen estimators
can be plugged into Equation (1.1.3) to obtain a uniformly consistent estimator for the
prospective reserve.

Moreover, both the Nelson-Aalen and the Aalen-Johansen estimators are asymptotically
normal, which allows for a general assessment of the statistical risk associated with
estimating prospective reserves within the Markov model framework.

1.1.3 Higher moments of canonical cash flows

This subsection illustrates, why higher moments of cash flows are useful for the actuarial
application and introduces the theoretical basis for these calculations.

After calculating the prospective reserve of a cash flow with a canonical representation,
a risk analysis of the cash flow should be considered. The realized losses or gains of
the portfolio are stochastic and thus, do not necessarily match the calculated conditional
expected value, i.e. the prospective reserve. This risk can best be understood by calculating
variances or even higher moments of the discounted accumulated future payments. Hoem
and Aalen [HO78] show how to calculate higher moments of cash flows in the Markov
model. Their approach is based on the ability to calculate the conditional expected value
of the product of two counting processes at different times by applying Markov techniques.
They derive the formula

E[(Nij(t1) − Nij(s))(Nkl(t2) − Nkl(s))|Z(s) = z]

=
t1∫︂

s

t2∫︂
s

1{x≤y}Pz,i(s, x)λij(x)Pj,k(x, y)λkl(y)

+ 1{x>y}Pz,k(s, y)λkl(y)Pl,i(y, x)λij(x)dydx

+ 1{(i,j)=(k,l)}

t1∧t2∫︂
s

Pz,i(s, x)λij(x)dx

6



1.1 Markov modeling

for t1, t2 ≥ s and i ̸= j, k ̸= l. Combining this with the equation

1{Z(t)=i} = 1{Z(0)=i} +
∑︂
j ̸=i

(︁
Nji(t) − Nij(t)

)︁
, t ≥ 0, (1.1.4)

the second moment of a discounted accumulated future cash flow with a canonical cash
flow representation can be calculated using only the transition probabilities and transition
rates. This implies that the estimation of transition probabilities and rates with the
Nelson-Aalen and Aalen-Johansen estimators is sufficient to calculate these variances. This
is the basis for the rather simple analysis of the risk of fluctuations in Markov models.

This result can be generalized: In a Markov model, any moment of a discounted accumulated
future cash flow with a canonical cash flow representation, can be calculated solely with
transition probabilities and transition rates. This is a significant property of the Markov
model but also highlights the loss of intertemporal dependency structure inherent in the
use of the Markov assumption.

1.1.4 Modeling of stochastic payment functions

This subsection introduces extensions to canonical cash flows by incorporating stochastic
payment functions. The deterministic payment functions and discounting discussed previ-
ously are limited in their ability to model complex actuarial payment schemes. To address
this, payment functions that allow dependency on the evolving state of the policyholder
are included. This subsection aims to show challenges and corresponding solutions in
current literature related to the modeling of stochastic payment functions in Markov models.

In this thesis, cash flows with stochastic payment functions are modeled by in-
troducing a stochastic scaling factor H(t)t≥0. The corresponding cash flow B(t)
reads

B(t) := b0 +
∑︂
j∈Z

∫︂
(0,t]

1{Z(u−)=j}H(u)dBj(u) +
∑︂

j,k∈Z
j ̸=k

∫︂
(0,t]

H(u)bjk(u)dNjk(u),

for t ≥ 0. Throughout, H is assumed to be a right-continuous stochastic process of
finite variation. Different forms of stochastic processes H can represent different types of
applications, as illustrated below:

(i) Stochastic interest rates:
The process H can model stochastic interest rates as follows:

H(t) = exp

⎧⎨⎩
t∫︂

0

δ(u)du

⎫⎬⎭ , t ≥ 0

for a stochastic interest rate process δ. This would mean that B(t) already models
the discounted accumulated cash flow and therefore, Y (s) =

∫︁
(s,∞) B(dt) needs to be

used for the calculation of the prospective reserves.

7



Chapter 1 Introduction

(ii) Duration-dependent payments:
Payments dependent on the duration since the last jump are used to model different
practices, for example deferred payments. For that, define the right-continuous
stochastic processes representing the time duration in the current state:

U(t) = t − sup{u ∈ (0, t] : Z(u) ̸= Z(t)}, t ≥ 0,

where the supremum over the empty set is defined to be zero. A deferred payment
could then be defined by

H(t) = 1{U(t)≥t1}, t ≥ 0,

where t1 ≥ 0 is defined according to the waiting period. Duration-dependent
payments, defined using this stochastic scaling factor, include nearly all standard
duration-dependent payments, with lump sum payments at stochastic times being
one exception.

(iii) Policyholder behavior and free policy option:
In the case of the free policy option the policyholder is able to forgo all future premium
payments, while reducing future benefits by a scaling factor ρ. This scaling factor
is defined by partitioning the state space Z into the subsets: Z0 ⊂ Z (pre-option
states) and Z1 ⊂ Z (post-option states). The scaling factor depends on the hitting
time τ of Z1 as well as the states before and after the transition. The process H is
then given by:

H(t) = ρ(τ, Z(τ)−, Z(τ))1{τ≤t} , t ≥ 0.

There is a rich theory on the modeling of stochastic payment functions in Markov models.
Below are some modeling approaches for the previously discussed stochastic payment
functions:

(i) Stochastic interest rates:
Stochastic interest rates are often modeled through forward interest rates, represented
by a real-valued and Ft−measurable stochastic process (ρ(t, u))t,u≥0, which satisfies

EQ

⎡⎣exp

⎧⎨⎩
T∫︂

t

δ(u)du

⎫⎬⎭
⃓⃓⃓⃓
⃓Ft

⎤⎦ = exp

⎧⎨⎩
T∫︂

t

ρ(t, u)du

⎫⎬⎭ ,

for an equivalent market measure Q and the stochastic interest rate δ. This forward
interest rate concept known from the financial literature generalizes well to life
insurance mathematics, when independence of interest rate and transition rates is
assumed. When stochastic mortality is included, forward rates are employed, see
Christiansen and Niemeyer [CN15] and Buchardt, Furrer and Steffensen [BFS19].
Building on the idea of forward interest and forward transition rates, even dependency
via affine processes has been examined, see Buchardt [Buc14]. Various definitions of
forward rates have been suggested, yet a unified definition answering all the questions
posed by Norberg [Nor10] has not been found, see Subsection 5.4 in Buchardt, Furrer,
and Steffensen [BFS19].

8



1.2 Non-Markov modeling

(ii) Duration-dependent payments:
Duration-dependent payments are traditionally modeled via semi-Markov modeling,
see for example Møller [Møl93], Helwich [Hel08], and Christiansen [Chr12]. This is
due to the fact, that the semi-Markov models assume that the tuple (Z(t), U(t))t≥0 is
Markov. This then allows the inclusion of dependence on duration into the calculation
of transition probabilities through the simultaneous modeling of duration and time.
As a result, calculating prospective reserves in semi-Markov models requires solving
two-dimensional differential equations and evaluating two-dimensional integrals, which
is numerically challenging. When the state process is Markovian, a semi-Markov
approach can be used to allow payment functions to depend on duration.

(iii) Policyholder behavior and free policy option:
Modeling policyholder behavior, such as the free policy option, has been explored
using multiple approaches:

- Henriksen et al. [Hen+14] use two state processes, which are assumed to be
combined Markov. They show that the modeling of policyholder options is
possible, though challenges remain. For instance, in disability models, they
show that reserve calculations remain challenging, since required transition
probabilities cannot be calculated explicitly when dependency between both
state processes is assumed and reactivation from disability is permitted.

- Buchardt, Møller, and Schmidt [BMS15] use semi-Markov modeling and define
an additional waiting time W , which is used to define the scaling factor. This
dependency on W is managed by adjusting the differential equations for the
prospective reserve.

- Furrer [Fur22] addresses policyholder behavior in multi-state models by using
a change of measure technique to calculate prospective reserves for cash flows
with scaled payment functions. This method maintains the simplicity of reserve
calculations but introduces an artificial state process. Finally, the general
approach is applied to Markov models, giving a computational scheme for
reserve calculations.

1.2 Non-Markov modeling

Recently, the idea of non-Markov models has gained considerable attention in biostatistics
and actuarial sciences. Notable works include those of Christiansen [Chr21] and Chris-
tiansen and Furrer [CF22] on the actuarial side, as well as Putter and Spitoni [PS18] and
Bladt and Furrer [BF24b] from the statistical perspective. This section gives an introduction
into the current research on non-Markov models but mainly focuses on the actuarial side.
It begins by exploring the use of the Markov assumption in multi-state models, particularly
in cases where this assumption may not be justified. This is followed by an overview of
the current non-Markov literature and an illustration of the research questions of this thesis.

9



Chapter 1 Introduction

The previously introduced Markov model is widely used in actuarial practice. One reason
for this is the possibility of simple and effective risk analysis provided in the model. Both
the statistical risk and the portfolio risk can be estimated, and they decrease as the amount
of data or the number of insured individuals increases. However, this is not the case for
the so-called systematic model risk, which arises due to the use of the Markov assumption.
This risk is characterized by a potential bias in the estimation of the prospective reserve
when the data does not conform to the Markov assumption.

Examples where the Markov assumption may not be justified include disability or long
term care insurance contracts, where degenerative diseases could affect the insured.
Other reasons for the potential failure of the Markov assumption include unobserved
heterogeneity, which can appear, when the portfolio is impacted by exogenous effects, as
discussed by Guibert and Planchet [GP18], or when artificial aggregation of states is used,
see Ahmad, Bladt and Furrer [ABF23].

The problem with naive use of the Markov assumption is that Equation (1.1.3) only holds,
when the Markov assumption is actually justified. Bear in mind that s ≥ 0 is a fixed time
point. Now take i ∈ Z such that P(Z(s) = i) > 0 and define the cumulative conditional
transition rates Λi as the right-continuous processes with

Λi,jk(s, t) :=
∫︂

(s,t]

1
Pi,j(s, u−)dE[Njk(u)|Z(s) = i], t ≥ s, j ̸= k.

Then Equation (1.1.3) correctly reads

Vi(s) =
∑︂
j∈Z

∫︂
(s,∞)

κ(s)
κ(t) Pi,j(s, t)dBj(t) +

∑︂
j,k∈Z
j ̸=k

∫︂
(s,∞)

κ(s)
κ(t) bjk(t)Pi,j(s, t)Λi,jk(s, dt), (1.2.1)

without the Markov assumption, when transition probabilities are defined just as before.
Assuming the Markov assumption holds, the equation Λi,jk(s, dt) = dΛ̃jk(t) is valid for
t ≥ s and j ≠ k, see Milbrodt and Stracke [MS97]. This draws the connection between
Equation (1.1.3) and Equation (1.2.1). However, if a model uses the Markov property
when it does not hold in reality, the use of this equality introduces a systematic modeling
error.

This issue becomes apparent when analyzing the calculation of the transition probabilities.
If one uses Λ̃ instead of Λi and Equation (1.1.1) for (Pi,j)j∈Z , the resulting probabilities are
incorrect, when the Markov assumption is not satisfied. The outcome is a function (P̃i,j)j∈Z ,
which solves Kolmogorov’s forward equation for (P(Z(t) = j))j∈Z,t≥s but with wrong
boundary condition (P̃i,j(s, s))j∈Z = (1{i=j})j∈Z , instead of the correct boundary condition
(P̃i,j(s, s))j∈Z = (P(Z(s) = j))j∈Z . This comes from the fact that:

P(Z(t) = j) = P(Z(s) = j) +
∑︂
k ̸=j

t∫︂
s

P(Z(u) = k)dΛ̃kj(u)

10



1.2 Non-Markov modeling

−
∑︂
k ̸=j

t∫︂
s

P(Z(u) = k)dΛ̃jk(u),

which immediately follows from Equation (1.1.4) for t ≥ s. In practice, this (P̃i,j)j∈Z
would be used in Equation (1.1.3), leading to inaccurate reserving or premium calculations.
This is especially concerning because currently, there is no theoretical understanding of
the differences between the correct transition probabilities and the resulting (P̃i,j)j∈Z .

To better understand these systematic risks, a modeling framework that weakens the
restrictive Markov assumption is of essence. There are several extensions of the Markov
model, such as the previously mentioned semi-Markov models or the doubly stochastic
Markov models from Buchardt [Buc17]. However, these still maintain some form of Markov
assumption, which may continue to pose a basis for systematic model risk. For this reason,
the so-called non-Markov model is introduced.

The non-Markov models use the same multi-state framework as the Markov models, but
also include all the models that do not satisfy the Markov assumption. Let (Ω, A,P)
be a probability space with sigma algebras (Ft)t≥0 representing the information at the
corresponding times. In a non-Markov model, different information structures containing
external information are considered. The state process Z = (Z(t))t≥0 takes values in a
finite state space Z, while N is the corresponding counting process, which is assumed to
have finite second order moments, and s ≥ 0 is the current time point. Without the Markov
assumption, the whole information needs to be considered. For the rest of this section, it is
assumed that σ(Z(s)) ⊂ Fs. Define the right-continuous processes

Pi(s, t) := E[1{Z(t)=i}|Fs],
Qij(s, t) := E[Nij(t)|Fs],

for t ≥ s and i ̸= j. The processes (Pi)i∈Z are called conditional state occupation
probabilities. On this basis, cumulative conditional transition rates are defined for i ̸= j
and t ≥ s as follows:

Λij(s, t) :=
∫︂

(s,t]

1
Pi(s, u−)Qij(s, du).

Λij(s, dt) is called conditional transition rate for the rest of this chapter. The link between
the cumulative conditional transition rates in the non-Markov model and the cumulative
transition rates in the Markov model is that they coincide if the Markov assumption holds,
transition rates exist, and the information models are identical. Note that it is assumed
that Λij(s, t) < ∞ for i ̸= j, t ≥ s .

Similar to the Markov model, a relationship between the conditional state occupation
probabilities and the conditional transition rates can be derived. The differential equations
read:

Pj(s, dt) =
∑︂

k:k ̸=j

Pk(s, t−)Λkj(s, dt) −
∑︂

k:k ̸=j

Pj(s, t−)Λjk(s, dt), t ≥ s, (1.2.2)
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Chapter 1 Introduction

with the boundary condition Pj(s, s) = 1{Z(s)=j}. This equation serves as a substitution
to Kolmogorov’s forward equation from the Markov model.

Because of the more general information model, the definition of the prospective reserve
in the non-Markov model needs to be adjusted. The modified prospective reserve is
V (s) := E[Y (s)|Fs], where again s ≥ 0 is fixed as the current time point. Similar to the
formulas for the calculation of prospective reserves in the Markov model, the conditional
state occupation probabilities and transition rates can be used to calculate the prospective
reserve of insurance contracts with a canonical cash flow:

V (s) =
∑︂
j∈Z

∫︂
(s,∞)

κ(s)
κ(t) Pj(s, t)dBj(t) +

∑︂
j,k∈Z
j ̸=k

∫︂
(s,∞)

κ(s)
κ(t) bjk(t)Pj(s, t)Λjk(s, dt). (1.2.3)

The equation is similar to Equation (1.1.3), but with the key difference that the conditional
transition rates now dependent on the full information Fs.

1.2.1 Landmark Nelson-Aalen and Aalen-Johansen estimation

This subsection introduces the estimation techniques used for the estimation of condi-
tional transition rates and conditional state occupation probabilities in non-Markov models.

The non-parametric estimation of conditional state occupation probabilities and conditional
transition rates is generally more challenging than the Nelson-Aalen and Aalen-Johansen
estimation in the Markov model. This difficulty arises from the general information
model introduced in the non-Markov model. The model with the simplest information
structure and the one that is most akin to standard practice in actuarial mathematics
is the as-if Markov model. The model is based on the information model, Fs = σ(Z(s)),
constituting the term as-if Markov, because the condition used for the prospective reserves
in the non-Markov model is identical to that in the Markov model. From a theoretical
perspective, this model already finds practical application, though often with biased
estimators when Markov estimators are applied when the Markov assumption is not justified.

Typically, the prospective reserve of a life insurance contract is defined as the expected
value of the discounted accumulated future cash flow, conditioned on the whole past of
the insured. In practice, however, this is difficult to achieve for legal, computational,
and theoretical reasons. The as-if Markov model, with its simple information model,
approximates the true prospective reserve with a partially averaged state-wise prospective
reserve, and is practically observed and therefore theoretically significant, see Christiansen
and Djehiche [CD24].

The rest of this subsection introduces the estimation of the prospective reserve in the
as-if Markov model. This approach is taken solely to simplify the notation. Again, the
calculation of the prospective reserve can be simplified to the calculation of the state-wise
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prospective reserve Vi.

The estimation of the state-wise prospective reserves in the as-if Markov model is based on
estimating the conditional state occupation probabilities and transition rates, see equation
(1.2.3). Let z ∈ Z, so that P(Z(s) = z) > 0 and define

Pz,i(s, t) := E[1{Z(t)=i}|Z(s) = z],
Qz,ij(s, t) := E[Nij(t)|Z(s) = z],

Λz,ij(s, t) :=
∫︂

(s,t]

1
Pz,i(s, u−)Qz,ij(s, du),

for i ≠ j, t ≥ s. These conditional expected values can be estimated with sub-sampling.
Assume that n independent individuals ((Z(k)(t))0≤t≤R(k) , η(k) ∧ R(k))k=1,...,n are observed,
where the censoring R(k) remains entirely random. The landmark Nelson-Aalen estimator
is defined by:

Îz,j(s, t) :=
n∑︂

i=1
1{Z(i)(s)=z}1{Z(i)(t)=j}1{t<R(i)},

N̂z,jk(s, t) :=
n∑︂

i=1
1{Z(i)(s)=z}N

(i)
jk (t ∧ R(i)),

Λ̂z,jk(s, t) :=
∫︂

(s,t]

1
Îz,j(s, u−)

N̂z,jk(s, du),

for j ̸= k and t ≥ s. The only difference to the Nelson-Aalen estimation in Markov
models is the sub-sampling on information at time s. This sub-sampling is the reason,
the estimators are called landmark estimators. In the same vein as the Aalen-Johansen
estimator, the landmark Aalen-Johansen estimator combines the landmark Nelson-Aalen
estimator and the differential Equation (1.2.2). The estimator reads

P̂z(s, t) = Pz(s, s)
[︃ t

R
s

(︂
Id + Λ̂z(s, du)

)︂]︃
,

for t ≥ s with the usual matrix interpretation and diagonal elements Λ̂z,jj = −
∑︁

k:k ̸=j Λ̂z,jk.

These estimators are uniformly consistent and asymptotically normal. This was first
postulated by Data and Satten [DS01]. However, recent works have questioned their
approach and proposed different proofs, see Overgaard [Ove19] and Nießl et al. [Nie+23].
The main consistency results differ in their realization, but the key finding is: For
the classical convergence results known in the Markov case, there are corresponding
convergence results in the landmarking literature as well.

Landmark Nelson-Aalen and Aalen-Johansen estimators can be applied not only to the as-if
Markov model, but to any non-Markov model, where the sigma algebra Fs is generated

13



Chapter 1 Introduction

by a discrete random variable. In practice, these discrete conditions may be sufficient,
however, for a more comprehensive estimation in non-Markov models, including conditions
generated by a continuous random variable, Bladt and Furrer [BF24b] propose kernel
estimation methods. In theory, this allows the classical prospective reserve to be estimated
conditioned on the entire past.

1.2.2 Research questions

As of today, the literature on Markov models reflects the deep understanding of the general
theory and practical application of Markov chains in actuarial sciences and biostatistics.
The previous section 1.1 has outlined important developments in Markov modeling specific
to actuarial science, with a focus on practical challenges encountered when applying this
theory to reserve and premium calculation for insurance products. The initial illustration
of calculation and estimation of prospective reserves was followed by variance analysis
through the calculation of higher moments of future discounted accumulated cash flows.
Lastly, the modeling of stochastic payments, which occur in practice via state dependent
discounting, policyholder behavior, or duration-dependent payments, was addressed.

This review does not exhaust the extensive theory regarding Markov modeling. Some
key developments not mentioned before are advancements in biostatistics, which offer
parametric or semi-parametric estimation, and additional actuarial contributions, such
as the Thiele differential equation, improving the calculation of reserves, or the Cantelli
theorem, enabling the comparison of reserves of different Markov models.

In contrast, the understanding of the more general non-Markov models remains less
developed. Although, as discussed in this section, recent advances have established
methods for calculating and estimating conditional expected values in non-Markov models,
current statistical and actuarial theory has made limited progress in further analyzing
non-Markov modeling. This thesis aims to shed light on non-Markov theory by mainly
considering two research questions regarding the impact of the Markov assumption on
actuarial applications. In the following a short introduction into these research questions
is given:

(i) Higher moments of canonical cash flows:
When working with canonical cash flows, the problem of the calculation of higher
moments of discounted accumulated cash flows can be reduced to the calculation
of E[Nij(t1)Nkl(t2)|Fs]. Different from the Markov case, this cannot be calculated
with one-dimensional conditional transition rates and state occupation probabilities.
This is due to the fact that the Chapman-Kolmogorov equations do not generally
hold in the non-Markov case and that the intertemporal dependency present in the
non-Markov model does not allow the decomposition into multiple one-dimensional
transition rates and probabilities. This thesis proposes an approach based on the use
of two-dimensional transition rates, with Kolmogorov like differential equations and
landmark estimation of the Nelson-Aalen and Aalen-Johansen type.
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(ii) Stochastic payment functions:
Modeling of stochastic payments presents significant challenges, evident from the
variety of approaches even within the Markov model. For non-Markov models,
the recent paper of Christiansen and Furrer [CF22] models policyholder behavior
with scaled payments, using the change of measure techniques developed by Furrer
[Fur22]. They introduce an artificial state process with an additional state to
get the correctly scaled transition rates and probabilities. Beyond this, stochastic
payments in the non-Markov theory remain largely unexplored. This thesis seeks to
develop new approaches for the stochastic payments introduced in Subsection 1.1.4,
focusing on modeling policyholder behavior through two-dimensional transition rates
and generalized scaled transition rates and probabilities. Additionally, it explores
connections to stochastic interest rates and searches for an answer to the question
posed by Norberg [Nor10] regarding a unified definition of forward rates.

1.3 Overview and contributions

This thesis consists of four chapters, this introductory chapter and three further chapters,
each composed as a scientific paper. Due to the nature of these chapters, there are
significant differences between model assumptions and notation across chapters. The
different chapters are described in detail, while similarities and differences of the model
assumptions are discussed.

1.3.1 Two-dimensional forward and backward transition rates

Chapter 2, which contains the paper by Bathke and Christiansen [BC24], establishes two-
dimensional conditional forward and backward transition rates to capture the intertemporal
dependency structure of the state process. These dependencies are modeled to calculate
conditional expected values of cash flows with a two-dimensional canonical representation.
To ensure correct calculations, even with a censored state process, two-dimensional integral
equations that connect conditional state occupation probabilities with conditional forward
and backward transition rates are introduced. Finally, a procedure is derived, that allows
for the calculation of conditional variances of future liabilities and conditional expected
values of specific path-dependent cash flows.

In the following, a detailed account of the setup and results of Chapter 2 is given. The focus
lies on the main contributions, while omitting some general but cumbersome equations
by presenting only forward calculations and summarizing the reserve calculation without
detailed formulas. The notation and naming has been adjusted to align with that of
Chapter 3 to ensure consistency throughout the whole introduction.

The state of the insured is governed by a jump process Z, which is assumed to be càdlàg,
with values in a finite state space Z. The corresponding transition counting processes are
denoted by N and assumed to have finite fourth order moments. The multi-state model is
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not assumed to be Markovian or constrained by any specific intertemporal dependency
structure. Information available at time s ≥ 0 is represented by the sigma algebra Fs. In
this chapter, it is assumed that σ(Z(s)) ⊂ Fs. Additionally, two-dimensional time points
use bold variables t = (t1, t2) and a vector of indices also uses bold symbols i = (i1, i2).
The basis for the ordering of time points in R2 is the component wise partial ordering.

The state of the insured is used to define cash flows A that have a two-dimensional canonical
representation. A cash flow A is considered to have such a representation, when it can be
expressed as

A(t) =
∑︂

i,j∈Z

∫︂
(0,t]

Ii(u1−)Ij(u2−)Aij(du1, du2)

+
∑︂

i,k,l∈Z
k ̸=l

∫︂
(0,t]

Ii(u1−)aikl(u1, u2)Ai(du1)Nkl(du2)

+
∑︂

i,j,k,l∈Z
i ̸=j,k ̸=l

∫︂
(0,t]

aijkl(u1, u2)Nij(du1)Nkl(du2),

for sufficiently regular payment functions aijk, aijkl, Ai, and Aij .

Cumulative two-dimensional conditional transition rates (Λij)i,j are the random surfaces,
that are càdlàg in both variables, and satisfy:

Λij(t1, t2) =
∫︂

(s,t1]×(s,t2]

1
P i(u1−, u2−)Qij(du1, du2),

for t ≥ (s, s), where

P i(u1, u2) := E[1{Z(u1)=i1,Z(u2)=i2}|Fs],
Qij(u1, u2) := E[Ni1j1(u1)Ni2j2(u2)|Fs],

for u ≥ (s, s). In the cases i1 = j1 and i2 = j2, the cumulative two-dimensional conditional
transition rates Λij are defined appropriately. Λij(du) is called the two-dimensional
conditional transition rate and P is called the two-dimensional conditional state occupation
probability. It is assumed that these processes are almost surely finite. They are then
linked by the integral equations

P i(t1, t2) = 1{Z(s)=i1=i2} + 1{Z(s)=i2}

∫︂
(s,t1]

∑︂
j∈Z

Pj(u−)Λji1(du)

+ 1{Z(s)=i1}

∫︂
(s,t2]

∑︂
l∈Z

Pl(u−)Λli2(du)

+
∫︂

(s,t1]×(s,t2]

∑︂
j∈Z2

P j(u1−, u2−)Λji(du1, du2),
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where t1, t2 ≥ s and Pk and Λji are conditional state occupation probabilities and
cumulative conditional transition rates from Section 1.2, where the dependency on the
time point s is suppressed in the notation. Using these integral equations and Campbell’s
theorem, a formula for the conditional expected value of a cash flow with a two-dimensional
canonical representation can be derived.

Cash flows with a two-dimensional canonical representation are useful for modeling payment
processes of specific life insurance policies. One prevalent example is the cash flow of a life
insurance policy with the canonical payment process

C(t) =
∑︂
j∈Z

∫︂
(0,t]

[︂
1{Z(u−)=i}dCi(u) +

∑︂
i,j:j ̸=i

cij(u)dNij(u)
]︂
,

for suitably regular payment functions Ci and cjk, with an included option for the policy-
holder, that introduces scaling factors for future payments. A prominent example of such a
setup is the inclusion of the so-called free policy option. The resulting payment process B
for the insurance policy with the policyholder option takes the form

B(t) =
∫︂

(0,t]

ρ(τ, Z(τ−), Z(τ))1{τ≤u}dC(u),

where τ is the time the option has been exercised and ρ defines the scaling factors. Dividing
the state space into subsets Z0 (pre-option states) and Z1 (post-option states), the payment
process in Z1 has the two-dimensional canonical representation

B(t) =
∑︂
i∈Z0

∑︂
j∈Z1

∫︂
(0,t]2

ρ(u2, i, j)dC̃(u1)dNij(u2),

if C̃ is the payment process C restricted on the states in Z1. This could then be used to
calculate prospective reserves for such an insurance policy.

This capability to model policyholder options is one reason why the chapter is not
constrained to forward calculation. If τ can occur before the current time s, then the outer
counting process must search in the interval (0, t], which requires dependencies on past
developments as well.

Another important example for the use of cash flows with a two-dimensional canonical
representation is the modeling of squared payment processes, which are fundamental for
variance calculation. The best example is the previous payment process C. Squaring this
payment process returns a process with exactly a two-dimensional canonical representation.

Thus, the theoretical contributions of Chapter 2 provide formulas for the calculation of
second order moments of future discounted accumulated cash flows in non-Markov models,
giving an answer to the first research question on higher moment calculations in non-Markov
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models. Furthermore, a novel approach to the calculation of conditional expected values of
cash flows, which emerge from policyholder options in non-Markov models, is given. This
provides a partial answer to the second research question on the modeling of stochastic
payment functions.

1.3.2 On the estimation of bivariate conditional transition rates

Chapter 3, which contains the paper by Bathke [Bat24], is concerned with statistical esti-
mation of two-dimensional conditional transition rates and state occupation probabilities.
The approach to the estimation follows the lines of classical landmark Nelson-Aalen and
Aalen-Johansen estimation but departs from the statistical methods shown in Christiansen
[Chr21] and Christiansen and Furrer [CF22] by demonstrating uniform convergence with
ideas similar to Bladt and Furrer [BF24b] and Gill, Van Der Laan, and Wellner [GLW95].
In the following, a more detailed illustration of the setup and results in Chapter 3 is given.

The basic setup, including the state space, the state process, and the multivariate counting
process is the same as in the previous subsection 1.3.1. The difference is that no backward or
mixed modeling is considered. For the estimation of two-dimensional conditional transition
rates additional assumptions are needed. First, the censoring R is modeled as entirely
random and almost surely greater than the current time point s. Assume that the following
triple is observed:

((Z(t))s≤t≤R, η ∧ R, ξ),

where η is the absorption time of Z and ξ is a discrete random variable, which generates
the information Fs at time s. This means that state-wise estimates are sufficient, which is
the basis of the landmarking approach. The classic example is the as-if Markov model,
where Fs = σ(Z(s)), which is practical, since the only information needed is usually
available in practice.

Following the approach from Bladt and Furrer [BF24b], the estimation targets perturbed
cumulative two-dimensional conditional transition rates

Λε
ij(t1, t2) =

∫︂
(s,t1]×(s,t2]

1
P i(u1−, u2−) ∨ ε

Qij(du1, du2),

for ε > 0 and t1, t2 ≥ s. Similar to the Nelson-Aalen estimator, these can be targeted by
estimators that plug in simple averages of sub-sampled data for Qij and P i. This works
even with right-censored data, as long as t1 and t2 are left to the right endpoint of the
support of R. The emerging estimator Λ̂ε

ij is uniformly convergent and converges to Λε
ij .

Thus,

lim
n→∞

sup
t∈((s,s),θ]

⃓⃓⃓
Λ̂ε

ij(t) − Λε
ij(t)

⃓⃓⃓
a.s= 0,
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where θ1 and θ2 are left to the right endpoint of the support of R. These estimators are
then used to estimate the conditional state occupation probabilities by plugging them into
the two-dimensional integral equation

P̂
ε
i(t1, t2) = P i(s, s) + Pi2(s)

∫︂
(s,t1]

∑︂
j∈Z

P̂ ε
j (u−)Λ̂ε

ji1(du)

+ Pi1(s)
∫︂

(s,t2]

∑︂
l∈Z

P̂ ε
l (u−)Λ̂ε

li2(du)

+
∫︂

(s,t1]×(s,t2]

∑︂
j∈Z2

P̂
ε
j(u1−, u2−)Λ̂ε

ji(du1, du2),

where the corresponding one-dimensional perturbed landmark Nelson-Aalen and Aalen-
Johansen estimators from Bladt and Furrer [BF24b] are used as well. The solution to this
integral equation can be written as

P̂
ε(t) = ϕε(t) +

∫︂
((s,s),t]

ϕε(u−)Λ̂ε(du)P((u, t], Λ̂ε),

where ϕε is defined by the boundary conditions and P is called the two-dimensional
Peano-series and is defined by

P((u, t], Λ̂ε) := Id +
∞∑︂

n=1

∫︂
· · ·
∫︂

u<x(1)<...<x(n)≤t

Λ̂ε(dx(1)) · · · Λ̂ε(dx(n)).

The convergence results for Λ̂ε extend to P̂
ε, because the two-dimensional Peano-series

can be proven to be Hadamard differentiable.

The payment functions in the definition of the two-dimensional canonical representation
are suitably regular and bounded, so the operator that calculates the conditional ex-
pected value from the two-dimensional conditional transition rates and state occupation
probabilities is also Hadamard differentiable. Thus, the convergence results for both esti-
mators can be carried over when using the conditional expectation formulas from Chapter 2.

This approach offers a solution for the estimation of conditional second order moments
of future discounted accumulated cash flows and conditional expected values of pay-
ment streams arising from policyholder options in non-Markov models. With that
it addresses the first research question on higher moment calculations in non-Markov
models and partially answers the second research question on modeling stochastic payments.

The chapter also introduces a numerical study, which gives a proof of concept for the esti-
mation with these two-dimensional landmark Nelson-Aalen and Aalen-Johansen estimators.
The implementation and the simulated data for this numerical study can be found on
GitHub1 or in the List of Implementations.

1https://github.com/Theis-Bathke/Estimation-of-bivariate-transition-rates
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1.3.3 Non-parametric estimators of scaled cash flows

Chapter 4, which contains the manuscript by Bathke and Furrer [BF24a], explores the
estimation of conditional expected values of scaled cash flows, particularly focusing on the
inclusion of policyholder behavior, including the free policy option. The novel concept of
scaled transition rates adds to the change of measure technique used by Furrer [Fur22]
and further by Christiansen and Furrer [CF22]. The chapter also presents a numerical
simulation comparing the performance of the change of measure technique and the
new approach involving scaled transition rates for the estimation of scaled probabilities.
Furthermore, the estimation of expected values of scaled cash flows using two-dimensional
landmark estimators and scaled estimators are compared.

In the following, a review of the framework and the primary results of Chapter 4 is
provided. The focus lies on the difference in setup to the previous chapters and the primary
contributions regarding the estimation of expected values of scaled cash flows. Again, the
notation is adjusted to ensure consistency throughout the whole introduction.

The basic setup, including the state space, the state process, the censoring, and the available
data for estimation mirrors Subsection 1.3.2. The main difference is the deterministic
starting point Z(0) = z0 with an initial time point s = 0, making the initial state of the
insured at time s deterministic. This eliminates the need for sub-sampling when estimating
the conditional expected values of future discounted accumulated cash flows, simplifying
the notation in the process. The extension to discrete landmarks works by introducing
sub-sampling of the available data.

The chapter considers cash flows of insurance policies with the free policy option, as already
introduced in Subsection 1.1.4:

B(t) =
∫︂

(0,t]

ρ(τ, Z(τ−), Z(τ))1{τ≤u}
(︂∑︂

j∈Z
1{Z(u−)=j}Bj(du) +

∑︂
j,k∈Z

j ̸=k

bjk(u)Njk(du)
)︂
.

The expected values of accumulated scaled cash flows can then be calculated with the
formula

A(t) =
∑︂
j∈Z

∫︂
(0,t]

P ρ
j (u−)

(︃
Bj(du) +

∑︂
k∈Z
k ̸=j

bjk(u)Λρ
jk(du)

)︃
, (1.3.1)

where the functions (P ρ
j )j∈Z and (Qρ

jk)j,k:j ̸=k are defined as

P ρ
j (t) = E[ρ(τ, Z(τ−), Z(τ))1{τ≤t}1{Z(t)=j}],

Qρ
jk(t) = E

[︂ ∫︂ t

0
ρ(τ, Z(τ−), Z(τ))1{τ≤u}Njk(du)

]︂
,
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with the cumulative scaled transition rates (Λρ
jk)j,k:j ̸=k defined as

Λρ
jk(t) =

∫︂
(0,t]

1
P ρ

j (s−)Qρ
jk(ds).

Similar to the two-dimensional estimators, only perturbed cumulative scaled transition
rates are targeted in the estimation:

Λρ,ε
jk (t) =

∫︂
(0,t]

1
P ρ

j (s−) ∨ ε
Qρ

jk(ds).

Similar to the ordinary landmark Nelson-Aalen estimator, the scaled Nelson-Aalen estimator
Λ̂ρ,ε

jk is constructed by plugging in averages. Provided that ρ is uniformly bounded
on the support of R, the estimator is shown to converge uniformly and almost surely,
i.e.

lim
n→∞

sup
0≤t≤θ

|Λ̂ρ,ε
jk (t) − Λρ,ε

jk (t)| a.s= 0,

even when the used data is censored. Now, the concept of scaled transition rates is only use-
ful when the connection between scaled transition rates and scaled state occupation probabil-
ities is preserved. This connection comes in the form of the equation

P ρ
j (t) =

[︃ t

R
0

(︁
Id + Λρ(ds)

)︁]︃
z0j

,

where the product integral is the solution to a Kolmogorov type differential equation and
the diagonals are defined specifically as

−Λρ
jj := −Λjj , j ∈ Z0,

−Λρ
jj :=

∑︂
k∈Z
k ̸=j

Λρ
jk, j ∈ Z1,

where Λjj are the cumulative conditional transition rates. The perturbed scaled state
occupation probabilities are given by

P ρ,ε
j (t) =

[︃ t

R
0

(︁
Id + Λρ,ε(ds)

)︁]︃
z0j

,

with estimator P̂ ρ,ε obtained via plug-in of the scaled Nelson-Aalen estimator and
diagonals that are defined according to the previous definition. This estimator P̂ ρ,ε then
converges uniformly and almost surely to P ρ,ε. Additionally, asymptotic normality, here
meaning weak convergence to a tight Gaussian process of both estimators Λ̂ρ,ε and P̂ ρ,ε

is proven. For comparison with the two-dimensional method, asymptotic normality of
the two-dimensional landmark Nelson-Aalen estimator Λ̂ε and landmark Aalen-Johansen
estimator P̂

ε is also established.
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The chapter concludes this comparison with numerical simulation studies comparing the
different estimators for scaled state occupation probabilities and expected values of scaled
cash flows. First, the estimation with the change of measure technique by Christiansen
and Furrer [CF22] is compared to the scaled Nelson-Aalen and Aalen-Johansen estimators,
confirming that the change of measure technique introduces artificial variance into the
estimation of scaled occupation probabilities. Overall, the scaled Nelson-Aalen and
Aalen-Johansen estimators exhibit lower variance. Secondly, the numerical and statistical
effectiveness of the scaled estimator is compared with the two-dimensional landmark
estimator, both targeting expected values of scaled cash flows. The study indicates that
scaled estimators are numerically and statistically superior, particularly due to the higher
variance of the two-dimensional estimators. The main selling point of the two-dimensional
estimators is the separation of contractual modeling, including scaling factors, and statistics
of biometric and behavioral risk. The implementation and the simulated data for this
numerical study can be found on GitHub2 or in the List of Implementations.

When comparing the numerical studies in Chapter 3 and Chapter 4, a noticeable difference
in the variance of the two-dimensional estimators may prompt interest. This contrast
arises because the estimation target differs between the two chapters. In Chapter 3,
the estimation target is the prospective reserve, which includes interest rates of 3%,
effectively diminishing the impact of later payments. However, this discounting factor
is not included in the simulation study in the latter Chapter 4, since there, the estima-
tion target is the expected accumulated future cash flow, which does not include discounting.

Lastly, the chapter extends the theory of scaled transition rates and state occupation
probabilities to include various scaling factors. The setup works for stochastic processes
H, which are right-continuous, of finite variation, uniformly bounded on compacts, and
adapted to the information generated by Z. While the estimation procedure for this
generalized setting is not fully developed in Chapter 4, the proof works similarly to
the special case involving free policy options. This includes all the stochastic payments
introduced for the Markov model in Subsection 1.1.4, providing the flexibility known from
the Markov model in the non-Markov model, while mitigating systematic model risk and
without substantially increasing numerical complexity.

In conclusion, the main contribution of Chapter 4 is the definition of scaled transition
rates and scaled estimators. This approach provides a flexible solution to open questions
on the modeling of actuarial cash flows with non-Markov models. It partially addresses the
search for a unifying approach to forward rates and allows the modeling of the different
stochastic payment functions introduced in Subsection 1.1.4 in non-Markov models. The
application to the modeling of policyholder options is shown to work well in a numerical
example. This answers the second research question on the specific stochastic payment
functions introduced in the current Chapter. Additionally, this approach holds potential
for broader applications.

2https://github.com/Theis-Bathke/Non-parametrix-estimators-of-scaled-cash-flows
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1.4 Conclusion and further research opportunities

This thesis is concerned with complications arising from the departure of the Markov
assumption, meaning, the use of non-Markov models. These models are valuable because
they replace systematic model risk with unsystematic estimation risk, which has more
favorable asymptotic properties. Overall, there is a bias-variance trade-off, warranting
further investigation for practical applications.

One of the main challenges in these non-Markov models is understanding the intertemporal
dependency structure of the state process. Such dependencies play a major role in actuarial
mathematics, when dealing with life insurance cash flows that are path-dependent or when
higher moments of life insurance cash flows are of interest. The understanding of these
dependencies is improved by the investigation of two-dimensional conditional transition
rates. These transition rates can be estimated by using two-dimensional landmark Nelson-
Aalen and Aalen-Johansen estimators, combining techniques from survival analysis and
actuarial mathematics. While these estimations give valuable insights into dependencies in
the data, they are prone to high variances, especially in the tail when censoring is introduced.

For specific cases, the need for two-dimensional conditional transition rates can be
circumvented by applying the newly introduced method of scaled conditional transition
rates. This avoids the curse of dimensionality while still correctly capturing dependencies
in non-Markov models. Numerical examples indicate that estimations of expected accu-
mulated future payments converge better with scaled Nelson-Aalen and Aalen-Johansen
estimators than with the two-dimensional counterparts and that the one-dimensional scaled
estimators are significantly more feasible numerically. In these cases, the scaled estimators
depend on the contractual setup of the insurance product, whereas two-dimensional
estimations achieve true separation between contractual choices and statistical estimation.

There are numerous open research questions within the field of non-Markov modeling and
multi-dimensional conditional transition rates. Below follows a brief and non-exhaustive
list:

(i) For a full understanding of the probability distribution of the state space, it is
necessary to calculate all multi-dimensional conditional transition rates. This can
be achieved by using the tools introduced in this manuscript. The remaining task
involves identifying the integral equations that connect multi-dimensional conditional
transition rates to the corresponding transition probabilities.

(ii) The high variances and non-monotonicity in the tail of plug-in estimators using
two-dimensional conditional transition rates are generally not a concern in actuarial
applications due to discounting. However, an estimator with improved tail perfor-
mance is still desirable. This could be achieved using parametric or semi-parametric
estimation methods or by extending the work of Gill, Van Der Laan and Wellner
[GLW95], where they improve on the Volterra estimator, which is an estimator that
uses a similar method to Chapter 3 but for survival functions.
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(iii) Non-Markov modeling and the associated landmark Nelson-Aalen and Aalen-Johansen
estimators have been shown to reduce bias and provide a positive bias-variance trade-
off in some simulations, as demonstrated in survival contexts by Putter and Spitoni
[PS18]. To encourage practitioners to adopt non-Markov modeling, especially for risk
analysis, a statistical evaluation of these bias-variance trade-offs should be conducted
for an actuarial example, where real reserves are estimated.
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Chapter 2

Two-dimensional forward and backward
transition rates

Abstract

Forward transition rates were originally introduced with the aim to evaluate life insurance
liabilities market-consistently. While this idea turned out to have its limitations, recent
literature repurposes forward transition rates as a tool for avoiding Markov assumptions in
the calculation of life insurance reserves. While life insurance reserves are some form of
conditional first-order moments, the calculation of conditional second-order moments needs
an extension of the forward transition rate concept from one dimension to two dimensions.
Two-dimensional forward transition rates are also needed for the calculation of path-
dependent life insurance cash-flows as they occur upon contract modifications. Forward
transition rates are designed for doing prospective calculations, and by a time-symmetric
definition of so-called backward transition rates one can do retrospective calculations.

Keywords: life & health insurance; non-Markov modelling; prospective & retrospective
reserves; second-order moments; free policy option

2.1 Introduction

Forward transition rates describe the expected number of future transitions conditional on
the currently available information. If the current information is incomplete, then backward
transition rates serve as a proxy for the number of past transitions. However, forward and
backward transition rates do not describe the inter-temporal dependency structure of two
successive jump events, so they are unsuitable for the calculation of second-order moments
or for dealing with path-dependent insurance cash-flows as they occur upon contract
modifications. For this reason, this paper introduces two-dimensional forward and backward
transition rates and explains their use in life insurance calculations.

The research on forward transition rates originally emerged from the desire to calculate
market values for life insurance liabilities. Miltersen and Persson [MP05] suggested to define
mortality rates implicitly in such a way that the classical actuarial formulas reproduce
market values instead of real-world expectations. They denoted these implicit mortality
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rates as forward mortality rates, inspired by the concept of forward interest rates from
financial mathematics. Norberg [Nor10] developed generalizations of the forward concept to
multi-state life insurance but observed that the implicit definitions are lacking uniqueness.
Christiansen and Niemeyer [CN15] observed that the implicit definitions often do not have
any solution at all. So it turned out that the implicit concept has serious limitations.
Buchardt, Furrer and Steffensen [BFS19] suggested to overcome these limitations by
introducing additional artificial states, but their concept is restricted to insurance contracts
that have sojourn payments only and no transition payments.

Buchardt [Buc17] discarded the implicit concept and presented an explicit definition that
works for a doubly stochastic Markov framework. Buchardt actually drifts away from
market-consistent valuation but without clearly mentioning.

Christiansen [Chr21] discovered that Buchardt’s approach can be extended to a general
recipe for calculating real-world expectations in fully non-Markovian life insurance frame-
works. Christiansen and Furrer [CF22] enriched this non-Markov concept with a change
of measure technique that makes it possible to deal also with path-dependent insurance
payments. To put it into a nutshell, we find two divergent concepts of forward transition
rates in the actuarial literature. First, there is the implicit concept which aims to repro-
duce market values, first suggested by Miltersen and Persson [MP05] and taken on by
numerous further authors. Second, there are the explicit definitions of Buchardt [Buc17],
Christiansen [Chr21], and Christiansen and Furrer [CF22] that put the focus back on
real-world expectations and use forward transition rates as a tool to cope with complex
inter-temporal dependency structures in life insurance models. This paper follows the
second line of thought.

The change of measure technique in Christiansen and Furrer [CF22] transfers the complexity
of path-dependent insurance cash-flows to auxiliary probabilistic models. This way the
forward transition rates may stay one-dimensional, but each insurance cash-flow needs
another probabilistic model. Our aim is to have one probabilistic model only, and we achieve
that by expanding the concept of forward transition rates to two dimensions. The price for
having just one probabilistic model is an increased numerical effort that comes with the
extra dimension. So the approach of Christiansen and Furrer [CF22] is beneficial when many
scenarios are calculated for one and the same cash-flow, whereas the results of this paper
are favorable when many different cash-flows ought to be calculated.

One-dimensional forward transition rates are designed as a tool for calculating expectations.
Our two-dimensional concept can be used as a tool for calculating second-order moments.
The calculation of second-order moments in classical Markov models was first outlined in
Hoem [Hoe69]. Helwich [Hel08] presents general formulas for the calculation of variances
in semi-Markov models.

Calculation formulas for second-order moments in fully non-Markovian models do not exist
yet in the literature. By introducing two-dimensional forward and backward transition
rates we help to close that gap.

Markov modeling has a long tradition in life insurance. The classical concept to model
the random pattern of states of the insured as a Markov process has been extended to
semi-Markov modeling and further sophisticated Markov structures by numerous authors.

26



2.2 Life insurance modeling framework

The problem with any kind of Markov assumptions is that they come with model risk, while
at the same time there is a lack of tools for quantifying the model error. This motivates
the search for non-Markovian calculation techniques, and this paper is a major step into
that direction.

The paper is structured as follows: Section 2.2 introduces the fundamental life insurance
modeling framework. Section 2.3 introduces the definition of two-dimensional forward and
backward transitions rates and develops a corresponding integral equation that generalizes
Kolmogorov’s forward equation. For the latter integral equation Section 2.4 verifies the
uniqueness of solutions. Section 2.5 then turns to the main purpose of two-dimensional
forward and backward transitions rates, namely the calculation of certain conditional
moments. In Section 2.6 we explain the calculation of conditional variances. Section 2.7
illustrates the calculation of path-dependent cash-flows. Section 2.8 concludes and gives
an outlook on open research questions.

2.2 Life insurance modeling framework

Let (Ω, A,P) be a probability space with a filtration F = (Ft)t≥0. We consider an individual
life insurance contract and describe the status of the individual insured by an adapted
càdlàg jump process

Z = (Z(t))t≥0

on a finite state space Z. Additionally, we set Z0− := Z0. Throughout this paper we
assume that we are currently at time s ≥ 0. So the time interval [0, s] represents to
the past and the present, and the time interval (s, ∞) represents the future. The real
number s ≥ 0 is arbitrary but fixed. Based on Z we define state indicator processes (Ii)i∈Z
by

Ii(t) := 1{Z(t)=i}, t ≥ 0,

and transition counting processes (Nij)i,j∈Z:i ̸=j by

Nij(t) := #{u ∈ (0, t] : Z(u−) = i, Z(u) = j}, t ≥ 0.

We generally assume that

E[Nij(t)] < ∞, t ≥ 0 , i, j ∈ Z, i ̸= j, (2.2.1)

which in particular implies that Z has almost surely no explosions. Let

Nii(t) := −
∑︂
j∈Z
j ̸=i

(Nij(t) − Nij(s)), t > s,

Nii(t) := −
∑︂
j∈Z
j ̸=i

(Nji(t) − Nji(s)), t ≤ s.
(2.2.2)
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This construction is made so that Nii(t) satisfies

dNii(t) = −
∑︂
j∈Z
j ̸=i

dNij(t), t > s,

dNii(t) = −
∑︂
j∈Z
j ̸=i

dNji(t), t ≤ s,

and is càdlàg everywhere. Definition (2.2.2) and many further definitions following below
involve a case differentiation between t > s and t ≤ s. As time s is fixed, we omit it in
the notation, but one should keep in mind the dependence of many of our definitions on
the parameter s. The following equations show a useful direct link between the processes
(Nij)i,j∈Z and (Ii)i∈Z :

Ii(t) = Ii(s) +
∑︂
j∈Z

∫︂
(s,t]

Nji(du), t ≥ s, i ∈ Z, (2.2.3)

and

Ii(t) = Ii(s) +
∑︂
j∈Z

∫︂
(t,s]

Nij(du), s ≥ t, i ∈ Z. (2.2.4)

The latter integrals and all following integrals in this paper are meant as path-wise
Lebesgue-Stieltjes integrals.

The sigma-algebra Fs represents the available information at time s. In insurance practice,
the insurer often uses a reduced information set Gs for actuarial evaluations. In this paper
we generally assume that

σ(Z(s)) ⊆ Gs ⊆ Fs. (2.2.5)

The special case Gs = σ(Z(s)) is known as the as-if Markov model, since it uses information
of Markov-type only. The choice of Gs can be influenced by many factors. Some of these
are listed here:

• By cutting down the information used, one can reduce the complexity of numerical
calculations.

• A lack of data for statistical inference may make it necessary to simplify the informa-
tion model.

• For some actuarial tasks it is sufficient to study mean portfolio values only, and then
it is convenient to minimize the individual information.

• Anti-discrimination regulation may be a limiting factor for the use of information,
such as unisex calculation.

• Data privacy regulation can restrict the information that the insurer actually gathers
and stores. For example, the General Data Protection Regulation of the European
Union gives individuals considerable control and rights over their personal data.
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Let B be the insurance cash-flow of the individual life insurance contract, here assumed to
be an adapted càdlàg process with paths of finite variation. We assume that the insurance
contract has a maximum contract horizon of T , which means that

B(dt) = 0, t > T.

Throughout this paper we assume that

0 ≤ s ≤ T < ∞.

Let κ be a càdlàg function that describes the value development of a savings account. We
assume that κ is strictly positive so that the corresponding discounting function 1/κ exists.
The random variable

Y + :=
∫︂

(s,T ]

κ(s)
κ(u)B(du) (2.2.6)

describes the discounted accumulated future cash-flow seen from time s, and the random
variable

Y − :=
∫︂

[0,s]

κ(s)
κ(u)B(du) (2.2.7)

is the compounded accumulated past cash-flow. In order to ensure integrability, we generally
assume that 1/κ(·) is bounded on [0, T ].

Classical Markov modeling focuses on benefit payment functions that may depend on
current states or current jumps of the insured but not on past random events. This
means that B is supposed to have a so-called one-dimensional canonical representa-
tion.

Definition 2.2.1.
A stochastic process A is said to have a one-dimensional canonical representation if there
exist real-valued functions (Ai)i on [0, ∞) that generate finite signed measures Ai(du) and
there exist measurable and bounded real functions (aij)ij:i ̸=j such that

A(t) =
∑︂
i∈Z

∫︂
[0,t]

Ii(u−)Ai(du) +
∑︂
i,jZ
i ̸=j

∫︂
[0,t]

aij(u)Nij(du), t ≥ 0. (2.2.8)

Insurance cash-flows that involve contract modifications, such as a free policy option, can
not be brought into the form (2.2.8). For this reason we need to allow for more complex
structures.

Definition 2.2.2.
A stochastic process A is said to have a two-dimensional canonical representation if there
exist real-valued functions (Ai)i on [0, ∞) that generate finite signed measures Ai(du1),
real-valued functions (Aij)ij on [0, ∞)2 that generate finite signed measures Aij(du1, du2),
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Chapter 2 Two-dimensional forward and backward transition rates

and measurable and bounded real-valued functions (aikl)ikl:k ̸=l, (aijkl)ijkl:i ̸=j,k ̸=l on [0, ∞)2

such that

A(t) =
∑︂

i,j∈Z

∫︂
[0,t]2

Ii(u−
1 )Ij(u−

2 )Aij(du1, du2)

+
∑︂

i,k,l∈Z
k ̸=l

∫︂
[0,t]2

Ii(u−
1 )aikl(u1, u2)Ai(du1)Nkl(du2)

+
∑︂

i,j,k,l∈Z
i ̸=j,k ̸=l

∫︂
[0,t]2

aijkl(u1, u2)Nij(du1)Nkl(du2), t1, t2 ≥ 0.

(2.2.9)

Example 2.2.3.
Suppose that B is an insurance cash flow that has a one-dimensional canonical representa-
tion with respect to suitable functions (Bi)i and (bij)ij:i ̸=j . Then the squared process B2

has a two-dimensional canonical representation:

B2(t) =
∑︂

i,j∈Z

∫︂
[0,t]2

Ii(u−
1 )Ij(u−

2 )Bi(du1)Bj(du2)

+
∑︂

i,k,l∈Z
k ̸=l

∫︂
[0,t]2

2Ii(u−
1 )bkl(u2)Bi(du1)Nkl(du2)

+
∑︂

i,j,k,l∈Z
i ̸=j,k ̸=l

∫︂
[0,t]2

bij(u1)bkl(u2)Nij(du1)Nkl(du2), t ≥ 0.

(2.2.10)

In order to see this, use integration by parts according to Proposition 2.A.2 and Fubini’s
theorem.

Example 2.2.4.
Suppose that Z = S × {0, 1}, where the elements of S describe the health status of the
individual insured and {0, 1} indicates whether the policyholder has exercised a free policy
option. We assume here that the free policy option can be exercised only once and that
the policy cannot move back to a premium-paying status. Let τ be the random time where
the free policy option is actually exercised, i.e. τ gives the time where Z moves from the
set S0 := S × {0} to the set S1 := S × {1}. At time τ the insurance payment scheme is
re-scaled by a factor ρ(τ, Zτ− , Zτ ) in order to maintain actuarial equivalence, cf. [CF22].
So, by writing C for the insurance payment scheme, the insurance cash-flow B equals

B(t) =
∫︂

[0,t]

ρ(τ, Zτ− , Zτ )1{τ≤u}C(du).

We assume that C has a finite horizon of T . For the sake of simplicity, let

1{τ=u}C(du) = 0, ∀i ∈ Z, (2.2.11)
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2.2 Life insurance modeling framework

almost surely, so that we almost surely have no lump sum payments at time τ . Suppose
that the payment scheme C has a one-dimensional canonical representation with respect
to suitable functions (Ci)i and (cij)ij:i ̸=j . The cash-flow B can be decomposed to

B(t) =
∫︂

[0,t]

1{u<τ}C(du) +
∫︂

[0,t]

1{u≥τ}ρ(τ, Zτ− , Zτ )C(du). (2.2.12)

We will now analyze both integrals separately. Beginning with the first one, we have∫︂
[0,t]

1{u<τ}C(du) =
∑︂
i∈S0

∫︂
[0,t]

1{u<τ}Ii(u−)Ci(du) +
∑︂

i,j∈S0
i ̸=j

∫︂
[0,t]

1{u<τ}cij(u)Nij(du)

since 1{u<τ}Ii(u−) = 0 and 1{u<τ}Nij(du) = 0 for all (i, j) ̸∈ S2
0 . Because of (2.2.11)

and the fact that 1{u≤τ}Ii(u−) = Ii(u−) and 1{u<τ}Nij(du) = Nij(du) for i, j ∈ S0, we
furthermore get∫︂

[0,t]

1{u<τ}C(du) =
∑︂
i∈S0

∫︂
[0,t]

Ii(u−)Ci(du) +
∑︂

i,j∈S0
i ̸=j

∫︂
[0,t]

cij(u)Nij(du)

almost surely. So the insurance cash-flow prior to τ almost surely has a one-dimensional
canonical representation. Since τ is the unique jump time of the counting process∑︁

k∈S0

∑︁
l∈S1 Nkl, by using assumption (2.2.11) the second integral in (2.2.12) can be

almost surely transformed to∫︂
[0,t]

1{u≥τ}ρ(τ, Zτ− , Zτ )C(du)

=
∑︂

k∈S0

∑︂
l∈S1

∫︂
[0,t]2

1{u1≥u2}ρ(u2, k, l)C(du1)Nkl(du2)

=
∑︂

k∈S0

∑︂
i,l∈S1

∫︂
[0,t]2

Ii(u−
1 )ρ(u2, k, l)Ci(du1)Nkl(du2)

+
∑︂

k∈S0

∑︂
i,j,l∈S1

i ̸=j

∫︂
[0,t]2

ρ(u2, k, l)cij(u1)Nij(du1)Nkl(du2).

So, at and after time τ the insurance cash-flow almost surely has a two-dimensional
canonical representation. All in all, we obtain for the insurance cash-flow B the almost
sure representation

B(t) =
∑︂
i∈S0

∫︂
[0,t]

Ii(u−)Ci(du) +
∑︂

k,l∈S0
k ̸=l

∫︂
[0,t]

ckl(u)Nkl(du)

+
∑︂

k∈S0

∑︂
i,l∈S1

∫︂
[0,t]2

Ii(u−
1 )ρ(u2, k, l)Ci(du1)Nkl(du2)

+
∑︂

k∈S0

∑︂
i,j,l∈S1

i ̸=j

∫︂
[0,t]2

ρ(u2, k, l)cij(u1)Nij(du1)Nkl(du2), t ≥ 0.

(2.2.13)
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Chapter 2 Two-dimensional forward and backward transition rates

2.3 Two-dimensional transition rates

This section generalizes the forward and backward transition rates of [Chr21] from one
dimension to two dimensions. We still suppose that we are currently at time s and
have the information Gs available. As the parameter s is fixed we omit in the nota-
tion.

Let Pi = (Pi(t))t≥0 and Qij = (Qij(t))t≥0 for i, j ∈ Z be the almost surely unique càdlàg
processes that satisfy

Pi(t) = E[Ii(t)|Gs],
Qij(t) = E[Nij(t)|Gs].

As we already mentioned after definition (2.2.2), the process Nii is càdlàg. Let Pik =
(Pik(t1, t2))t1,t2≥0 and Qijkl = (Qijkl(t1, t2))t1,t2≥0 for i, j, k, l ∈ Z be the almost surely
unique random surfaces that are càdlàg in each variable and satisfy

Pik(t1, t2) = E[Ii(t1)Ik(t2)|Gs],
Qijkl(t1, t2) = E[Nij(t1)Nkl(t2)|Gs].

In order to find suitable modifications of the conditional expectations so that the processes
have the postulated càdlàg path properties, one can calculate the conditional expectations
on the basis of a fixed regular conditional distribution P( · |Gs). Then the càdlàg path
properties follow directly from the càdlàg path properties of (Ii)i and (Nij)ij and the
dominated convergence theorem. The càdlàg path properties imply that the processes
Pi, Qij and the surfaces Pik, Qijkl are uniquely given by their values at rational time points
only, which are countably many, so the whole processes and surfaces are almost surely
unique.

In the following the superscript ’±’ is a short notation for

f(u±) :=
{︄

f(u−) : u > s,

f(u) : u ≤ s.

Moreover, for the sake of brief formulas, we introduce the processes

P̃ij(u) :=
{︄

Pi(u) : u > s,

Pj(u) : u ≤ s,

and

P̃ijkl(u1, u2) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Pik(u1, u2) : u1, u2 > s,

Pjk(u1, u2) : u1 ≤ s, u2 > s,

Pil(u1, u2) : u1 > s, u2 ≤ s,

Pjl(u1, u2) : u1, u2 ≤ s.
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2.3 Two-dimensional transition rates

Definition 2.3.1.
For i, j ∈ Z let the stochastic process (Λij(t))t≥0 be defined by

Λij(t) =
∫︂

(s∧t,s∨t]

1{P̃ij(u±)>0}

P̃ij(u±)
Qij(du), (2.3.1)

and for i, j, k, l ∈ Z let the random surface (Λijkl(t1, t2))t1,t2≥0 be defined by

Λijkl(t1, t2) =
∫︂

(s∧t1,s∨t1]×(s∧t2,s∨t2]

1{P̃ijkl(u±
1 ,u±

2 )>0}

P̃ijkl(u±
1 , u±

2 )
Qijkl(du1, du2). (2.3.2)

In case of t1, t2 > s we denote Λij(dt1) as (one-dimensional) forward transition rate and
Λijkl(dt1, dt2) as two-dimensional forward transition rate. In case of t1, t2 ≤ s we call them
backward transition rates. In order to ensure existence of (2.3.1) and (2.3.2) we generally
assume that ∫︂

[0,t]

1{P̃ij(t±)>0}

P̃ij(t±)
Qij(dt) < ∞, t ≥ 0,

∫︂
[0,t]2

1{P̃ijkl(t±
1 ,t±

2 )>0}

P̃ijkl(t±
1 , t±

2 )
Qijkl(dt1, dt2) < ∞, t ≥ 0,

(2.3.3)

almost surely for all i, j, k, l ∈ Z. According to [Chr21] it holds that

Pi(t) = Ii(s) +
∑︂
j∈Z

∫︂
(s∧t,s∨t]

Pj(u±)Λ̃ji(du), t ≥ 0, (2.3.4)

for all i ∈ Z, where

Λ̃ij(u) :=
{︄

Λij(u) : u > s,

Λji(u) : u ≤ s.

This is a generalization of Kolmogorov’s forward equation to non-Markov models.

Remark 2.3.2.
We introduce u± as it allows us to use forward calculation for t > s and backward
calculation for t ≤ s. Consider the case t > s, where u± = u−. Then Definition 2.3.1
implies

Pi(t) =
∑︂
j∈Z
j ̸=i

Pj(t−)∆Λji(t) − Pi(t−)
(︂∑︂

j∈Z
j ̸=i

∆Λij(t) − 1
)︂
,
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Chapter 2 Two-dimensional forward and backward transition rates

when ∆Λ = Λ(t) − Λ(t−) contains the jump-discontinuities of Λ. Which allows us to obtain
Pi(t), i ∈ Z, from Pi(t−), i ∈ Z. If we replaced Definition 2.3.1 by

Λij(t) =
∫︂

(s,t]

1{P̃j(u)>0}

P̃j(u)
Qij(du), t > s, (2.3.5)

then we would get

Pi(t) =
Pi(t−) −

∑︁
j∈Z
j ̸=i

Pj(t)∆Λij(t)

1 −
∑︁

j∈Z
j ̸=i

∆Λji(t)
, t > s.

which fails as a forward formula in case that∑︂
j∈Z
j ̸=i

∆Λji(t) = 1.

This case can occur for example when semi-Markov effects are modeled by state space
expansions as in [Ams68]. If we replaced Definition 2.3.1 by

Λij(t) =
∫︂

(s,t]

1{P̃i(u)>0}

P̃i(u)
Qij(du), t < s,

then Theorem 6.3 in [Chr21] fails. In the case t < s analogous problems occur. Our
definition allows us to do backward calculation on [0, s].

We now extend (2.3.4) from one to two dimensions.

Theorem 2.3.3.
The processes (Pik)i,k∈Z , (Λijkl)i,j,k,l∈Z ,(Pi)i∈Z and (Λij)i,j∈Z almost surely satisfy the
equation

Pik(t1, t2) = Ii(s)Ik(s) + Ik(s)
∫︂

(s∧t1,s∨t1]

∑︂
j∈Z

Pj(u±)Λ̃ji(du)

+ Ii(s)
∫︂

(s∧t2,s∨t2]

∑︂
l∈Z

Pl(u±)Λ̃lk(du)

+
∫︂

(s∧t1,s∨t1]×(s∧t2,s∨t2]

∑︂
j,l∈Z

Pjl(u±
1 , u±

2 )Λ̃jilk(du1, du2)

(2.3.6)

for t1, t2 ≥ 0 and i, k ∈ Z, where

Λ̃ijkl(u1, u2) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Λijkl(u1, u2) u1, u2 > s

Λjikl(u1, u2) u1 ≤ s, u2 > s

Λijlk(u1, u2) u1 > s, u2 ≤ s

Λjilk(u1, u2) u1, u2 ≤ s.
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2.3 Two-dimensional transition rates

Proof. We show the proof for the case t1, t2 > s only. For the other cases the proof is
similar. Let Pω(·) be a regular version of the conditional distribution P(·|Gs) and let
Eω[·] be the Lebesgue-Stieltjes integral of the argument with respect to the integrator
Pω. By applying Campbell’s theorem, see Section 2.A.1, and Fubini’s theorem, we get for
(a, b], (c, d] ⊂ [s, ∞) and almost all ω ∈ Ω

∫︂
(a,b]×(c,d]

1{Pik(u−
1 ,u−

2 )(ω)>0}Qijkl(d(u1, u2))(ω)

= Eω

⎡⎢⎣ ∫︂
(a,b]×(c,d]

1{Pik(u−
1 ,u−

2 )(ω)>0}Nij(du1)Nkl(du2)

⎤⎥⎦
= Eω

⎡⎢⎣ ∫︂
(a,b]×(c,d]

Ii(u−
1 )Ik(u−

2 )Nij(du1)Nkl(du2)

⎤⎥⎦
=

∫︂
(a,b]×(c,d]

Qijkl(d(u1, u2))(ω) (2.3.7)

since Pik(u−
1 , u−

2 )(ω) = 0 implies Ii(u−
1 )Ik(u−

2 ) = 0 Pω(·)-almost surely and
Ii(u−

1 )Nij(du1) = Nij(du1). By applying (2.2.3), we get for t1, t2 ≥ s and i, k ∈ Z

Pik(t1, t2) = E[Ii(t1)Ik(t2)|Gs]

= E
[︂
Ii(s)Ik(s)

⃓⃓⃓
Gs

]︂
+ E

[︂
Ik(s)

∫︂
(s,t1]

∑︂
j∈Z

Nji(dt)
⃓⃓⃓
Gs

]︂

+ E
[︂
Ii(s)

∫︂
(s,t2]

∑︂
l∈Z

Nlk(dt)
⃓⃓⃓
Gs

]︂

+ E
[︂ ∑︂

j,l∈Z

∫︂
(s,t1]×(s,t2]

Nji(dt1)Nlk(dt2)
⃓⃓⃓
Gs

]︂
.

By using the assumption (2.2.5), the definition of (Qijkl)ijkl, the definition of (Qij)i,j ,
Fubini’s theorem, and Campbell’s theorem, we can conclude that

Pik(t1, t2) = Ii(s)Ik(s) + Ik(s)
∫︂

(s,t1]

∑︂
j∈Z

Qji(du) + Ii(s)
∫︂

(s,t2]

∑︂
l∈Z

Qlk(du)

+
∑︂

j,l∈Z

∫︂
(s,t1]×(s,t2]

Qjilk(du1, du2)

almost surely. The assertion follows now from (2.3.2) and (2.3.7).

Remark 2.3.4.
The integral equation (2.3.6) can be solved in different ways. For example one could use an
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Chapter 2 Two-dimensional forward and backward transition rates

Figure 2.1: Sketch of an algorithm to calculate Pik(t1, t2).

algorithm similar to Finite Element methods. The idea is to use a simple box integration
method to approximate the integral on small sub-rectangles of (s, T ] × (s, T ]. Let t1, t2, ...
be a partition of (s, T ] we use the following approximation procedure:∫︂

(ti,ti+1]×(tj ,tj+1]

f(x, y)G(dx, dy) ≈ f(ti, tj)
∫︂

(ti,ti+1]×(tj ,tj+1]

G(dx, dy).

This leaves us with the following formula:

Pik(tq, tp)

≈ Ii(s)Ik(s) + Ik(s)
∑︂
j∈Z

q−1∑︂
n=0

Pj(tn)Λji((tn, tn+1]) + Ii(s)
∑︂
l∈Z

p−1∑︂
m̃=0

Pl(tm)Λlk((tm, tm+1])

+
∑︂

j,l∈Z

p−1∑︂
m=0

q−1∑︂
n=0

Pjl(tn, tm)Λjilk((tn, tn+1] × (tm, tm+1]),

under the conventions Λij((a, b]) :=
∫︁

(a,b] Λij(dx), and Λijkl((a, b] × (c, d]) :=∫︁
(a,b]×(c,d] Λijkl(dx, dy). Combining this with an analogous procedure for the one-

dimensional case, we obtain a recursion scheme.
We first calculate the points on the red lines in Figure 2.1 from the center to the edge.
Then we calculate every point on the yellow line from left to right and proceed with the
same notion for the points above. The reason this works is that the calculation of every
point only depends on Points in the bottom left rectangle of the point, see the green
rectangle for reference. This allows us to approximate Pik on all the grid points, and then
we approximate Pik on the whole rectangle.
For an empirical Λ as a pure jump process, the approximation of the integral is exact, and
our algorithm calculates Pij , i, j ∈ Z accurately on the whole square.
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2.4 Uniqueness of solutions of the integral equations

Equation (2.3.4) is commonly used for the calculation of the state occupation probabilities
(Pi)i from given one-dimensional transition rates. Likewise, equation (2.3.6) may be used
in order to calculate the two-dimensional state occupation probabilities (Pik)ik from the
one-dimensional and two-dimensional transition rates, but it is crucial then that (Pik)ik is
the only solution.

Theorem 2.4.1.
There exists an almost surely unique solution (Pi)i, (Pik)ik to the stochastic integral
equation system formed by equations (2.3.4) and (2.3.6).

Proof. The existence of a solution follows from Theorem 2.3.3, so it remains to show that
the solution is almost surely unique. As the equations (2.3.4) and (2.3.6) are almost surely
path-wise integral equations, in the remaining proof we identify without loss of generality
all stochastic processes and random surfaces with just one of their paths. These paths
have to be chosen such that (2.3.3) holds.

We show the proof for the case t1, t2 > s only. For the other cases the proof is similar. We
are going to use a fixed-point argument. For any choice of T ∈ (s, ∞), the set

BV
|Z|

2 :=
{︂

f : [s, T ] × [s, T ] → R|Z|2
⃓⃓⃓

there exist finite signed measures µik

with fik(x, y) = µik([s, x] × [s, y]), x, y ∈ [s, T ] × [s, T ]
}︂

is a linear space. The Hahn-Jordan decomposition offers for any finite signed measure a
unique decomposition into a difference of two finite measures, and this decomposition can
be furthermore used to decompose also any f ∈ BV

|Z|
2 into a difference f = f+ − f− of

non-negative mappings f+, f− ∈ BV
|Z|

2 . Based on this unique construction of f+ and f−,
we then define |f | := f+ + f−. By equipping BV

|Z|
2 with the norm

∥(fik)i,k∈Z∥ :=
∑︂

i,k∈Z

∫︂
[s,T ]×[s,T ]

|fik|(dt1, dt2) +
∑︂

i,k∈Z
|fik(s, s)|

we obtain a metric space. On this metric space, we define an operator O : BV
|Z|

2 → BV
|Z|

2
as follows:

(O((fjl)j,l∈Z))ik (t1, t2) : =
∑︂

j,l∈Z

∫︂
(s,t1]×(s,t2]

fjl(u−
1 , u−

2 )Λjilk(du1, du2)

for t1, t2 ∈ [s, T ]. We want this operator to be a contraction, but unfortunately this is not
true, so we need to replace our norm for BV

|Z|
2 by another equivalent norm. Let

ν(t1, t2) := 4
∑︂

i,j,k,l∈Z
i ̸=j
k ̸=l

Λijkl(t1, t2), t1, t2 ∈ [s, T ].
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Because of assumption (2.3.3), each Λijkl, i ̸= j, k ̸= l, has an associated measure µΛijkl

that is almost surely finite on [s, T ]2. Hence, there exists a finite measure µ that satisfies

ν(t1, t2) = µ([s, t1] × [s, t2]), t1, t2 ∈ [s, T ]. (2.4.1)

We moreover define

ν1(u) : = µ([s, u] × [s, T ]),
ν2(u) : = µ([s, T ] × [s, u]), u ∈ [s, T ],

which are càdlàg by construction. For each K ∈ (0, ∞) the mapping ∥ · ∥K defined by

∥(fij)i,j∈Z∥K :=
∑︂

i,j∈Z

∫︂
[s,T ]×[s,T ]

e−K(ν1(u1)+ν2(u2))|fij |(du1, du2) +
∑︂

i,k∈Z
|fik(s, s)|

is a norm on BV
|Z|

2 that is equivalent to the norm ∥ · ∥. This construction of ∥ · ∥K is
inspired by [Chr10] but is here extended to the two-dimensional case. For any f ∈ BV

|Z|
2 ,

(a, b] × (c, d] ⊂ [s, T ] × [s, T ] and k, i ∈ Z, the definitions of operator O and the two-
dimensional transition rates (Λijkl)i,j,k,l∈Z in conjunction with the triangle inequality yield
that ∫︂

(a,b]×(c,d]

|O(f)ik|(du1, du2) ≤
∑︂
l:l ̸=k
j:j ̸=i

(︃ ∫︂
(a,b]×(c,d]

|fjl(u−
1 , u−

2 )|Λjilk(du1, du2)

+
∫︂

(a,b]×(c,d]

|fjk(u−
1 , u−

2 )|Λjikl(du1, du2)

+
∫︂

(a,b]×(c,d]

|fil(u−
1 , u−

2 )|Λijlk(du1, du2)

+
∫︂

(a,b]×(c,d]

|fik(u−
1 , u−

2 )|Λijkl(du1, du2)
)︃

.

Summation over i, k and a reordering of some of the resulting sums lead to the inequality∑︂
i,k

∫︂
(a,b]×(c,d]

|O(f)ik|(du1, du2) ≤ 4
∑︂

i,j,k,l
i ̸=j,k ̸=l

∫︂
(a,b]×(c,d]

|fik(u−
1 , u−

2 )|Λijkl(du1, du2)

≤ 4
∑︂
i,k

∫︂
(a,b]×(c,d]

|fik(u−
1 , u−

2 )| ν(du1, du2).

Suppose now that f(s, s) is zero. Then it holds that
∑︂
i,k

∫︂
(a,b]×(c,d]

|O(f)ik|(du1, du2) ≤ 4
∑︂
k,i

∫︂
(a,b]×(c,d]

∫︂
[s,u1)×[s,u2)

|fik|(dr1, dr2) ν(dt1, dt2).
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As a consequence, the norm ∥ · ∥K of O(f) has an upper bound of

∥O(f)∥K =
∑︂
i,k

∫︂
[s,T ]×[s,T ]

e−K(ν1(u1)+ν2(u2))|O(f)ik|(du1, du2)

≤
∑︂
i,k

∫︂
[s,T ]×[s,T ]

e−K(ν1(u1)+ν2(u2))
∫︂

[s,u1)×[s,u2)

|fik|(dr1, dr2) ν(du1, du2)

=
∑︂
i,k

∫︂
[s,T ]×[s,T ]

∫︂
(r1,T ]×(r2,T ]

e−K(ν1(u1)+ν2(u2))ν(du1, du2))|fik|(dr1, dr2),

(2.4.2)

where the last equality uses Fubini’s theorem. Moreover, for arbitrary but fixed u1, u2 ∈
[s, T ] let

ν̃(r1, r2) := µ((u1, r1] × (u2, r2])
µ((u1, T ] × (u2, T ]) , r1 ∈ (u1, T ], r2 ∈ (u2, T ],

for the same µ is in equation (2.4.1). Without loss of generality we assume that µ((u1, T ] ×
(u2, T ]) > 0. Otherwise the conclusion that we want to draw is trivial. Then

ν̃1(r1) := ν̃(r1, T ),
ν̃2(r2) := ν̃(T, r2), (r1, r2) ∈ (u1, T ] × (u2, T ],

correspond to cumulative distribution functions. Let C := ν̃(u1, u2) > 0 and let (A, B) be
a random vector that has ν̃ as its two-dimensional cumulative distribution function. Then,
by applying Sklar’s theorem, see e.g. Theorem 2.3.3 in [Nel06], we can show that∫︂

(u1,T ]×(u2,T ]

e−K(ν1(r1)+ν2(r2))ν(dr1, dr2)

≤ Ce−K(ν1(u1)+ν2(u2)
∫︂

(u1,T ]×(u2,T ]

e−CK(ν̃1(r1)+ν̃2(r2))ν̃(dr1, dr2)

= Ce−K(ν1(u1)+ν2(u2) E
[︂
e−CK(ν̃1(ν̃−1

1 (U))+ν̃2(ν̃−1
2 (V )))

]︂
(2.4.3)

for a suitable random vector (U, V ) whose components are uniformly distributed on (0, 1)
and such that (A, B) and (ν̃−1

1 (U), ν̃−1
2 (V )) have the same distribution. Note here that the

copula of (U, V ) may be non-trivial. The inverse functions ν̃−1
1 and ν̃−1

2 are here defined
as ν̃−1

n (t) := inf{x : ν̃n(x) ≥ t}, n = 1, 2 for t ∈ (0, 1). Since ν̃1(ν̃−1
1 (t)) ≥ t for t ∈ (0, 1),

see e.g. Theorem 3.1 in [Sho00], the inequality (2.4.3) has an upper bound of∫︂
(u1,T ]×(u2,T ]

e−K(ν1(r1)+ν2(r2))ν(dr1, dr2) ≤ Ce−K(ν1(u1)+ν2(u2) E
[︂
e−CK(U+V )

]︂
.

By applying Theorem 10.6.4 in [KGJD02], we can show that the latter expectation has an
upper bound of

E
[︂
e−CK(U+V )

]︂
≤ E

[︂
e−CK(2U)

]︂
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Chapter 2 Two-dimensional forward and backward transition rates

since x ↦→ exp{−CKx} is a convex function. As U is uniformly distributed on (0, 1), we
moreover have

E
[︂
e−CK(2U)

]︂
=
∫︂

(0,1)

e−CK(2u)du

= 1
2KC

(︂
1 − e−2KC

)︂
≤ 1

2KC
.

We set K = 1. Then, all in all we can conclude that the inequality (2.4.2) has an upper
bound of

∥O(f)∥K ≤ 1
2K

∑︂
i,k

∫︂
[s,T ]×[s,T ]

e−K(ν1(u1)+ν2(u2))|fik|(du1, du2)

= 1
2∥f∥K

whenever f(s, s) equals zero. Suppose now that we have two solutions R = (Pik)ik and
R′ = (P ′

ik)ik of (2.3.6) for given (Pi)i. Then R−R′ ∈ BV
|Z|

2 is a fixed point of the operator
O and (R − R′)(s, s) is zero. So we have

∥R − R′∥K ≤ 1
2∥R − R′∥K ,

which necessarily implies that R − R′ is zero on [s, T ] × [s, T ]. In an analogous way it is
possible to proof R = R′ also on the three rectangles [0, s]2, [0, s] × (s, T ] and (s, T ] × [0, s].
Since T ∈ (s, ∞) was arbitrary, we can expand the uniqueness property to infinity.

With the same ideas that we used in this proof, one can also show the uniqueness of a
solution (Pi)i∈Z of (2.3.4) with respect to (Λij)i,j∈Z . The one-dimensional case is actually
even simpler. The equation system formed by equations (2.3.4) and (2.3.6) can then have
only one solution (Pi)i, (Pik)ik. This completes the proof.

2.5 Conditional expectations of canonical representations

According to [Chr21], for any stochastic process A that has a one-dimensional canonical
representation of the form (2.2.8), it holds that

E
[︃ ∫︂

(s,T ]

A(dt)
⃓⃓⃓⃓
Gs

]︃
=
∑︂
i∈Z

∫︂
(s,T ]

Pi(t−)Ai(dt) +
∑︂

i,j∈Z
i ̸=j

∫︂
(s,T ]

aij(t)Pi(t−)Λij(dt) (2.5.1)

and

E
[︃ ∫︂

[0,s]

A(dt)
⃓⃓⃓⃓
Gs

]︃
=
∑︂
i∈Z

∫︂
[0,s]

Pi(t−)Ai(dt) +
∑︂

i,j∈Z
i ̸=j

∫︂
[0,s]

aij(t)Pj(t)Λij(dt) (2.5.2)
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2.5 Conditional expectations of canonical representations

almost surely. These formulas are classical in the life insurance literature in case that
Z is a Markov process, and the recent contribution of [Chr21] was to show that Markov
assumptions are actually not needed here. The formulas (2.5.1) and (2.5.2) are used in
life insurance for the calculation of prospective and retrospective reserves at time s. They
are typically applied as follows: For given one-dimensional transition rates, calculate
the corresponding one-dimensional state occupation probabilities by solving (2.3.4), and
then solve the integrals in (2.5.1) and (2.5.2) in order to obtain the desired conditional
expectations. The solving usually happens numerically.

The following three propositions will allow us to generalize (2.5.1) and (2.5.2) to stochas-
tic processes A that have a two-dimensional canonical representation according to
(2.2.9).

Proposition 2.5.1.
Let Aij , i, j ∈ Z, be a real-valued function on [0, ∞)2 that generates a finite signed measure.
Then we almost surely have

E
[︃ ∫︂

[0,T ]2

Ii(u−
1 )Ij(u−

2 )Aij(du1, du2)
⃓⃓⃓⃓
Gs

]︃
=

∫︂
[0,T ]2

Pij(u−
1 , u−

2 )Aij(du1, du2).

Proof. The assertion follows from Fubini’s theorem.

Proposition 2.5.2.
Let Ai, i ∈ Z, be a real-valued function on [0, ∞) that generates a finite signed measure,
and let aikl, i, k, l ∈ Z, k ̸= l, be a measurable and bounded real-valued function on [0, ∞)2.
Then we almost surely have

E
[︃ ∫︂

[0,s]×[0,T ]

Ii(u−
1 )aikl(u1, u2)Ai(du1)Nkl(du2)

⃓⃓⃓⃓
Gs

]︃

= Ii(s)
∫︂

[0,s]×[0,T ]

aikl(u1, u2)Ai(du1)P̃kl(u±
2 )Λkl(du2)

+
∑︂
j∈Z

∫︂
[0,s]

∫︂
[0,T ]×[u1,s]

aikl(u1, u2)P̃klij(u±
2 , u3)Λklij(du2, du3)Ai(du1)

and

E
[︃ ∫︂

(s,T ]×[0,T ]

Ii(u−
1 )aikl(u1, u2)Ai(du1)Nkl(du2)

⃓⃓⃓⃓
Gs

]︃

= Ii(s)
∫︂

(s,T ]×[0,T ]

aikl(u1, u2)Ai(du1)P̃kl(u±
2 )Λkl(du2)

+
∑︂
j∈Z

∫︂
(s,T ]

∫︂
[0,T ]×(s,u1)

aikl(u1, u2)P̃klji(u±
2 , u−

3 )Λklji(du2, du3)Ai(du1).
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Chapter 2 Two-dimensional forward and backward transition rates

Proof. From (2.2.3), (2.2.4) we get

Ii(t−) = Ii(s) +
∫︂

W (t)

∑︂
j∈Z

N
W (t)
ji (du)

for W (t) := (s, t) in case of t > s and W (t) := [t, s] in case of t ≤ s and N
[t,s]
ij (t) := Nji(t)

and N
(s,t)
ij (t) := Nij(t). This equation and assumption (2.2.5) imply for D ∈ {[0, s], (s, T ]}

the equation

E
[︃ ∫︂

D×[0,T ]

Ii(u−
1 )aikl(u1, u2)Ai(du1)Nkl(du2)

⃓⃓⃓⃓
Gs

]︃

= E
[︃ ∫︂

D×[0,T ]

Ii(s)aikl(u1, u2)Ai(du1)Nkl(du2)
⃓⃓⃓⃓
Gs

]︃

+
∑︂
j∈Z

E
[︃ ∫︂

D

∫︂
[0,T ]×W (u1)

aikl(u1, u2)Nkl(du2)NW (u1)
ji (du3)Ai(du1)

⃓⃓⃓⃓
Gs

]︃
.

Now apply Fubini’s theorem and Campbell’s theorem in order to obtain

E
[︂ ∫︂
D×[0,T ]

Ii(u−
1 )aikl(u1, u2)Ai(du1)Nkl(du2)

⃓⃓⃓
Gs

]︂

=
∫︂

D×[0,T ]

Ii(s)aikl(u1, u2)Ai(du1)Qkl(du2)

+
∫︂
D

∫︂
[0,T ]×W (u1)

aikl(u1, u2)QW (u1)
klji (du2, du3)Ai(du1),

for Q
[0,s]
klji (t1, t2) = Qklij(t1, t2) and Q

(s,T ]
klji (t1, t2) = Qklji(t1, t2). Finally, use the equations

Qkl(du2) = P̃kl(u±
2 )Λkl(du2),

Qklij(du2, du3) = P̃klij(u±
2 , u±

3 )Λklij(du2, du3),

which follow from the definitions (2.3.1) and (2.3.2).

Proposition 2.5.3.
Let aijkl, i, j, k, l ∈ Z, i ̸= j, k ̸= l, be a measurable and bounded real-valued function on
[0, ∞)2. Then we almost surely have

E
[︃ ∫︂

[0,T ]2

aijkl(u1, u2)Nij(du1)Nkl(du2)
⃓⃓⃓⃓
Gs

]︃

=
∫︂

[0,T ]2

aijkl(u1, u2)P̃ijkl(u±
1 , u±

2 )Λijkl(du1, du2).
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Proof. The result follows directly from Campbell’s theorem and (2.3.2).

Corollary 2.5.4.
Suppose that A is a stochastic process that has a two-dimensional canonical representation
according to (2.2.9). Then we almost surely have

E
[︃ ∫︂

[0,T ]2

A(du1, du2)
⃓⃓⃓⃓
Gs

]︃

=
∑︂

i,j∈Z

∫︂
[0,T ]2

Pij(u−
1 , u−

2 )Aij(du1, du2)

+
∑︂
i,k,l
k ̸=l

Ii(s)
∫︂

[0,T ]2

aikl(u1, u2)Ai(du1)P̃kl(u±
2 )Λkl(du2)

+
∑︂

i,j,k,l
k ̸=l

∫︂
[0,s]

∫︂
[0,T ]×[u1,s]

aikl(u1, u2)P̃klij(u±
2 , u3)Λklij(du2, du3)Ai(du1)

+
∑︂

i,j,k,l
k ̸=l

∫︂
(s,T ]

∫︂
[0,T ]×(s,u1)

aikl(u1, u2)P̃klji(u±
2 , u−

3 )Λklji(du2, du3)Ai(du1)

+
∑︂

i,j,k,l
i ̸=j,k ̸=l

∫︂
[0,T ]2

aijkl(u1, u2)P̃ijkl(u±
1 , u±

2 )Λijkl(du1, du2).

(2.5.3)

From formula 2.5.3 we can immediately obtain general expressions for the expected values
of discounted future liabilities as well as the pure expected values. The discounting needs
to be included in the functions Aij , Ai, aikl, and aijkl.

In insurance practice, formula 2.5.3 may be used as follows: For given one-dimensional
and two-dimensional transition rates, calculate the corresponding one-dimensional and
two-dimensional state occupation probabilities by solving (2.3.4) and (2.3.6). Then solve
the integrals in (2.5.3) in order to obtain the desired conditional expectation.

2.6 Conditional variance of the future liabilities

We still think of s as an arbitrary but fixed parameter and omit this parameter in the
notation. The discounted accumulated future payments Y + according to definition (2.2.6)
are usually not measurable with respect to Gs, so actuaries use the so-called prospective
reserve at time s

V + := E[Y +|Gs] (2.6.1)
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Chapter 2 Two-dimensional forward and backward transition rates

as a proxy for Y +. In order to quantify the dispersion of the approximation error Y + −V +,
the actuary is also interested in the conditional variance

Var[Y +|Gs] : = E[(Y +)2|Gs] − (E[Y +|Gs])2. (2.6.2)

This section discusses the calculation of V + and

S+ := E[(Y +)2|Gs], (2.6.3)

from which we can then get the conditional variance as

Var[Y +|Gs] = S+ − (V +)2.

Our results here are limited to insurance cash-flows B that have a one-dimensional canonical
representation,

B(t) =
∑︂

i

∫︂
[0,t]

Ii(u−)Bi(du) +
∑︂

i,j:j ̸=i

∫︂
[0,t]

bij(u)Nij(du), t ≥ 0. (2.6.4)

From (2.2.6) and (2.5.1) we almost surely obtain

V + =
∑︂
i∈Z

∫︂
(s,T ]

κ(s)
κ(t) Pi(t−)Bi(dt) +

∑︂
i,j∈Z

i ̸=j

∫︂
(s,T ]

κ(s)
κ(t) bij(t)Pi(t−)Λij(dt).

This formula and equation (2.3.4) allow us to calculate V + from given one-dimensional
transition rates (Λij(t))t>s, i, j ∈ Z.

We now turn to the calculation of S+. Analogously to (2.2.10), one can show
that

(Y +)2 =
∑︂

i,j∈Z

∫︂
(s,T ]2

2κ(s)2

κ(u1)κ(u2)Ii(u−
1 )Ij(u−

2 )Bi(du1)Bj(du2)

+
∑︂

i,j,k∈Z
j ̸=k

∫︂
(s,T ]2

2κ(s)2

κ(u1)κ(u2)Ii(u−
1 )bjk(u2)Bi(du1)Njk(du2)

+
∑︂

i,j,k,l∈Z
i ̸=j,k ̸=l

∫︂
(s,T ]2

2κ(s)2

κ(u1)κ(u2)bij(u1)bkl(u2)Nij(du1)Nkl(du2).

By using definition (2.6.3), interchanging
∫︁

(s,T ]2 and
∫︁

[0,T ]2 1(s,T ]2 , and applying Corollary
2.5.4, we obtain that

S+ =
∑︂

i,j∈Z

∫︂
(s,T ]2

2κ(s)2

κ(u1)κ(u2)Pij(u−
1 , u−

2 )Bi(du1)Bj(du2)

+
∑︂

i,k,l∈Z
k ̸=l

Ii(s)
∫︂

(s,T ]2

2κ(s)2

κ(u1)κ(u2)bkl(u2)Pk(u−
2 )Bi(du1)Λkl(du2)
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2.7 Prospective and retrospective reserve for a path-dependent cash-flow

+
∑︂

i,j,k,l∈Z
k ̸=l

∫︂
(s,T ]

∫︂
(s,T ]×(s,u1)

2κ(s)2

κ(u1)κ(u2)bkl(u2)Pkj(u−
2 , u−

3 )Λklji(du2, du3)Bi(du1)

+
∑︂

i,j,k,l∈Z
i ̸=j,k ̸=l

∫︂
(s,T ]2

2κ(s)2

κ(u1)κ(u2)bij(u1)bkl(u2)Pik(u−
1 , u−

2 )Λijkl(du1, du2)

almost surely. This formula and the equations (2.3.4) and (2.3.6) allow us to cal-
culate S+ from given transition rates (Λij(t))t∈(s,T ] and (Λijkl(t))t∈(s,T ]2 , i, j, k, l ∈
Z.

For the conditional expectation and the conditional variance of Y − we can obtain a similar
result. We leave these analogous calculations to the reader.

2.7 Prospective and retrospective reserve for a path-dependent
cash-flow

This section continues with Example 2.2.4. Recall that (2.6.1) is the so-called prospective
reserve at time s. The retrospective reserve at time s is defined as

V − := E[Y −|Gs] (2.7.1)

for Y − defined by (2.2.7). Analogously to (2.2.13) one can show that

Y − =
∑︂
i∈S0

∫︂
[0,s]

κ(s)
κ(u)Ii(u−)Ci(du) +

∑︂
k,l∈S0

k ̸=l

∫︂
[0,s]

κ(s)
κ(u)ckl(u)Nkl(du)

+
∑︂

k∈S0

∑︂
i,l∈S1

∫︂
[0,s]2

κ(s)
κ(u1)Ii(u−

1 )ρ(u2, k, l)Ci(du1)Nkl(du2)

+
∑︂

k∈S0

∑︂
i,j,l∈S1

i ̸=j

∫︂
[0,s]2

κ(s)
κ(u1)ρ(u2, k, l)cij(u1)Nij(du1)Nkl(du2).

By using (2.5.2), interchanging
∫︁

[0,s] and
∫︁

[0,T ] 1[0,s], interchanging
∫︁

[0,s]2 and
∫︁

[0,T ]2 1[0,s]2 ,
and applying Corollary 2.5.4, we can conclude that

V − =
∑︂
i∈S0

∫︂
[0,s]

κ(s)
κ(u)Pi(u−)Ci(du) +

∑︂
k,l∈S0

k ̸=l

∫︂
[0,s]

κ(s)
κ(u)ckl(u)Pl(u)Λkl(du)

+
∑︂

k∈S0

∑︂
l,i∈S1

Ii(s)
∫︂

[0,s]2

κ(s)
κ(u1)ρ(u2, k, l)Pl(u2)Ci(du1)Λkl(du2)

+
∑︂

k∈S0

∑︂
l,i∈S1

∑︂
j∈Z

∫︂
[0,s]

∫︂
[0,s]×[u1,s]

κ(s)
κ(u1)ρ(u2, k, l)Plj(u2, u3)Λklij(du2, du3)Ci(du1)
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+
∑︂

k∈S0

∑︂
l,i,j∈S1

i ̸=j

∫︂
[0,s]2

κ(s)
κ(u1)ρ(u2, k, l)cij(u1)Pjl(u1, u2)Λijkl(du1, du2)

almost surely. This formula and the equations (2.3.4) and (2.3.6) allow us to calculate V −

from given transition rates (Λij(t))t≤s and (Λijkl(t))t≤s, i, j, k, l ∈ Z.

By arguing analogously to (2.2.13), one can moreover show that the discounted future
liabilities Y + have the representation

Y + =
∑︂
i∈S0

∫︂
(s,T ]

κ(s)
κ(u)Ii(u−)Ci(du) +

∑︂
k,l∈S0

k ̸=l

∫︂
(s,T ]

κ(s)
κ(u)ckl(u)Nkl(du)

+
∑︂

k∈S0

∑︂
i,l∈S1

∫︂
(s,T ]×[0,T ]

κ(s)
κ(u1)Ii(u−

1 )ρ(u2, k, l)Ci(du1)Nkl(du2)

+
∑︂

k∈S0

∑︂
i,j,l∈S1

i ̸=j

∫︂
(s,T ]×[0,T ]

κ(s)
κ(u1)ρ(u2, k, l)cij(u1)Nij(du1)Nkl(du2).

By applying (2.5.1), interchanging
∫︁

(s,T ] and
∫︁

[0,T ] 1(s,T ], interchanging
∫︁

(s,T ]×[0,T ] and∫︁
[0,T ]2 1(s,T ]×[0,T ], and applying Corollary 2.5.4, we almost surely get

V + =
∑︂
i∈S0

∫︂
(s,T ]

κ(s)
κ(u)Pi(u−)Ci(du) +

∑︂
i,j∈S0

i ̸=j

∫︂
(s,T ]

κ(s)
κ(u)cij(u)Pi(u−)Λij(du)

+
∑︂

k∈S0

∑︂
l,i∈S1

Ii(s)
∫︂

(s,T ]×[0,T ]

κ(s)
κ(u1)ρ(u2, k, l)P̃kl(u±

2 )Ci(du1)Λkl(du2)

+
∑︂

k∈S0

∑︂
l,i∈S1

∑︂
j∈Z

∫︂
(s,T ]

∫︂
[0,T ]×(s,u1)

κ(s)
κ(u1)ρ(u2, l, k)P̃klji(u±

2 , u−
3 )Λklji(du2, du3)Ci(du1)

+
∑︂

k∈S0

∑︂
l,i,j∈S1

i ̸=j

∫︂
(s,T ]×[0,T ]

κ(s)
κ(u1)ρ(u2, k, l)cij(u1)P̃ijkl(u−

1 , u±
2 )Λijkl(du1, du2).

This formula and the equations (2.3.4) and (2.3.6) allow us to calculate V − from given
transition rates Λij and Λijkl, i, j, k, l ∈ Z.

2.8 Conclusion and outlook

So far, the non-Markov calculation technique of Christiansen [Chr21] has been limited to the
calculation of first-order moments. By introducing two-dimensional forward and backward
transition rates, we make second-order moments accessible as well. The two-dimensional
rates capture intertemporal dependency structures that the one-dimensional rates miss. In
order to calculate also third-order or even higher-order moments, one may envision further
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extensions of the forward and backward transition rate concept to three dimensions or
even higher dimensions. Such extensions are beyond the scope of this paper and left for
future research.

Intertemporal dependency structures play a major role when life insurance cash-flows
are path-dependent. Such path dependencies occur for example upon contract modifi-
cations. We illustrated how two-dimensional forward and backward transition rates are
of help here for actuarial calculations by studying insurance policies with free policy
option.

The non-Markov approach exchanges systematic model risk for unsystematic estimation
risk. The latter risk has much nicer asymptotic properties. For the one-dimensional
case, the landmark Nelson-Aalen estimator of Putter and Spitoni [PS18] can be suitably
adapted, see [Chr21]. The idea is to use sub-sampling, so in order to achieve a small
estimation error the information model Gs should be rather small. A positive example
is the as-if Markov model, which records only the current state of the insured. For the
two-dimensional case, efficient generalizations of the landmark Nelson-Aalen estimator
have yet to be explored.
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2.A Appendix

Theorem 2.A.1. Campbell theorem
Let η be a point process on (Rd,B(Rd)) with intensity measure λ and let u : Rd → R be a
measurable function. Then ∫︂

u(x)η(dx)

is a random variable and

E
[︃ ∫︂

u(x)η(dx)
]︃

=
∫︂

u(x)λ(dx),

whenever u ≥ 0 or
∫︁

|u(x)|λ(dx) < ∞.

For the proof see section 2.2 in [LP17].

Proposition 2.A.2. integration by parts
Suppose that (F (t))t≥0 and (G(t))t≥0 are real-valued càdlàg processes with paths of finite
variation. Then∫︂

(a,b]

F (x)dG(x) = F (b)G(b) − F (a)G(a) −
∫︂

(a,b]

G(x−)dF (x)
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for (a, b] ⊂ (0, ∞).

Proof. For the proof see Corollary 2 following Theorem 22 in [Pro05].
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Chapter 3

On the estimation of bivariate conditional
transition rates

Abstract

Recent literature has found conditional transition rates to be a useful tool for avoiding
Markov assumptions in multi-state models. While the estimation of univariate conditional
transition rates has been extensively studied, the intertemporal dependencies captured in
the bivariate conditional transition rates still require a consistent estimator. We provide
an estimator that is suitable for censored data and emphasize the connection to the rich
theory of the estimation of bivariate survival functions. Bivariate conditional transition
rates are necessary for various applications in the survival context but especially in the
calculation of moments in life insurance mathematics.

Keywords: bivariate survivor function; censoring; non-Markov models; non-parametric
estimation; life & health insurance; free policy option

3.1 Introduction

In survival statistics, the Kaplan-Meier estimator, as seen in Kaplan and Meier [KM58], is
widely used to obtain non-parametric estimation of survival functions for various modeling
purposes when censoring is involved. This applies to various scenarios, such as life insurance
modeling, time to machine failure, or the time to illness after the application of medicine.
However, this estimator can only take into account a single event and therefore cannot
capture dependencies between different events included in the data. Consequently, its
suitability for analyzing data sets, particularly those arising from genetic epidemiological
studies, for disease events of family members, or other similar dependencies, is limited.
Many different estimators have been proposed to fill this gap. Dabrowska [Dab88] uses two-
dimensional product integrals to estimate the bivariate survival function, whilst Prentice
and Cai [PC92] employ Volterra integral equation techniques to connect the covariance
function and the marginal survivor functions with the bivariate survivor function. Van Der
Laan [Laa96] uses non-parametric maximum likelihood estimation, and recently, Prentice
and Zhao [PZ18] extended the work of Dabrowska with a recursive formula for arbitrary
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numbers of failure times. Gill [Gil93] gives a reason why there are so many different
estimators: the fact that in two and higher dimensions there are different ways to get from
one point in the two-dimensional plane to another point in the two-dimensional plane.
Another important concept in survival analysis is the notion of recurrent events used
to study recurring episodes of infection or hospitalization. This is often modeled by
introducing multi-state models, described by Hougaard [Hou00], which are mostly based on
modeling with Markov assumptions. In these models, estimators often target cumulative
intensity processes which provide insight into the expected number of upcoming transitions.
These estimators are now known as the Nelson-Aalen estimator for transition rates and the
Aalen-Johansen estimator of transition probabilities, see Aalen [Aal78] and Borgan [Bor05].
Datta and Satten [DS01] discovered that the Nelson-Aalen and Aalen-Johansen estimators
remain consistent on data that does not follow the Markov assumption. The use case
for multi-state models without the Markov assumption, referred to here as non-Markov
models, has been showcased by Putter and Spitoni in [PS18]. Their simulation studies
demonstrate that, in some instances, Markov estimation introduces a bias when the data
does not follow the Markov assumption. In this case, there is a favorable bias-variance
trade-off when using the landmark Nelson-Aalen and Aalen-Johansen estimators, which
target transition rates and probabilities of a non-Markov model.
However, transition rates and transition probabilities do not hold full information about
the distribution of these state processes without the Markov assumption, as they do
not capture the temporal inter-dependencies between consecutive jump events, necessary,
for example, for calculating variances or higher moments. To fill this gap, Bathke and
Christiansen [BC24] have recently proposed a novel framework involving bivariate transition
rates but without suitable non-parametric estimators. This paper aims to address the
lack of estimation procedures for general bivariate intensity rates. We demonstrate the
relationship to the estimation of bivariate survival functions, particularly the works of
Dabrowska [Dab88] and Prentice and Cai [PC92]. Our aim is to construct a landmark
estimator, demonstrate its consistency through almost sure uniform convergence, and show
applicability. Uniform convergence is a widely accepted method for understanding the
asymptotic properties of estimators, as demonstrated by Shorack and Wellner [SW09].
Asymptotic normality of the estimators is out of the scope of this paper, see the work of
Bathke and Furrer [BF24a] for further work on that problem.
Bivariate rates have another important application apart from being used for classical
survival analysis applications. They are also key for the calculation of life insurance
premiums or reserves of insurance contracts with special payment functions in non-Markov
models. This is important because life insurance calculation is generally done in Markov or
semi-Markov models, which introduce systematic model risk. Insurance cash flows typically
include transition payments from one state to another, as well as sojourn payments for
remaining in the corresponding state. Transition payments can be modeled using jump
processes, while sojourn payments can be modeled using indicator functions. Guibert
and Planchet [GP18] were able to estimate reserves in a general non-Markov multi-state
model for sojourn payments. Christiansen [Chr21] extended this to reserves of insurance
cash flows with both transition and sojourn payments, using path-independent payment
functions. He showed that the consistency properties of the estimators can be transferred to
reserve estimation. Our contribution is to show that our bivariate estimators of transition
rates and probabilities can be used to estimate reserves for specific path-dependent cash
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flows and second moments of future liabilities, which are important for many types of risk
analysis. This is illustrated by a numerical example, presenting the estimation technique.
The paper is structured as follows. In Section 3.2 the general multi-state modeling
framework is introduced, here we connect jump processes and indicator processes. In
Section 3.3 we introduce our bivariate notation. Section 3.4 introduces the definition of
bivariate conditional rates and the corresponding integral equations, which will be connected
to bivariate Peano-series. Section 3.5 focuses on estimating the bivariate conditional rates
using a bivariate landmark Nelson-Aalen estimator, as well as the bivariate transition
probabilities using the bivariate landmark Aalen-Johansen estimator. In this Section,
we introduce Theorem 3.5.10 which is the main contribution of this paper. Section 3.6
demonstrates how these estimators can be utilized to form estimators for cumulative
expected values of general cash flows with inter-dependencies between two time points in
the context of life insurance. Section 3.7 introduces a numerical example, where the set up
we introduce in Section 3.6 is used to form estimators for expected future cash flows in the
case of scaled payments in life insurance.

3.2 Multi-state modeling framework

Let (Ω, A,P) be a probability space with a filtration F = (Ft)t≥0. We consider an individual
with the state-process

Z = (Z(t))t≥0,

which describes the current state that the individual is in. This process is modeled as
an adapted càdlàg jump process on a finite state space Z. When modeling these objects,
we want to be able to describe past, present, and future developments. Thus, we assume
that we are currently at time s ≥ 0. So the time interval [0, s] represents the past and the
present, and the time interval (s, ∞) represents the future. This time point s is arbitrary
but fixed throughout this paper. Based on Z we define additional processes, first the state
indicator processes (Ii)i∈Z by

Ii(t) := 1{Z(t)=i}, t ≥ 0,

and second the transition counting processes (Nij)i,j∈Z:i ̸=j by

Nij(t) := #{u ∈ (0, t] : Z(u−) = i, Z(u) = j}, t ≥ 0.

We generally assume that

E[Nij(t)2] < ∞, t ≥ 0 , i, j ∈ Z, i ̸= j, (3.2.1)

which in particular implies that Z has almost surely no explosions. Let

Nii(t) := −
∑︂

j:j ̸=i

(Nij(t) − Nij(s)), t > s i ∈ Z. (3.2.2)
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This construction is done so that we can use the abbreviation

dNii(t) = −
∑︂

j:j ̸=i

dNij(t), t > s, i ∈ Z.

Definition (3.2.2) and many other following definitions are only defined for t > s. For
retrospective modeling, this restriction can be removed if necessary, see Bathke and
Christiansen [BC24] for these extensions of the basic theory. Since time s is fixed, we omit
it in the notation, but one should keep in mind the dependence of many of our definitions
on the parameter s. The following equation shows a useful direct link between the processes
(Nij)i,j∈Z and (Ii)i∈Z :

Ii(t) = Ii(s) +
∑︂
j∈Z

∫︂
(s,t]

Nji(du), t ≥ s, i ∈ Z. (3.2.3)

The latter integral and all following integrals in this paper are meant as path-
wise Lebesgue-Stieltjes integrals, which in the case of (3.2.3) only exists almost
surely.

The sigma algebra Fs represents the information available at time s. In practice, we often use
a reduced information set Gs = σ(ξ) for evaluations, which is generated by a discrete random
variable ξ. For general two-dimensional computations we assume

σ(Z(s)) ⊆ Gs ⊆ Fs. (3.2.4)

This assumption is needed for calculating bivariate conditional transition rates and bivariate
transition probabilities in the general non-Markov model, see Bathke and Christiansen
[BC24].
The special case Gs = σ(Z(s)) is known as the as-if Markov model, since we use only data
that would have been used in the Markov model as well. The choice of Gs can be influenced
by many factors. Some of these are listed below:

• Numerical complexity,

• Lack of data,

• Regulatory requirements.

Currently, Markov modeling is widely used in practice. Therefore, most of the available
data is of Markov type. Thus, the natural extension would be the as-if Markov model,
as it combines classical Markov information with a non-Markov model. In addition, the
numerical complexity increases whenever we work with a broader information model. We
therefore focus on an estimation procedure that conditions on discrete random variables,
which includes the as-if Markov model because #Z < ∞.
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3.3 Notation

For two-dimensional variables, definitions of processes and integrals, we use t = (t1, t2),
f(u−) = f(u−

1 , u−
2 ) for a bivariate upper continuous function f that has uniform lower

limits, and f(du) = f(du1, du2) for a two-variable function f with finite two-dimensional
total variation, see the Appendix Definition 3.A.5 for the definition of the total variation
used in this paper. In addition, we use partial ordering on R2, meaning that x ≤ y if and
only if x1 ≤ y1 and x2 ≤ y2. We extend this notation so that x can be set into relation
with a one-dimensional constant. For example, x ≤ y iff x1 ≤ y and x2 ≤ y. Consequently,
(s, t] is a two-dimensional rectangle that is open at the bottom and the left boundaries
and closed at the top and right boundaries with the corner points (s, s) and (t1, t2). Apart
from two-dimensional variables, we use various indices to model different jumps at different
times. For this we introduce the two-dimensional indices i = (i1, i2).

3.4 Conditional transition rates

This section introduces the conditional transition rates of Christiansen [Chr21] and Bathke
and Christiansen [BC24]. We assume that we are currently at time s and have the
information Gs = σ(ξ) available, where ξ is a discrete random variable called the landmark.
Since the parameter s is fixed, we omit it in the notation

Let Pz,i = (Pz,i(t))t>s and Qz,ij = (Qz,ij(t))t>s for i, j ∈ Z be the almost surely unique
càdlàg paths that satisfy

Pz,i(t) = E[Ii(t)|ξ = z],
Qz,ij(t) = E[Nij(t)|ξ = z].

Let P z,i = (P z,i(t))t1,t2>s and Qz,ij = (Qz,ij(t))t1,t2>s for i, j ∈ Z2 be the almost surely
unique surfaces that are càdlàg in each variable and satisfy

P z,i(t) = E[Ii1(t1)Ii2(t2)|ξ = z],
Qz,ij(t) = E[Ni1j1(t1)Ni2j2(t2)|ξ = z],

for all these definitions refer to a regular conditional probability P(·|ξ = z). These functions
are almost surely unique because the càdlàg property ensures a almost surely unique
definition by their values at rational times, which are countably many.

Remark 3.4.1.
Following Section 3.2, ξ = Z(s) is a natural example of a landmark, as seen for example in
the as-if Markov model. In this case, z ∈ Z. But the landmark can also include discrete
external landmarks such as gender. So, in general, z need not to be in Z. The fact that
the landmark ξ is discrete is important for the landmarking ideas we use in this paper.
See Bladt and Furrer [BF24b] for an approach to conditioning on continuous information.
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Definition 3.4.2.
For i, j ∈ Z and t ∈ (s, ∞) let the function (Λz,ij(t))t≥s be defined by

Λz,ij(t) =
∫︂

(s,t]

1{Pz,i(u−)>0}

Pz,i(u−) Qz,ij(du), (3.4.1)

and for i, j ∈ Z2 and t ∈ (s, ∞)2 let the function (Λz,ij(t))t≥s be defined by

Λz,ij(t) =
∫︂

(s,t]

1{P z,i(u−)>0}

P z,i(u−) Qz,ij(du), (3.4.2)

where we use the convention 0
0 := 0.

In case of t > s and t > s we denote Λz,ij(dt) as (univariate) conditional transition rate
and Λz,ij(dt) as bivariate conditional transition rate. In order to ensure existence of (3.4.1)
and (3.4.2) we generally assume that

Λz,ij(t) < ∞, t ≥ s,

Λz,ij(t) < ∞, t ≥ s,
(3.4.3)

almost surely for all i, j ∈ Z, i, j ∈ Z2. According to Christiansen [Chr21] it holds
that

Pz,i(t) = Pz,i(s) +
∑︂
j∈Z

∫︂
(s,t]

Pz,j(u−)Λz,ji(du), t ≥ s (3.4.4)

for all i ∈ Z. This is equivalent to the product integral

Pz(t) = Pz(s) R
(s,t]

(Id + Λz(du)), t > s.

This is a generalization of Kolmogorov’s forward equation to non-Markov models. Bathke
and Christiansen [BC24] extended this result to bivariate conditional transition rates with
the integral equation

P z,i(t) = P z,i(s) + Pz,i2(s) (Pz,i1(t1) − Pz,i1(s)) + Pz,i1(s) (Pz,i2(t2) − Pz,i2(s))

+
∫︂

(s,t]

∑︂
j∈Z2

P z,j(u−)Λz,ji(du), (3.4.5)

for t ≥ s and i = (i1, i2) ∈ Z2.

These integral equations are similar to the inhomogeneous Volterra equations found in the
survival setting, see Prentice and Cai [PC92].
It should be noted here that these processes depend on the current time s, which is omitted
only for the sake of conciseness.
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3.5 Bivariate conditional Nelson-Aalen and Aalen-Johansen
estimation

We begin this section with the general non-parametric estimation setup, which is similar
to the non-Markov setup in Christiansen [Chr21]. The non-parametric approach of this
paper is deeply rooted in the fact that many practitioners, for example in the German
actuarial community, use purely non-parametric estimators. Moreover, the non-parametric
approach can be used as a preview to better calibrate parametric models. First, we present
the general estimation setup.
For the rest of this paper we assume that we are observing n ∈ N individu-
als:

(Z1(t))t∈[0,R1], . . . , (Zn(t))t∈[0,Rn],

where Rm, m ∈ N≤n is the right censoring time of the data. The additional process Nm
ij

and the random variable ξm define the counting process and the information of the m-th
observed individual. For the following estimators and the convergence results of these
estimators, we make some key assumptions about our data.

Assumption 3.5.1.

a) All observations (Zi, Ri)i≤n are independent and identically distributed.

b) R1 is stochastically independent of (Z1(t))t≥s and ξ1 and almost surely greater than
s.

It means that we assume that ξm is not affected by censoring. That is, it is observable in
the data at time s for all individuals.

Remark 3.5.2.
The estimation model could be defined exactly as in Christiansen [Chr21], but we think
that left censoring and weaker conditions on right censoring are not worth the notational
overhead. One main application of censoring or truncation in the actuarial context in
Section 3.6 is that the portfolio of insured, and thus the data we use for estimation, is not
fully closed, so we have data that may be right censored but is rarely left censored.

Remark 3.5.3.
There are many other approaches to the modelling of censoring than the one we present in
this paper. There is the example of inverse probability of censoring weighting methods,
which allow for additional dependency between the jump process and the censoring
mechanism. This in turn requires a parametric censoring model, which distinguishes their
approach from our fully non-parametric one, as already mentioned by Bladt and Furrer in
[BF24b]. In addition, current work on IPCW methods in multi-state models uses a simpler
setup, see the work of Mostajabi and Datta [MD13] and Siriwardhana, Kulasekera and
Datta [SKD18].
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We continue with a short introduction to the univariate landmark Nelson-Aalen and
Aalen-Johansen estimators, see Aalen [Aal78], Christiansen [Chr21], and Bladt and Furrer
[BF24b] for reference.
Let R be a random variable that describes the right censoring and ξ the random variable
that generates the information Gs. This allows us to define the expected value of the
observable censored jump processes and indicator processes.

P c
z,j(t) := E[1{Zt=j}1{t<R}1{ξ=z}],

Qc
z,jk(t) := E[Njk(t ∧ R)1{ξ=z}],

for j, k ∈ Z and t > s. This in turn allows us to define censored transition rates
as

Λc
z,jk(t) :=

∫︂
(s,t]

1{P c
z,j(u−)>0}

P c
z,j(u−) Qc

z,jk(du),

for j, k ∈ Z and t > s.
All of these processes depend on the index z which takes values in the image of ξ. For
this approach to give comprehensible information, the random variable ξ must only take
a finite number of values. This is the reason why this approach only works for a finite
information space.
One of the reasons for using transition rates in Markov and non-Markov modeling is the
following equality. If we take a time τ such that P(τ ≤ R) > 0, we get

Λz,jk(t) = Λc
z,jk(t),

for j, k ∈ Z and t ∈ (s, τ ], see for example the ideas used by Glidden [Gli02] or Christiansen
[Chr21] in the proof of Theorem 7.3. This means that the censoring does not affect the
conditional transition rates as long as t < τ .
Estimating processes such as Λz,jk(t) is generally challenging, since one might divide by
zero. Bladt and Furrer [BF24b] use what they call a perturbation of Λz,jk(t). Applying their
idea onto the univariate conditional transition rates leaves us with

Λ(ϵ)
z,jk(t) :=

∫︂
(s,t]

1
P c

z,j(u−) ∨ ϵ
Qc

z,jk(du),

P (ϵ)
z (t) := Pz(s) R

(s,t]
(Id + Λ(ϵ)

z (du)),

for j, k ∈ Z, t > s and ϵ > 0. The parameter ϵ will be used as the perturbation factor
for the rest of this paper. The next step is to define the corresponding estimators for the
univariate conditional transition rates and probabilities.

I
(n)
z,j (t) := 1

n

n∑︂
m=1

1{ξm=z}1{t≤Rm}1{Zm
t =j},

N
(n)
z,jk(t) := 1

n

n∑︂
m=1

1{ξm=z}Nm
jk(t ∧ Rm)
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Λ(n,ϵ)
z,jk (t) :=

∫︂
(s,t]

1
I

(n)
z,j (u−) ∨ ϵ

N
(n)
z,jk(du),

P (n,ϵ)
z (t) := P (n)

z (s) R
(s,t]

(Id + Λ(n,ϵ)
z (du)),

where P
(n)
z (s) :=

(︄
I

(n)
z,j (s)∑︁
i

I
(n)
z,i (s)

)︄
j∈Z

, j, k ∈ Z, and ϵ > 0.

The next step is to use these ideas for the estimation of bivariate conditional transition
rates.

Definition 3.5.4.
For t = (t1, t2) ∈ (s, ∞)2, and i = (i1, i2), j = (j1, j2) ∈ Z2 we want to estimate expected
values of the censored jump processes and indicator processes:

P c
z,i(t) := E[Ii1(t1)Ii2(t2)1{t<R}1{ξ=z}],

Qc
z,ij(t) := E[Ni1j1(t1 ∧ R)Ni2j2(t2 ∧ R)1{ξ=z}],

and the corresponding bivariate conditional transition rates:

Λc
z,ij(t) :=

∫︂
(s,t]

1{P c
z,i(u−)>0}

P c
z,i(u−) Qc

z,ij(du).

Again, R is a random variable which describes right censoring for the state process.

One of the reasons for using conditional transition rates in the univariate setting is the fact
that they are effective even on censored data. This is one of the main reasons for using
transition rates in both Markov and non-Markov models. The following lemma captures
this feature in the bivariate situation.

Lemma 3.5.5.
Bivariate censored conditional transition rates satisfy the equation

Λz,ij(t) = Λc
z,ij(t),

for t ∈ (s, T ]2 and i, j ∈ Z2, if P(t ≤ R) > 0.

Proof. For i, j ∈ Z2, we use Campbell’s theorem (3.A.3), the law of iterated expectation,
and Assumption 3.5.1:

Qc
z,ij(du) = E[1{ξ=z}1{u≤R}Ni1j1(du1)Ni2j2(du2)]

= E[1{ξ=z}E[1{u≤R}|(Zt)t≥s]Ni1j1(du1)Ni2j2(du2)]
= P(ξ = z)E[1{u≤R}]E[Ni1j1(du1)Ni2j2(du2)|ξ = z]
= P(ξ = z)P(u ≤ R)Qz,ij(du),
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and with similar calculations

P c
z,i(u−) = P z,i(u−)P(ξ = z)P(u ≤ R).

If P(u ≤ R) > 0 and u > s, we can plug these equations into the definition of Λc
ij(t) and

the factor P(ξ = z)P(u ≤ R) cancels out. In the case that P(ξ = z) = 0 this statement is
still true, because then Λc

ij(t) is equal to 0 due to the previous calculations and Λij(t) is
equal to 0 due to the convention 0

0 = 0. Thus, we get the desired equation.

We can conclude that for the estimation of Λz,ij(t), an estimator for Λc
z,ij(t) works well, if

t < τ where we define the endpoint τ to be a time-point that satisfies

P(τ ≤ R) > 0.

In the rest of this paper, we always assume that τ satisfies this condition and is greater
than s. In practice, τ can be understood as the right endpoint of the data window, we
are able to observe and is mostly predetermined by the application. We have difficulties
estimating a process like Λc

z,ij(t) in the case that P c
z,i(u−) is close to 0. There are different

strategies to circumvent this problem. See for example IV.1.2 from Andersen, Borgan
and Gill [And+93] where they use assumptions on the behaviour of jump processes to
circumvent this problem. For the estimation of bivariate survival functions this gets solved
by the fact that P c(u−) goes to zero monotonically as u goes to infinity, which does not
generally happen in a multi-state model. We use the perturbation idea of Bladt and Furrer
[BF24b], which we adapt from the univariate case. This corresponds to the new process
Λ(ϵ)

z,ij(t) with

Λ(ϵ)
z,ij(t) :=

∫︂
(s,t]

1
P c

z,i(u−) ∨ ϵ
Qc

z,ij(du),

for ϵ > 0, i, j ∈ Z2 and t > s. This Λ(ϵ)
z,ij(t) is estimated as a replacement for Λz,ij(t).

In practice, the use of Λ(ϵ)
z,ij is hardly a problem for two reasons. First, in the proof of

Theorem 3.5.10, we see that

Λz,ij(t) = lim
ϵ→∞

Λ(ϵ)
z,ij(t),

which means that we get arbitrarily close to the unperturbed conditional transition rates.
Second, for practical calculations and estimates, we generally use discretisation of our
conditional transition rates and probabilities, i.e. a discretisation in the time and value
axis. This means that the only way to get infinitely close to zero is to make a jump to
zero. These jumps to zero are not a problem if ϵ is taken to be smaller than the smallest
jump. See Bladt and Furrer [BF24b] example after Definition 2.4 for similar reasoning in
the case of perturbation of the univariate conditional transition rates. Furthermore, in
practice a complete convergence of transition probabilities to zero can be stopped anyway
by a forced transition of states. Examples of this are transitions to annuity at certain
ages. In implementation, this leads to forced transitions, for example, into the state "dead"
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3.5 Bivariate conditional Nelson-Aalen and Aalen-Johansen estimation

or "retired". These forced transitions prevent the different transition probabilities from
converging to zero. So in practice we usually get

Λz,ij(t) = Λ(ϵ)
z,ij(t)

for t ∈ (s, τ ], i, j ∈ Z2, and a fixed ϵ > 0. We start by defining the estimators for the
expected value of censored jump processes and indicator processes.

I
(n)
z,i (t) := 1

n

n∑︂
m=1

1{ξm=z}1{t<Rm}1{Zm
t1

=i1}1{Zm
t2

=i2},

N
(n)
z,ij(t) := 1

n

n∑︂
m=1

1{ξm=z}Nm
i1j1(t1 ∧ Rm)Nm

i2j2(t2 ∧ Rm),

for i, j ∈ Z2 and t ∈ [s, ∞). These can be used to define the bivariate landmark Nelson-
Aalen estimator

Λ(n,ϵ)
z,ij (t) :=

∫︂
(s,t]

1
I

(n)
z,i (u−) ∨ ϵ

N
(n)
z,ij(du),

and bivariate landmark Aalen-Johansen estimators as P
(n,ϵ)
z,ik , the unique solution to the

integral equation

P
(n,ϵ)
z,i (t) = P z,i(s) + Pz,i2(s)

(︂
P

(n,ϵ)
z,i1

(t1) − Pz,i1(s)
)︂

+ Pz,i1(s)
(︂
P

(n,ϵ)
z,i2

(t2) − Pz,i2(s)
)︂

+
∫︂

(s,t]

∑︂
j∈Z2

P
(n,ϵ)
z,j (u−)Λ(n,ϵ)

z,ji (du),

(3.5.1)

for i, j ∈ Z2 and t > s, where the uniqueness comes from Theorem 4.1 from Bathke and
Christiansen [BC24].

Remark 3.5.6.
If there is no censoring, all the state processes of the insured follow the equation

1{Zn
t =j} = 1{j=Zn

s } +
∑︂
k∈Z

∫︂
(s,t]

Nn
kj(du).

This indicates that solving equation (3.5.1) yields the same estimator as simple averages.
Hence, this method of estimation is only useful when censoring occurs before the relevant
time points.

Remark 3.5.7.
In the construction of the estimation model, we assume that we observe individuals until
they are censored. The construction of the landmark Nelson-Aalen estimator does not
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depend on this knowledge. We only need to observe the individuals until they reach an
absorption time, i.e. they jump into an absorption state. This is the case because there can
be no jumps after the absorption time, so Λ(n,ϵ)

z,ij (t) does not depend on this information.
And since the bivariate landmark Aalen-Johansen estimator only depends on the landmark
Nelson-Aalen estimator, this information is not really needed.

To achieve convergence of these estimators, it is necessary to ensure convergence of all the
univariate and bivariate estimators. The process begins with the almost certain uniform
convergence in n of the univariate processes.
Referring to Bladt and Furrer [BF24b], we get almost sure uniform convergence of the
estimators for the univariate conditional transition rates. If s and τ are selected, so that
τ > s, P(τ ≤ R) > 0, i, j ∈ Z and Assumptions 3.5.1 are met, we get

sup
t∈(s,τ ]

⃓⃓⃓
I

(n)
z,j (t) − P c

z,j(t)
⃓⃓⃓

a.s.−−−→
n→∞

0,

sup
t∈(s,τ ]

⃓⃓⃓
N

(n)
z,jk(t) − Qc

z,jk(t)
⃓⃓⃓

a.s.−−−→
n→∞

0,

sup
t∈(s,τ ]

⃓⃓⃓
P

(n,ϵ)
z,j (t) − P

(ϵ)
z,j (t)

⃓⃓⃓
a.s.−−−→

n→∞
0,

sup
t∈(s,τ ]

⃓⃓⃓
Λ(n,ϵ)

z,jk (t) − Λ(ϵ)
z,jk(t)

⃓⃓⃓
a.s.−−−→

n→∞
0.

(3.5.2)

The idea of the estimation procedure is to estimate censored conditional transition rates
and censored transition probabilities, use these to estimate conditional transition rates
because they do not depend on uncensored data, and finally to use these uncensored
conditional transition rates to estimate the uncensored transition probabilities via the
product integral.

Theorem 3.5.8.
If the Assumption 3.5.1 holds, we get uniform convergence of the estimators. For i, j ∈ Z

lim
ϵ→0

lim
n→∞

sup
t∈(s,τ ]

⃓⃓⃓
Λ(n,ϵ)

z,jk (t) − Λz,jk(t)
⃓⃓⃓

a.s= 0,

lim
ϵ→0

lim
n→∞

sup
t∈(s,τ ]

⃓⃓⃓
P

(n,ϵ)
z,j (t) − Pz,j(t)

⃓⃓⃓
a.s= 0.

The proof for this theorem follows at the end of this section.
The setup we use for the estimation of bivariate conditional transition rates is based on
the same idea. The aim of the following statements is to assert uniform convergence for
the bivariate estimators.

Lemma 3.5.9.
If τ ∈ [s, ∞) so that P(τ ≤ R) > 0 and Assumption 3.5.1 holds, we get uniform convergence
of the estimators N

(n)
z,ij and I

(n)
z,i :

sup
t∈(s,τ ]

⃓⃓⃓
N

(n)
z,ij(t) − Qc

z,ij(t)
⃓⃓⃓

a.s.−−−→
n→∞

0,
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sup
t∈(s,τ ]

⃓⃓⃓
I

(n)
z,i (t) − P c

z,i(t)
⃓⃓⃓

a.s.−−−→
n→∞

0,

for i, j ∈ Z2.

The proof for this lemma follows at the end of this section.
These convergences can be transferred to the convergence of conditional transition rates
and probabilities. Again, the convergence in ϵ is taken care of.

Theorem 3.5.10.
If the Assumption 3.5.1 holds, we get uniform convergence of the estimators. For i, j ∈ Z2

lim
ϵ→0

lim
n→∞

sup
t∈(s,τ ]

⃓⃓⃓
Λ(n,ϵ)

z,ij (t) − Λz,ij(t)
⃓⃓⃓

a.s= 0,

lim
ϵ→0

lim
n→∞

sup
t∈(s,τ ]

⃓⃓⃓
P (n,ϵ)

z (t) − P z(t)
⃓⃓⃓

a.s= 0.

The proof for this theorem follows at the end of this section.
This theorem somewhat describes consistency of the estimators Λ(n,ϵ)

z,ij and P (n,ϵ)
z . In

practice one can fix an ϵ and let n grow to get a reasonably close estimation of Λz,ij and
P z. In the proof of this theorem we show, among other things, that the solution of the
equation (3.A.1) as a functional of Λz,ij and Λz,ij is Hadamard continuous. This statement
is already known, see Gill, Van Der Laan and Wellner [GLW95]. They did not add a
complete proof, so we include this part in our proof. Additionally, they state that this
functional is Hadamard differentiable.

Remark 3.5.11.
For the convergence of these landmark estimators we use τ , meaning P(τ ≤ R). In a
basic multi-state model with one state process, this can be simplified to τ = (τ, τ) with
P(τ ≤ R). This is because both jump processes or indicator processes come from the
same state-process and therefore generally fall under the same censoring time. We have
introduced this freedom of the censoring variable to allow for natural generalization to two
jump processes corresponding to two different subjects of examination.

Remark 3.5.12.
In the context of actuarial estimation, so called retrospective estimation is important
because past developments can be non-measurable regarding the current information σ(Gs),
see Section 3.2. The definition of the retrospective estimators and the proof of convergence
works similar to the prospective estimations, the main difference is the consideration of
left truncation. For these reasons, it is out of the scope of this paper.

Remark 3.5.13.
We introduce the idea that one would follow to prove asymptotic normality, i.e. weak
convergence to a tight Gaussian process of the introduced estimators. To prove the
asymptotic normality of Λ(n,ϵ)

z,ij (t) and P (n,ϵ)
z (t) one uses the Hadamard differentiability
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of the equation (3.5.1) interpreted as a functional and ideas introduced in the proof of
Theorem 4.5 in Bladt and Furrer [BF24b], which are easily generalised to two dimensions,
for the demonstration of the asymptotic normality of Λ(n,ϵ)

z,ij (t). Both of these ideas are
based on the asymptotic normality of N

(n)
z,ij(t) and I

(n)
z,i (t), where the second also bases on

the first with the help of equation (3.2.3). The asymptotic normality of N
(n)
z,ij(t) follows

with the bracketing central limit theorem, Theorem 2.11.9 in Van Der Laan [Laa96]. The
convergence via the bracketing central limit theorem relies on the bracketing number, which
is the minimum number of sets Pi in the partition of [s, τ ]2 such that

E[ sup
t,s∈Pi

|Nj1k1(t1 ∧ R)Nj2k2(t2 ∧ R) − Nj1k1(s1 ∧ R)Nj2k2(s1 ∧ R)|2] < µ2

for µ close to zero. This can be reduced to a problem of one-dimensional partitions,
by applying the equality ab − dc = a(b − c) + c(a − d), which allows us to work with
differences in one dimension rather than two. This reduces the problem of the bracketing
number significantly, since the jump processes are all monotonically increasing and bounded
in expectation. From here, one uses the classical arguments for one-dimensional jump
processes to follow the asymptotic normality. This is the idea behind the asymptotic
normality of the estimators, the full proof can be found in the work of Bathke and Furrer
[BF24a]. This paper focuses on the uniform convergence of the estimators and provides
a proof of concept for the estimation of bivariate conditional transition rates and their
application in the actuarial context, which will be illustrated through the numerical example
in Section 3.7.

Proof of Lemma 3.5.9. From the strong law of large numbers, we immediately get⃓⃓⃓
N

(n)
z,ij(t) − Qc

z,ij(t)
⃓⃓⃓

a.s.−−−→
n→∞

0,⃓⃓⃓
I

(n)
z,i (t) − P c

z,i(t)
⃓⃓⃓

a.s.−−−→
n→∞

0,
(3.5.3)

for all t ∈ (s, τ ]. The first step is to generalize this to uniform convergence for N
(n)
z,ij(t).

We use an idea that is similar to the idea of the univariate Glivenko-Cantelli theorem. We
define the sets

Cm,n :=

⎧⎨⎩ ∑︂
i,j∈Z2

|N (n)
z,ij(τ )| ≤ m

⎫⎬⎭
and Cm := (Cm,n eventually ). This means that 1CmN

(n)
z,ij(t) is eventually bounded on

(s, τ ]. Now because of equation (3.5.3) we have P(Cm) = 1. Thus, we can assume N
(n)
z,ij(t)

to be bounded eventually for all i ∈ Z2.
We now take a partition of (s, τ ] into finitely many pairwise disjoint rectangles Ri =
(ui, ti) ⊂ (s, τ ] and [s, τ ] = ∪i∈IRi. With dQc

z,ij(Ri) ≤ ϵ and dQc
z,ij(∆Ri) ≤ ϵ, where

dQc
z,ij is the one or two-dimensional Lebesgue-Stieltjes measure generated by Qc

z,ij . This
works because for a monotonous function in two-variables, discontinuities can only appear
on a countable set of parallels to the x- and y-axis, see for example the work of Young and
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Young [YY24]. Thus, for every x ∈ (s, τ ], we get an a ∈ I with x ∈ Ra = (ua, ta) or x is
on the edge of one of these rectangles. In the first case, we get

N
(n)
z,ij(ua) ≤ N

(n)
z,ij(x) ≤ N

(n)
z,ij(t−

a )
Qc

z,ij(ua) ≤ Qc
z,ij(x) ≤ Qc

z,ij(t−
a )

and

N
(n)
z,ij(ua) − Qc

z,ij(t−
a ) ≤ N

(n)
z,ij(x) − Qc

z,ij(x) ≤ N
(n)
z,ij(t−

a ) − Qc
z,ij(ua).

Adding 0 we get

N
(n)
z,ij(ua) − Qc

z,ij(ua) + Qc
z,ij(ua) − Qc

z,ij(t−
a ) ≤ N

(n)
z,ij(x) − Qc

z,ij(x)

N
(n)
z,ij(t−

a ) − Qc
z,ij(t−

a ) + Qc
z,ij(t−

a ) − Qc
z,ij(ua) ≥ N

(n)
z,ij(x) − Qc

z,ij(x).

The last step is, to evaluate Qc
z,ij(t−

a ) − Qc
z,ij(s) on every rectangle Ri. We get⃓⃓⃓

Qc
z,ij(t−

a,1, t−
a,2) − Qc

z,ij(ua,1, ua,2)
⃓⃓⃓

≤
⃓⃓⃓
Qc

z,ij(ua,1, t−
a,2) − Qc

z,ij(ua,1, ua,2)
⃓⃓⃓

+
⃓⃓⃓
Qc

z,ij(t−
a,1, ua,2) − Qc

z,ij(ua,1, ua,2)
⃓⃓⃓

+
⃓⃓⃓
Qc

z,ij(t−
a ) − Qc

z,ij(t−
a,1, ua,2) − Qc

z,ij(ua,1, t−
a,2) + Qc

z,ij(ua)
⃓⃓⃓

≤ 3ϵ.

All in all we get the following assertion

N
(n)
z,ij(ua) − Qc

z,ij(ua) − 3ϵ ≤ N
(n)
z,ij(x) − Qc

z,ij(x)

N
(n)
z,ij(t−

a ) − Qc
z,ij(t−

a ) + 3ϵ ≥ N
(n)
z,ij(x) − Qc

z,ij(x).

Now ∀ϵ > 0 take the previously defined partition (Ri)i∈Z and define N(ϵ) such that
N

(n)
z,ij(ui) − Qc

z,ij(ui) > −ϵ and N
(n)
z,ij(ti−) − Qc

z,ij(ti−) < ϵ for all Ri. This is possible
due to the finite nature of the partition and (3.5.3). Then we get N

(n)
z,ij(x) − Qc

z,ij(x) < 4ϵ.
For the second case, where x is on the edge of one of the rectangles, we can apply the
one-dimensional Glivenko-Cantelli idea on a parallel to the x- or y-axis and get to the
same outcome. Thus,

sup
x∈[s,τ ]

⃓⃓⃓
N

(n)
z,ij(x) − Qc

z,ij(x)
⃓⃓⃓

−−−→
n→∞

0

on Cm. Referring to the fact that Qc
z,ij(τ) is bounded and that N

(n)
z,ij(τ ) a.s.−−−→

n→∞
Qc

z,ij(τ ),
P(Cm) = 1 for m large enough. All in all, we get the almost sure uniform convergence of
N

(n)
z,ij(t).

For the uniform convergence of I
(n)
z,i (t) we use the fact that we can calculate the state-

indicator process from the full information over all the jump processes and the information
at the current time s and then transfer the uniform convergence of the conditional transition
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rates to the transition probabilities. This is a common idea for the convergence of transition
probabilities, see for example the work of Bladt and Furrer [BF24b]. In our case we have
the formula

Ii1(t1)Ii2(t2) = Ii1(s)Ii2(s) + Ii2(s)
∑︂
k∈Z

Nki1(t1) + Ii1(s)
∑︂
k∈Z

Nki2(t2)

+
∑︂

k∈Z2

Nk1i1(t1)Nk2i2(t2).

Because of the censoring we need to adjust this formula to

Ii1(t1)Ii2(t2)1{t<R} = Ii1(s)Ii2(s) + Ii2(s)
∑︂
k∈Z

Nki1(t1 ∧ R)

+ Ii1(s)
∑︂
k∈Z

Nki2(t2 ∧ R) +
∑︂

k∈Z2

Nk1i1(t1 ∧ R)Nk2i2(t2 ∧ R)

− 1{t1≥R∨t2≥R}Ii1(t1 ∧ R)Ii2(t2 ∧ R).

This means that the estimator I
(n)
z,ij(t) satisfies the following equation:

I
(n)
z,i (t) = I

(n)
z,i (s) + I

(n)
z,i1

(s)
∑︂
k∈Z

N
(n)
z,ki2

(t2) + I
(n)
z,i2

(s)
∑︂
k∈Z

N
(n)
z,ki1

(t1)

+
∑︂

k∈Z2

N
(n)
z,ki(t) − C

(n)
z,i (t),

(3.5.4)

where

C
(n)
z,i (t) := 1

n

n∑︂
m=1

1{Rm≤t1∨Rm≤t2}1{Zm
t1∧Rm =i1,Zm

t2∧Rm =i2}1{ξm=z},

for i ∈ Z2. Analogously, we get an equality for the occupation probabilities:

P c
z,i(t) = P c

z,i(s) + P c
z,i1(s)

∑︂
k∈Z

Qc
z,ki2(t2) + P c

z,i2(s)
∑︂
k∈Z

Qc
z,ki1(t1)

+
∑︂

k∈Z2

Qc
z,ki(t) − Cz,i(t),

(3.5.5)

where Cz,i(t) := P(t1 ≥ R ∨ t2 ≥ R, Zt1∧R = i1, Zt2∧R = i2, ξ = z) for i ∈ Z2.
The next step is to show supt∈(s,τ ]

⃓⃓⃓
Cz,i(t) − C

(n)
z,i (t)

⃓⃓⃓
a.s.−−−→

n→∞
0. We have

Ii1(t1 ∧ R)Ii2(t2 ∧ R)1{R≤t1∨R≤t2}

=
[︃
Ii1(s)Ii2(s) + Ii2(s)

∑︂
k∈Z

Nki1(t1 ∧ R) + Ii1(s)
∑︂
k∈Z

Nki2(t2 ∧ R)

+
∑︂

k∈Z2

Nk1i1(t1 ∧ R)Nk2i2(t2 ∧ R)
]︃
1{R≤t1∨R≤t2}.

Similar to the approach with P z,i(t) and I
(n)
z,i (t), we can now separate Cz,i(t) and C

(n)
z,i (t)

into four summands that are monotonically increasing and bounded on a set with probability
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1. Thus, with the same two-dimensional Glivenko-Cantelli arguments we used before and
the strong law of large numbers, we get the almost sure uniform convergence of C

(n)
z,i (t)

to Cz,i(t). With equations (3.5.5), (3.5.4), the uniform convergence of the univariate
estimators and the law of large numbers, we get the almost sure uniform convergence of
I

(n)
z,i to P c

z,i on (s, τ ].

Proof of Theorem 3.5.10. For the proof of this theorem, we want to apply the continuity
of the functional

L : (F, G) ↦→
∫︂

(s,t]

1
F (u)dG(u),

see Lemma 3.A.3 for the precise definition of continuity and the contributing function
spaces. For this lemma, we need that 1

I
(n)
i

∨ϵ
, N

(n)
z,ij , 1

P c
z,i∨ϵ , and Qc

z,ij are all of almost
surely uniform bounded variation in n, see the Appendix for the definition of the variation
3.A.5.
For N

(n)
z,ij and Qc

z,ij , the almost sure uniform bounded variation follows directly from the
monotonicity and the fact that N

(n)
z,ij(τ) is almost surely bounded, see the proof of Lemma

3.5.9. For the uniform bounded variation of 1
I

(n)
i

∨ϵ
and 1

P c
z,i∨ϵ , we use the fact that

⃦⃦⃦ 1
f(x) ∨ ϵ

⃦⃦⃦(2)

v1
≤ 1

ϵ
+ 1

ϵ4 ∥f(x)∥(2)
v1 .

Now ∥I
(n)
i ∥(2)

v1 and ∥P c
z,i∥

(2)
v1 are both of almost surely bounded variation by equation (3.2.3)

and the same techniques as before. With Lemma 3.A.3 the statement follows immediately.
The next step is the convergence of P

(n,ϵ)
i (t). We first need to take care of the problem

that P
(n,ϵ)
i (t) is defined as a solution to an integral equation. For that we rewrite the

integral equation. We start by defining P̃ (ϵ)(t):

P̃
(ϵ)
l(i−1)+k(t) := P

(ϵ)
ki (t).

This P̃ (ϵ)(t) corresponds to a column by column translation of the matrix P (ϵ)(t). Now
rearrange Λz,ij(t) into the matrix Λ(ϵ), such that P̃ (ϵ)(t) is a solution to the inhomogeneous
Volterra equation

Y (t) = ϕ(ϵ)(t) +
∫︂

(s,t]

Y (u−)Λ(ϵ)(du), (3.5.6)

where ϕ(ϵ) corresponds to the one-dimensional part of the two-dimensional integral equation

ϕ(ϵ)(t)l(i2−1)+i1 := −P
(ϵ)
i2

(s)P (ϵ)
i1

(s) + P
(ϵ)
i2

(t1)P (ϵ)
i1

(s) + P
(ϵ)
i2

(s)P (ϵ)
i1

(t2),

with l = #Z. This works because for t > s, the calculation of Pi(t) only relies on
Λji(t)j∈Z2 , thus, we can rearrange P i and Λji(t)j∈Z2 into a vector and a matrix. This
transformed the rather complicated integral equation (3.4.5) into the well known and
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understood inhomogeneous Volterra equation.
From Lemma 3.A.1 we know that the solution to this inhomogeneous Volterra equation is

P̃
(ϵ)(t) = ϕ(ϵ)(t) +

∫︂
(s,t]

ϕ(ϵ)(u−)Λ(ϵ)(du)P((u, t], Λ(ϵ)),

with

P((s, t], Λ) := Id +
∞∑︂

n=1

∫︂
· · ·
∫︂

s<u(1)<...<u(n)≤t

Λ(du(1)) · · · Λ(du(n)).

Using this solution, we can calculate the difference between the solution of the estimated
integral equation and the solution to the theoretical integral equation, where we use
P̃

(n,ϵ)(t) as the solution to the inhomogeneous Volterra equation with estimated Λ(n,ϵ) and
ϕ(n,ϵ). We divide the estimation error into the estimation error of the integrand and the
integrator.

sup
t∈(s,τ ]

⃦⃦⃦
P̃

(ϵ)(t) − P̃
(n,ϵ)(t)

⃦⃦⃦
∞

≤ sup
t∈(s,τ ]

⃦⃦⃦
ϕ(ϵ)(t) − ϕ(n,ϵ)(t)

⃦⃦⃦
+ sup

t∈(s,τ ]

⃦⃦⃦ ∫︂
(s,t]

(︂
ϕ(ϵ)(u−) − ϕ(n,ϵ)(u−)

)︂
Λ(n,ϵ)(du)P((u, t], Λ(n,ϵ))

⃦⃦⃦
∞

(3.5.7)

+ sup
t∈(s,τ ]

⃦⃦⃦ ∫︂
(s,t]

ϕ(ϵ)(u−)
[︂
Λ(ϵ)(du)P((u, t], Λ(ϵ))−

Λ(ϵ,n)(du)P((u, t], Λ(ϵ,n))
]︂⃦⃦⃦

∞
(3.5.8)

The first two summands (3.5.7) can be taken care of by simple monotonicity arguments:

sup
t∈(s,τ ]

⃦⃦⃦
ϕ(ϵ)(t) − ϕ(n,ϵ)(t)

⃦⃦⃦
∞

+ sup
t∈(s,τ ]

⃦⃦⃦ ∫︂
(s,t]

ϕ(ϵ)(u−) − ϕ(n,ϵ)(u−)Λ(n,ϵ)(du)P((u, t], Λ(n,ϵ))
⃦⃦⃦

∞

≤ sup
t∈(s,τ ]

⃦⃦⃦
ϕ(ϵ)(t) − ϕ(n,ϵ)(t)

⃦⃦⃦
∞

(︃
2 +

⃦⃦⃦
P((s, t], Λ(n,ϵ))

⃦⃦⃦
∞

)︃
.

For the second summand (3.5.8) we again segment the statistical error for the different
parts of the integral. We get

sup
t∈(s,τ ]

⃦⃦⃦ ∫︂
(s,t]

ϕ(ϵ)(u−)
[︂
Λ(ϵ)(du)P((u, t], Λ(ϵ)) − Λ(ϵ,n)(du)P((u, t], Λ(ϵ,n))

]︂ ⃦⃦⃦
∞

≤ sup
t∈(s,τ ]

⃦⃦⃦ ∫︂
(s,t]

ϕ(ϵ)(u−)Λ(ϵ)(du)
[︂
P((u, t], Λ(ϵ)) − P((u, t], Λ(ϵ,n))

]︂ ⃦⃦⃦
∞

(3.5.9)
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+ sup
t∈(s,τ ]

⃦⃦⃦ ∫︂
(s,t]

ϕ(ϵ)(u−)
[︂
Λ(ϵ)(du) − Λ(ϵ,n)(du)

]︂
P((u, t], Λ(ϵ,n))

⃦⃦⃦
∞

. (3.5.10)

For the second summand (3.5.10), we use two-dimensional integration by parts and the
fact that P((u, t], Λ(ϵ,n)) is monotone in u and t and thus, has a finite two-dimensional
variation, and that with the definition of P

(ϵ)
i , the definition of ∥ · ∥∞, and (37) from

Christiansen and Furrer [CF22], we have

⃦⃦⃦⃦⃦
ϕ(ϵ)⃦⃦(2)

v1

⃦⃦⃦
∞

≤
[︄⃦⃦⃦∑︂

i∈Z

⃦⃦
P

(ϵ)
i

⃦⃦(1)
v1

⃦⃦⃦
∞

]︄2

≤

⎡⎣⃦⃦⃦⃦⃦P (s) R
(s,t]

(Id + Λ(ϵ)(du))
⃦⃦(1)

v1

⃦⃦⃦
∞

⎤⎦2

< ∞.

All in all, we find an upper bound of the form

C(n) sup
t∈(s,τ ]

⃦⃦⃦
Λ(ϵ)(t) − Λ(n,ϵ)(t)

⃦⃦⃦
∞

,

where C(n) contains, the variation of ϕ(ϵ), and P((s, τ ], Λ(ϵ,n)), which is all almost surely
eventually bounded in n.
For the first summand (3.5.9) we get with the monotonicity of Λ(ϵ):

sup
t∈(s,τ ]

⃦⃦⃦ ∫︂
(s,t]

ϕ(n,ϵ)(u−)Λ(ϵ)(du)
[︂
P((u, t], Λ(ϵ)) − P((u, t], Λ(ϵ,n))

]︂ ⃦⃦⃦
∞

≤ sup
t∈(s,τ ]

sup
u∈(s,τ ]

⃦⃦⃦
P((u, t], Λ(ϵ)) − P((u, t], Λ(ϵ,n))

⃦⃦⃦
∞

sup
u∈(s,τ ]

⃦⃦⃦
ϕ(n,ϵ)(u)

⃦⃦⃦
∞

sup
u∈(s,τ ]

⃦⃦⃦
Λ(ϵ)(u)

⃦⃦⃦
∞

.

Thus, we need to evaluate
⃦⃦⃦
P((u, t], Λ(ϵ)) − P((u, t], Λ(ϵ,n))

⃦⃦⃦
∞

. By applying the Duhamel
equality, see Lemma 3.A.2, we get:⃦⃦⃦

P((u, t], Λ(ϵ)) − P((u, t], Λ(ϵ,n))
⃦⃦⃦

∞

=
⃦⃦⃦ ∫︂

(u,t]

P((u, t] ∩ (0, s), Λ(ϵ))(Λ(ϵ)(ds) − Λ(ϵ,n)(ds))P((u, t] ∩ (s, ∞), Λ(ϵ,n))
⃦⃦⃦

∞
.

Again, we can apply two-dimensional integration by parts and find that there is a constant
C(n) which is almost surely bounded eventually and satisfies⃦⃦⃦ ∫︂

(u,t]

P((u, t] ∩ (0, s), Λ(ϵ))(Λ(ϵ)(ds) − Λ(ϵ,n)(ds))P((u, t] ∩ (s, ∞), Λ(ϵ,n))
⃦⃦⃦

∞

≤ C(n) sup
t∈(s,τ ]

⃦⃦⃦
Λ(ϵ)(t) − Λ(n,ϵ)(t)

⃦⃦⃦
∞

.

This C(n) contains the variation of P((u, t] ∩ (0, s), Λ(ϵ)) and of P((u, t] ∩ (s, ∞), Λ(ϵ,n)),
which is again almost surely bounded eventually, because they are both monotone in u
and t. Combining all of this, we get the desired assertion:

sup
t∈(s,τ ]

⃦⃦⃦
P̃ (ϵ)(t) − P̃ (n,ϵ)(t)

⃦⃦⃦
∞

a.s.−−−→
n→∞

0.
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Now we have the convergence in n of the estimators to Λ(ϵ)
z,ij(t) and P

(ϵ)
z,i(t). The next step

is the convergence in ϵ.
For the convergence of Λ(ϵ)

z,ij we start by showing point wise convergence. We apply the
monotone convergence theorem on Λ(ϵ)

z,ij . This works because of (3.4.3) and equation (35)
of Christiansen [Chr21]. We get∫︂

(s,t]

1
P c

z,i(u−) ∨ ϵ
Qc

z,ij(du) a.s.−−→
ϵ→0

∫︂
(s,t]

1
P c

z,i(u−)Qc
z,ij(du) =

∫︂
(s,t]

1{P c
z,i(u−)>0}

P c
z,i(u−) Qc

z,ij(du),

for t ∈ (s, τ ]. Thus, Λ(ϵ)
z,ij(t) a.s.−−→

ϵ→0
Λz,ij(t), for all t ∈ (s, τ ]. Now Λ(ϵ)

z,ij and Λz,ij are
both monotonically increasing and bounded on (s, τ ]. With arguments similar to the
two-dimensional proof of the Glivenko-Cantelli theorem, the point wise convergence can
be extended to

sup
t∈(s,τ ]

⃓⃓⃓
Λ(ϵ)

z,ij(t) − Λz,ij(t)
⃓⃓⃓

a.s.−−→
ϵ→0

0.

The same argumentation works for the univariate conditional transition rates. The
application of the monotone convergence theorem proceeds in the same way as the bivariate
case.
For the convergence of transition probabilities, we use the same argumentation we used in
the convergence in n, namely integration by parts and Duhamel equality.
Now we have

sup
t∈(s,τ ]

⃓⃓⃓
Λ(n,ϵ)

z,ij (t) − Λz,ij(t)
⃓⃓⃓

≤ sup
t∈(s,τ ]

⃓⃓⃓
Λ(n,ϵ)

z,ij (t) − Λ(ϵ)
z,ij(t)

⃓⃓⃓
+ sup

t∈(s,τ ]

⃓⃓⃓
Λ(ϵ)

z,ij(t) − Λz,ij(t)
⃓⃓⃓
.

This directly concludes the proof of the statement.

Sketch of the proof for Theorem 3.5.8. The proof uses convergences in (3.5.2) and ideas
that are analogous to the ideas that were used in the proof of the ϵ convergence of Theorem
3.5.10.

3.6 Uniform convergence in actuarial estimation

Similar to the general multi-state framework, we define Z = (Z(t))t≥s, as the state process
of the insured with the state indicator process (Ii)i∈Z and the transition counting process
(Nij)i,j∈Z . The landmark ξ = Z(s), similar to the information model used in Markov
modeling in the actuarial context, is realistic in application, but different conditioning is
also feasible.
Let B be the insurance cash flow of an individual life insurance contract. We assume B to
be an adapted càdlàg process with paths of finite variation. For modeling purposes we use
a maximum contract horizon of T , which means that

B(dt) = 0, t > T.
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Several models have been proposed to estimate the expected value of these future cash
flows. The Markov model only allows for restrictive payment functions in the future cash
flow B(t) and requires the Markov assumption. The more general semi-Markov model
allows for the estimation of cash flows with options as policyholder behavior, see Ahmad et
al. in [ABF22]. The disadvantage of this model is that it still introduces systematic model
risk because we cannot verify the required Markov assumption and that the estimation
is computationally expensive. Therefore, modeling without the Markov assumption in a
non-Markov model is the more general way to model future cash flows. This has been done
for scaled cash flows by Christiansen and Furrer in [CF22]. There they use an approach that
uses contract-dependent estimates to account for policyholder behavior. The disadvantage
is that, in practice, re-estimating for different insurance contracts is time-consuming and
introduces other problems, particularly in terms of data usage and storage.
The conditional bivariate transition rates and transition probabilities introduced in this
paper, allow for an estimation procedure that is independent of the design of the insurance
contract and allows for a wide variety of payment functions. In practice, this variability
allows a service provider to estimate these rates and probabilities once with its combined
data and then distribute them to the insurance companies without distributing the data.
This is already good practice, for example, with the German Actuarial Association and its
semi-Markov tables.
We now introduce the different cash flows B(t) that we use to model the cash flow of
insurance contracts.
Classical Markov modeling uses payment functions that allow payments to depend on the
current state of the insured and on current jumps from one state to another. A classical
cash flow that includes both of these option is a cash flow with a so-called one-dimensional
canonical representation.

Definition 3.6.1.
A stochastic process B is said to have a one-dimensional canonical representation if there
exist real-valued functions (Bi)i on [0, ∞) with finite variation on finite intervals and
measurable functions (bij)ij:i ̸=j , which also have finite variation on finite intervals such
that

B(t) =
∑︂
i∈Z

∫︂
(s,t]

Ii(u−)Bi(du) +
∑︂

i,j∈Z
i ̸=j

∫︂
(s,t]

bij(u−)Nij(du), t ≥ s. (3.6.1)

In practice there often arise cash flows that do not have such a representation. Reasons for
that can be contract modifications or general analysis of higher-dimensional cash flows.
For this reason we allow for a more complex structure.

Definition 3.6.2.
A stochastic process B is said to have a two-dimensional canonical representation if there
exist real-valued functions (Bi)i on [0, ∞) which are a difference of two non-decreasing
upper continuous functions, real-valued functions (Bij)ij on [0, ∞)2 which are a difference
of two non-decreasing upper-continuous functions, and measurable and bounded real-valued
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functions (bikl)ikl, (bijkl)ijkl on [0, ∞)2 which are also the difference of two non-decreasing
upper-continuous functions, such that

B(t) =
∑︂

i,j∈Z

∫︂
(s,t]

Ii(u−
1 )Ij(u−

2 )Bij(du1, du2)

+
∑︂

i,k,l∈Z
k ̸=l

∫︂
(s,t]

Ii(u−
1 )bikl(u−

1 , u−
2 )Bi(du1)Nkl(du2)

+
∑︂

i,j,k,l∈Z
i ̸=j,k ̸=l

∫︂
(s,t]

bijkl(u−
1 , u−

2 )Nij(du1)Nkl(du2), t ≥ s.

(3.6.2)

These processes with one- or two-dimensional canonical representations have been used
by Bathke and Christiansen [BC24] to model the conditional variance of future liabilities
in an as-if Markov model and cash flows with special types of path-dependent payout
functions. They do this by computing conditional expected values of stochastic processes
with a one- or two-dimensional canonical representation. We first define the conditional
expected values of these cash flows

Az(t) := E
[︂ ∫︂
(s,t]2

B(du)
⃓⃓⃓
ξ = z

]︂
,

Az(t) := E
[︂ ∫︂
(s,t]

B(du)
⃓⃓⃓
ξ = z

]︂
.

If discounting is assumed to be deterministic, the discounting factor can be included into
the payment functions. Then the conditional expected value of these future cash flows is a
state wise prospective reserve.
In practice, a positive probability landmark should be used to condition the cash flows.
These cash flows with a two-dimensional canonical representation have already been studied
by Bathke and Christiansen in [BC24]. They showed

Az(t) =
∑︂

i,j∈Z

∫︂
(s,t]2

P z,ij(u−)Bij(du)

+
∑︂

i,k,l∈Z
k ̸=l

Ii(s)
∫︂

(s,t]2

bikl(u−
1 , u−

2 )Bi(du1)Pz,k(u−
2 )Λz,kl(du2)

+
∑︂

i∈Z,j∈Z
i1 ̸=j1

∫︂
(s,t]

∫︂
(s,t]×(s,u1)

bj2i1j1(u−
1 , u−

2 )P z,i(u−
2 , u−

3 )Λz,ij(du2, du3)Bj2(du1)

+
∑︂

i,j∈Z ̸=

∫︂
(s,t]2

bi1j1i2j2(u−
1 , u−

2 )P z,i(u−)Λz,ij(du−).

(3.6.3)
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In the one-dimensional case, Christiansen [Chr21] showed

Az(t) =
∑︂
i∈Z

∫︂
(s,t]

Pz,i(u−)Bi(du) +
∑︂

i,j∈Z
i ̸=j

∫︂
(s,t]

bij(u−)Pz,i(u−)Λz,ij(du).

These Az and Az can be understood as a functionals Az(Pz, P z, Λz, Λz) and Az(Pz, Λz)
of the uni- and bivariate conditional transition rates and transition probabilities. For
the purposes of reserving in the insurer’s balance sheet, we now need to estimate these
conditional expected values. In practice, we first estimate the conditional transition rates
and probabilities as seen in the previous section and then plug them into the functionals
Az and Az. This works because of the following theorems.

Theorem 3.6.3.
For a stochastic process that has a one-dimensional canonical cash flow representation, the
functional Az is continuous in sup-norm in all arguments, meaning that the convergence in
sup-norm in the domain results in convergence in the codomain. Additionally,

lim
ϵ→0

lim
n→∞

⃓⃓⃓
Az(P (n,ϵ)

z , Λ(n,ϵ)
z )(t) − Az(Pz, Λz)(t)

⃓⃓⃓
a.s.= 0, ∀t > s.

The proof of this theorem follows at the end of this section.

Theorem 3.6.4.
For a stochastic process that has a two-dimensional canonical cash flow representation, the
functional Az is continuous in sup-norm in all 4 arguments, meaning that the convergence
in sup-norm in the domain results in convergence in the codomain.
Additionally,

lim
ϵ→0

lim
n→∞

⃓⃓⃓
Az(P (n,ϵ)

z , P (n,ϵ)
z , Λ(n,ϵ)

z , Λ(n,ϵ)
z )(t) − Az(Pz, P z, Λz, Λz)(t)

⃓⃓⃓
a.s.= 0, ∀t > s.

The proof of this theorem follows at the end of this section.

Remark 3.6.5.
All in all, the convergence we get is an almost sure uniform convergence, including the
convergence in ϵ. This type of convergence is different from the already established
convergence for the one-dimensional cash flows by Christiansen and Furrer [CF22]. They
used L1 convergence in p variation and manage to circumvent the use of the ϵ perturbation.
The L1 convergence in p-variation is different from almost sure convergence in supremum
norm, see Vitalis convergence theorem.

The previous two theorems can now be used to estimate the conditional expected values
of one-dimensional canonical cash flows, to estimate the conditional second moment of
one-dimensional canonical cash flows that turn out to follow a stochastic process with a two-
dimensional canonical representation, or to estimate the conditional expected values of path-
dependent cash flows that can be rewritten as a stochastic process with a two-dimensional
canonical representation. The general idea follows three steps:
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i) Estimate the conditional transition rates from data.

ii) Plug in the estimated conditional transition rates and solve equation (3.5.1) and
equation (3.4.4).

iii) Plug these estimators in the functionals Az and Az.

Proof of Theorem 3.6.4. We show the theorem for t = T , for all t < T the proof works
the same. We start by showing the continuity of Az with the help of Lemma 3.A.3 and
especially the fact that B(F, G) ↦→

∫︁
F (s)dG(s) is Hadamard differentiable. For this

differentiability to apply, we need bounded variation of all the integrators and integrands in
equation (3.6.3). For the first integral, we have bounded variation in n of P (n,ϵ)

z and P z as
we have seen in the proof of Theorem 3.5.10 with the use of equation (3.2.3), additionally
we have that Bij is of bounded variation because it was defined as the difference of two
non-decreasing upper continuous functions.
For the second summand, we need

∫︁
(s,T ] bikl(u−

1 , u−
2 )Bi(du1) to be of bounded variation in

u2. For that we use the fact that bikl and Bi are both functions that can be written as the
difference of two non-decreasing functions b+

ikl, b−
ikl, B+

i and B−
i . Plugging all of these in,

we can bound the variation by⃦⃦⃦ ∫︂
(s,T ]

bikl(u−
1 , u−

2 )Bi(du1)
⃦⃦⃦(1)

v1
≤
∫︂

(s,T ]

b+
ikl(u

−
1 , T ) − b+

ikl(u
−
1 , s)B+

i (du1)

+
∫︂

(s,T ]

b−
ikl(u

−
1 , T ) − b−

ikl(u
−
1 , s)B+

i (du1)

+
∫︂

(s,T ]

b+
ikl(u

−
1 , T ) − b+

ikl(u
−
1 , s)B−

i du1)

+
∫︂

(s,T ]

b−
ikl(u

−
1 , T ) − b−

ikl(u
−
1 , s)B−

i (du1).

Additionally, P
(n,ϵ)
z and Pz are of uniform bounded variation, which can be seen similarly

to P (n,ϵ)
z and P z with equation 3.2.3. For the last two summands, we use the same ideas

and the fact, that Bj , bijk, and bijkl are all the difference of two non-decreasing functions.
Thus, we have proved the continuity of Az and with that found a way to estimate the
conditional expected value of a stochastic process with a two-dimensional canonical cash
flow representation.

Sketch of the proof of Theorem 3.6.3. The proof of this theorem uses the same ideas al-
ready used for the continuity of the two-dimensional cash flow. We use the fact that Ai

and aij both have finite variation and the fact, that integrals of these forms are Hadamard
differentiable, see Lemma 3.A.3.
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3.7 Numerical example

We consider a numerical example, where the bivariate conditional transition rates and
transition probabilities arise naturally in the conditional expected values of a future cash
flow. The focus of the numerical study is to illustrate how our two-dimensional cash flows
from Section 3.6 can be applied in practice and how censoring affects the estimations.
This is intended to be an exploratory example to illustrate an actuarial application of the
estimation of bivariate conditional transition rates.
The basic setup is similar to that used for the numerical study in the paper by Buchardt
and Møller [BM15]. As a technical basis, we consider a survival model, i.e. a Markov model
with the two states alive (1) and dead (4). The modeled insurance contract starts at the age
of 40 and the retirement age is 65. The insured pays a lump sum of 100,000 at the beginning
of the contract and an annual premium of 10,000 until the insured reaches the age of 65 and
receives annual pension payments. All payments cease when the insured dies or reaches
the age of 100. We get the following sojourn payment function:

B1(dt) := (−10, 0001{t<65} + p1{100≥t≥65}) dt,

where p is the annuity calculated on the technical basis according to the equivalence
principle. The technical basis is generally used to price insurance contracts, while the
extended model of the market basis is used for the insurers’ balance sheets. The technical
basis uses the transition intensity

µ⋆
14(t) := 0.005 + 10(5.728−10+0.038t),

and an interest rate of 0%. The market basis consists of four states, with states (1)
and (4) denoting alive and dead states, mirroring the technical basis. In addition, state
(2) denotes the free policy option and state (3) denotes surrender, where free policy
means that premiums are waived and benefits are reduced accordingly. Surrender means
a complete cessation of both benefits and payments with a final transitional payment,
usually in the form of the current reserve. We therefore introduce two options that model
policyholder behavior for the market basis. The additional payment functions are modeled
as follows:

b13(t) = V1(t),
b23(t, u) = V +

1 (t)ρ(u),

for the transition payments, where V +
1 (t) is the technical reserve of the pension payments,

and

B2(dt, u) := ρ(u)p1{100≥t≥65} dt,

for the sojourn payments, where p is the premium that is paid in state (1). The factor
ρ(u) defines the reduction of the benefits in the free policy state (2). It is calculated
by

ρ(u) = A+
1 (u) − A−

1 (u)
A+

1 (u)
,
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where A−
1 (t) is the technical reserve of premium payments. The dependence of the

payments functions on u models the dependence on the transition time to state (2). For
this reason, bivariate transition rates are natural in this application. See the work of
Ahmad et al. in [ABF22] for the theoretical background of free policy option calculations.
We model the market basis as a semi-Markov model with transition intensi-
ties

µ14(t) := µ⋆
14(t),

µ24(t) := µ⋆
14(t),

µ12(t) := 0.11{t≤65}

µ13(t) := 0.051{t≤65}

µ23(t, u) := (0.05 + 0.21{u∈[ 1
2 , 5

2 )})1{t≤65},

and an interest rate of 3% annually. We estimate the state wise prospective reserve of
the market basis in an as-if Markov model, i.e. the landmark is ξ = Z(40) and since 40 is
the starting point of the insurance contract, we assume that each insured is in state (1)
at s = 40. For an as-if Markov model and a cash flow with scaled payments such as the
free policy option, Bathke and Christiansen in [BC24] found a two-dimensional canonical
representation for the state wise prospective reserve. Adapting it to this example, we
get

A1(t) =
∫︂

(40,t]

κ(40)
κ(u) p1,1(u−)B1(du) +

∫︂
(40,t]

κ(40)
κ(u) b13(u)p1,1(u−)Λ1,(1,3)(du)

+
∫︂

(40,t]

∫︂
(40,65]×(40,t)

κ(40)
κ(t) ρ(u1)

(︃
p1,(1,1)(u−)Λ1,(1,1)(2,2)(du)

−
∑︂

k∈{3,4}
p1,(1,2)(u−)Λ1,(1,2)(2,k)(du)

)︃
p1{t≥65}dt

+
∫︂

(40,t]×(40,t]

κ(s)
κ(u1)ρ(u1)b23(u2, u1)p1,(1,2)(u−)Λ1,(1,2)(2,3)(du),

(3.7.1)

where t ≤ 100 and κ(·) is the value of a deterministic cash account. The prospective reserve
is an example where the estimation using the as-if Markov approach is natural, because we
have jumps from state (2) to state (3) or (4) in the cash flow that are dependent on the
jump from state (1) to state (2). Such dependencies are the strength of the conditional
bivariate estimation.
We introduce some technical background to the estimation of the prospective reserve in
the as-if Markov model. The estimation of the conditional bivariate transition rates and
transition probabilities for the market basis can be simplified. We can reduce the required
transition rates to Λ(1,2),(2,4),Λ(1,2),(2,3), Λ(1,2),(1,2), Λ(1,4),(1,4) and Λ(1,3),(1,3) where the last
two are only needed to estimate the transition probability p11. This reduction originates
from the reduced number of possible jumps in the market basis. The required transition
rates can also be reduced. We only need p11, p12 and p13. This greatly reduces computation
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time and space.
Counting the number of steps required to compute the transition rates and probabilities,
we get a time complexity of order O(n2) and a space complexity of order O(n2). Intuitively,
we get this complexity because there are O(n2) time points on the time grid given by the
data, and we need to recursively compute the estimator on this grid.
To compute the plug-in estimator, we can use a type of differential equation, in this
case a simple recursive formula due to the finiteness of the grid points. This reduces the
computational complexity for the computation of the state wise prospective reserves from
O(n3) to O(n2). We use the decomposition

A1(P (n,ϵ)
1 , P

(n,ϵ)
1 , Λ(n,ϵ)

1 , Λ(n,ϵ)
1 )(t) − A1(0) =: C1(t) + C2(t) + C3(t), t ≥ 40,

where C1 contains the first two, C2 the third and C3 the fourth summand of the equation
(3.7.1), with the estimated transition rates and transition probabilities plugged in. Now
all the three summands can be calculated recursively. Let {tn}n∈I be the the set of all
jump points defining the time grid imposed by the data. We start with t0 = 40 and
C1(40) = C2(40) = C3(40) = 0. We get

C1(tn) = C1(tn−1) +
∫︂ tn

tn−1
p

(n,ϵ)
1,j (s−)

(︂
B1(ds) + b13(s)Λ(n,ϵ)

1,13 (ds)
)︂
.

For the second one, we get

C2(tn) = C2(tn−1) +
∫︂ (65,tn−)

(40,tn−1−)

∫︂ tn

u2
B2(ds, u1)

(︃
P

(n,ϵ)
1,(1,1)(u−)Λ(n,ϵ)

1,(1,1)(2,2)(du)

−
∑︂

k∈{3,4}
P

(n,ϵ)
1,(1,2)(u−)Λ(n,ϵ)

1,(1,2)(2,k)(du)
)︃

+
∫︂ tn

tn−1
p1{t≥65}d(s)

∫︂ (65,tn−1−)

(40,40)
ρ(u1)

(︃
P

(n,ϵ)
1,(1,1)(u−)Λ(n,ϵ)

1,(1,1)(2,2)(du)

−
∑︂

k∈{3,4}
P

(n,ϵ)
1,j (u−)Λ(n,ϵ)

1,(1,2)(2,k)(du)
)︃

.

The last integral in the formula for C2 can again be calculated recursively in every step.
For C3, we get

C3(tn) = C3(tn−1) +
∫︂ (65,tn)

(40,tn−1)
b23(u2, u1)P (n,ϵ)

1,(12)(u−)Λ(n,ϵ)
1,(1,2)(2,3)(du).

We estimate in R [R C23] by generating artificial data following the semi-Markov model
described as the market basis using the package AalenJohansen by Bladt and Furrer
[BF23].
We simulate 5, 000 independent and identically distributed realizations for the defined
insurance contract with scaled payments. We use Unif(65, 120) distributed random variables
as right censoring.

To illustrate the numerical feasibility and strength of the plug-in estimator, we plot in
figures 3.1a and 3.1b the estimate for the state wise prospective reserve of the insurance
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(a) n = 1000

(b) n = 5000

Figure 3.1: Prospective reserve A1(t) with time horizon T = 100 in the as-if Markov
model estimated with n = 1000 and n = 5000 censored individuals, the plug-
in estimator and the landmark Nelson-Aalen and Aalen-Johansen estimators
versus Monte Carlo estimation with n = 10000 uncensored individuals.

contract in an as-if Markov model on the market basis for n = 1000 and n = 5000
individuals, together with a Monte Carlo simulation of the same state wise prospective
reserve without censoring and 10, 000 individuals for comparison. We see that the bivariate
estimator, with n = 5000, estimates the state wise prospective of the particular insurance
product similarly to the Monte Carlo estimator, which is using uncensored data and more
individuals. The convergence of the estimator for a reasonable sample size n is illustrated
in this numerical example. However, making further quantitative statements about the
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speed of convergence or confidence bounds would require either four-dimensional covariance
estimation or bootstrapping, both of which are numerically challenging in our case.
A challenge for the interpretation of the estimator P

(n,ϵ)
z,(jk) is that in the censored case the

bivariate estimator may not satisfy the expected monotonicity and positivity properties.
This property is very similar to the findings in [Dab88] where they found the Kaplan-Meier
estimator on the plane to be non-monotonic. This explains the higher volatility observed
in the plug-in estimator for n = 1000 but does not change the fact that the estimator
consistently estimates the state wise prospective reserve, even when censoring is involved.
Moreover, the estimators are easy to apply, since we do not need to solve any continuous
differential equations, but were able to obtain recursive formulas for the estimators at each
level.
We conclude that, despite numerical challenges, the bivariate estimator can be successfully
applied to the estimation of state wise prospective reserves in non-Markov models. The
bivariate landmark Nelson-Aalen and Aalen-Johansen estimators, combined with the plug-
in estimators for state wise prospective reserve, provide a versatile tool because the theory
applies not only to insurance contracts with contract modifications, but also to other cash
flows that have a two-dimensional representation.

3.8 Concluding remarks

In this paper, we generalized the landmark Nelson-Aalen and the landmark Aalen-Johansen
estimators to the estimation of bivariate conditional transition rates and bivariate transition
probabilities in general non-Markov models as introduced by Bathke and Christiansen
[BC24]. The analysis of intertemporal dependencies via bivariate conditional transition
rates is necessary in non-Markov multi-state modeling, in contrast to classical Markov
modeling, because the absence of the Markov assumption leads to incomplete distribution
knowledge gained from univariate conditional transition rates.
The use of analytical techniques well-known from bivariate Kaplan-Meier estimation and
conditional Aalen-Johansen estimation leads to uniform convergence of both estimators.
We obtain a blueprint for the estimation of bivariate conditional transition rates and
transition probabilities from right censored data.
Future research endeavors could further address the question of asymptotic normality and
bootstrapping. Additionally, an extension of the uniform convergence to the entire plane,
possibly via martingale techniques, is of interest.
Finally, this study closes a gap between techniques in survival analysis and premium and
reserve calculation for insurance contracts. In the case of an insurance contract with scaled
payments, we construct estimators for the first moment of all future payments and present
a proof of concept with a numerical example using simulated data. This is the basis of any
type of risk assessment, where the state process of the insured follows the non-restrictive
non-Markov model. Furthermore, estimating bivariate conditional transition rates and
transition probabilities allows the estimation of second moments of future liabilities with a
canonical one-dimensional cash flow in the non-Markov model. Altogether, this can be
used to evaluate the widespread use of Markov assumptions in the reserving and premium
calculation for insurance portfolios.
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3.A Appendix

The following first two lemmas are two-dimensional generalizations of well-known statements
in the field of product integrals. These generalizations have already been mentioned in Gill
& Johansen [GJ90] and Gill, Van Der Laan & Wellner [GLW95].

Lemma 3.A.1.
For a monotonically increasing real-matrix valued function Λ and a function ϕ(t), the
equation

Y (t) = ϕ(t) +
∫︂

(s,t]

Y (u−)Λ(du), (3.A.1)

has the solution

P̃ (t) = ϕ(t) +
∫︂

(s,t]

ϕ(u−)Λ(du)P((u, t], Λ), (3.A.2)

where we use the Peano-series definition

P((s, t], Λ) := Id +
∞∑︂

n=1

∫︂
· · ·
∫︂

s<u(1)<...<u(n)≤t

Λ(du(1)) · · · Λ(du(n)).

In the definition of the Peano-series we use the usual partial ordering of R2 for the definition
of the domain.

Proof. See the proof of Proposition 3.1 from Gill, Van Der Laan & Wellner [GLW95].

The next Lemma is a generalization of the well-known Duhamel equal-
ity.

Lemma 3.A.2.
For monotonically increasing functions A, B : R2 → Rn×n we have the following equation

P(R, A) − P(R, B) =
∫︂
R

P(R ∩ (0, s), A) (A(ds) − B(ds)) P(R ∩ (s, ∞), B),

for a rectangle R ⊂ R2.
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Proof. See the proof of Proposition 3.3 from Gill, Van Der Laan & Wellner [GLW95].

Lemma 3.A.3.
The functional

A : (F, G) ↦→
∫︂ 1

F (s)dG(s)

is continuous at any point (F, G) on the space of càdlàg functions with bounded variation
endowed with the supremum norm, where 1

F is of bounded variation and bounded away
from 0 and G is of bounded variations for sequences 1

Fn
and Gn that are uniformly of

bounded variation as well.

Proof. This follows immediately by the weak continuous Hadamard differentiability of the
functional B : (F, G) ↦→

∫︁
F (s)dG(s) and the fact that F ↦→ 1

F is also weak continuous
Hadamard differentiable as long as F ≥ δ > 0. The statement can be found in Gill, Van
Der Laan & Wellner[GLW95] Lemma 5.1.

Additionally, we need a two-dimensional generalization of the well known Campbell theorem,
see for example Milbrodt and Helbig [MH99].

Theorem 3.A.4. Campbell Theorem
Let η be a point process on (Rd,B(Rd)) with intensity measure λ and let u : Rd → R be a
measurable function. Then ∫︂

u(x)η(dx)

is a random variable and

E
[︃∫︂

u(x)η(dx)
]︃

=
∫︂

u(x)λ(dx), (3.A.3)

whenever u ≥ 0 or
∫︁

|u(x)|λ(dx) < ∞.

Proof. The proof of this can be easily adapted from the proof of the one-dimensional
Campbell Theorem, see for example Milbrodt and Helbig [MH99].

For the estimation of integrals, we use the so called one and two-dimensional variation of a
process. We do a short introduction here.

Definition 3.A.5.
We define the one-dimensional variation of a function f : [a, b] → R as

∥f∥(1)
v1 := ∥f∥∞ + sup

τ={ti}i≤n

n∑︂
i=1

|f(ti) − f(ti−1)|,
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where the supremum goes over all finite partitions τ of [a, b]. The two-dimensional variation
of a function f : [a, b] × [c, d] → R is defined as

∥f∥(2)
v1 := sup

τ={ti}×{t̃j}i,j≤n

n∑︂
i=1

n∑︂
j=1

|f(ti−1, t̃j−1) − f(ti−1, t̃j) − f(ti, t̃j−1) + f(ti, t̃j)|

+ ∥f(a, ·)∥(1)
v1 + ∥f(·, c)∥(1)

v1 − ∥f∥∞,

where the supremum goes over all finite partitions of [a, b] × [c, d].

This variation definition is mainly used for the following integral inequal-
ity

Lemma 3.A.6.

⃓⃓⃓⃓∫︂
f(u)g(du)

⃓⃓⃓⃓
≤ ∥f∥∞∥g∥(2)

v1 ,

when f is bounded and g has finite two-dimensional variation.

The proof bases on work from Clarkson and Adams [CA33] and Adams and Clarkson
[AC34], see Theorem 5.
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Chapter 4

Non-parametric estimators of scaled cash
flows

Abstract

In multi-state life insurance, incidental policyholder behavior gives rise to expected cash
flows that are not easily targeted by classic non-parametric estimators if data is subject to
sampling effects. We introduce a scaled version of the classic Aalen–Johansen estimator
that overcomes this challenge. Strong uniform consistency and asymptotic normality are
established under entirely random right-censoring, subject to lax moment conditions on
the multivariate counting process. In a simulation study, the estimator outperforms earlier
proposals from the literature. Finally, we showcase the potential of the presented method
to other areas of actuarial science.

Keywords: Aalen–Johansen; forward rates; incidental policyholder behavior; life insurance;
non-Markov model.

4.1 Introduction

In the mathematics of life insurance, multi-state modeling has been a canonical approach for
more than half a century, owing back to the unification based on Markov chains in [Hoe69].
Today, popular models in both theory and practice include Markov chain models [Nor91;
MS97] and semi-Markov models [Hoe72; JD84; Hel08; Chr12; BMS15], but also more
sophisticated alternatives such as doubly stochastic and aggregate models [Buc17; ABF23]
have found some use. Until recently, the associated actuarial literature focused primarily
on valuation techniques and computational aspects, while statistical methodology played a
somewhat lesser role.

Estimation in multi-state models is, generally speaking, a challenging undertaking, not
least due to sampling effects such as right-censoring. In Markov models, the celebrated
Nelson–Aalen and Aalen–Johansen estimators [Aal78; AJ78] may be applied directly for
non-parametric predictive purposes or instead for model diagnostics and performance
assessment of (semi-)parametric alternatives. Recently, the idea of fully non-Markov
modeling has gained traction – not only in actuarial science [Chr21; CF22], but also in
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biostatistics and other related fields [PS18; Mal+21; Nie+23]. By imposing no assumption
whatsoever on the intertemporal dependence structure of the state process, one seeks
to reduce systematic risk and increase robustness. Simulation studies underpin that, if
there is a substantial departure from Markovianity, a robust approach is clearly to be
preferred [PS18].

Importantly, the Aalen–Johansen estimator remains a consistent and asymptotically normal
estimator for occupation probabilities even when the Markov assumption is relaxed [DS01;
Gli02]. The landmark Aalen–Johansen estimator, which just invokes sub-sampling, extends
this directly to transition probabilities [PS18] and, if the insurance contract admits a
so-called deterministic canonical cash flow representation, also to state-wise prospective
reserves [Chr21] based on the plug-in principle.

An insurance contract admits a deterministic canonical cash flow representation if the
associated sojourn and transition payments are deterministic, see Definition 5.1 in [Chr21]
for the specifics. This assumption is often violated in practice, a key example being
so-called scaled payments [CF22]. Such payments arise naturally in the context of implicit
policyholder options, especially in connection with free policy conversion and stochastic
retirement, see [Hen+14; BM15; BMS15; GN16; Fur22]. Here, the contractual payments
are scaled by a factor depending on the exercise time(s) of the option(s), as to account
for the fact that free policy conversion or early retirement should lead to reduced future
benefits.

The actuarial literature currently offers two non-parametric approaches that are able to
handle scaled payments in the non-Markov regime under entirely random right-censoring.
The first is the one-dimensional estimator of [CF22], which is of usual Nelson–Aalen and
Aalen–Johansen type, but uses auxiliary data based on a change of measure argument
lifted from [Fur22]. The second is the two-dimensional estimator of [Bat24], which is an
extension of the Volterra estimator of P.J. Bickel for bivariate survival functions [Dab88;
GLW95] to multi-state models. Both estimators possess certain deficiencies, however. The
auxiliary data used by the estimator of [CF22] comes with extra noise not originally present
in the sample. The estimator of [Bat24] is computationally demanding and inherits the
inferior tail behavior of the Volterra estimator.

This paper introduces a novel scaled (or weighted) one-dimensional Aalen–Johansen
estimator that resolves the aforementioned issues. We establish strong uniform consistency
and asymptotic normality of the estimator. En passant, we also establish asymptotic
normality of the two-dimensional estimator from [Bat24]. Finally, we compare the finite
sample performances of the estimators in a simulation study. Overall, the scaled estimator
is found to have the best performance.

Throughout, primary focus lies on scaled payments arising from the inclusion of policyholder
options, which imposes a specific structure on the scaling. However, the theoretical insights
do not really rely on this structure, and our results are therefore more broadly applicable,
including to situations where scaling is due to discounting. In particular, this leads to an
extension of Theorem 3.1 of [AB23] to the non-Markov regime. Further, it allows for a
constructive and simultaneous definition of forward interest and forward transition rates,
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addressing lasting concerns in the actuarial literature [MP05; Nor10; Buc14; CN15; Buc17;
BFS19].

The paper is structured as follows. In Section 4.2, we introduce the basic multi-state
setup, including the scaled payment process. Section 4.3 focuses on representations of the
expected cash flow and the resulting targets for estimation. The estimators of interest are
defined in Section 4.4, which also contains the main results on consistency and asymptotic
normality. In Section 4.5, we present the comparative simulation study. Finally, Section 4.6
showcases the broader actuarial applicability of our approach.

4.2 Preliminaries

Let (Ω, F ,F,P) be an underlying filtered probability space. The state of the insured is
modeled by a non-explosive jump process Z = (Zt)t≥0 on a finite state space J with
Z0 ≡ z0 ∈ J . Note that Z is not assumed to be say Markov or semi-Markov. We associate
with Z a multivariate counting process N , which components Njk = (Njk(t))t≥0 are given
by

Njk(t) = #
{︁
s ∈ (0, t] : Zs− = j, Zs = j

}︁
.

Throughout, we assume that E[Njk(t)] < ∞ for all components, which in particular implies
the aforementioned non-explosion of Z.

Incidental modeling of policyholder behavior such as free policy conversion and stochastic
retirement proceeds by considering a state space of the form J = J0 ∪ J1, where J0 and
J1 are the states pre- and post-exercise of the policyholder option, respectively. This
interpretation is meaningful as long as we require z0 ∈ J0 and J1 to be absorbing for Z,
that is

P(Zt ∈ J1, Zs ∈ J0) = 0 for t ≤ s.

These assumptions are thus made throughout.

The first (and only) hitting time of J1 by Z is denoted τ :

τ = inf{t > 0 : Zt ∈ J1}.

We can interpret τ as the exercise time of the policyholder option.

Insurance contracts may be described by payment streams consisting of benefits less
premiums. We are interested in contracts of the scaled form

B(dt) = H(t)B◦(dt), B(0) = B◦(0),
H(t) = ρ(τ, Zτ−, Zτ )1{τ≤t} ,

B◦(dt) =
∑︂
j∈J

1{Zt−=j}Bj(dt) +
∑︂

j,k∈J
j ̸=k

bjk(t)Njk(dt), B◦(0) ≡ b0 ∈ R,
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where each Bj is a right-continuous real function of finite variation, describing the deter-
ministic sojourn payments in the respective state; each bjk is a measurable real function
which is bounded on compacts, describing the deterministic transition payments between
the respective states; and each scaling factor [0, ∞) ∋ t ↦→ ρ(t, j, k) is non-negative and
predictable with respect to the information generated by Z, the filtration FZ . In practice,
it is common to determine the scaling factors as to maintain actuarial equivalence on some
safe-side basis and, due to the typically simple nature of that basis, each scaling factor
would be deterministic rather than just predictable.

In these contracts, all payments are scaled by a common factor upon exercise of the
policyholder option. If the factor is below one, the payments are decreased, while if it is
above one, the payments are increased. The idea is that, for instance, early retirement
should lead to reduced retirement benefits, while delayed retirement should lead to increased
retirement benefits. Throughout, we assume that each ρ(·, j, k) is uniformly bounded on
compacts. However, the specific form of B in terms of B◦ and ρ has a redundancy and thus
allows one to reparametrize the model such that each scaling factor ρ(·, j, k) is uniformly
bounded by one.

Solely to decrease the notational burden, we assume that P(τ = t)Bj(dt) = 0. In other
words, lump sum sojourn payments may not occur simultaneously with the exercise of the
policyholder option. If such lump sum sojourn payments are possible, they might always
be included as transition payments from J0 to J1 instead.

In case of a finite maximal contract time T ∈ (0, ∞), the prospective reserve at contract
inception reads

V (0−) = b0 + V (0), V (0) =
∫︂ T

0

1
κ(t)A(dt),

for a deterministic savings account κ assumed right-continuous, of finite variation, and
bounded away from zero, and where the expected accumulated cash flow A is defined
according to A(t) = E[B(t) − B(0)].

In this paper, we focus on non-parametric estimation of V (0−) through A. This might
at first appear as a rather narrow approach. For instance, the as-if-Markov approach
of [Chr21; CF22] considers expected accumulated cash flows and prospective reserves on
the form

A(t0, t) = E[B(t) − B(t0) |Zt0 ],

V (t0) =
∫︂ T

t0

κ(t0)
κ(t) A(t0, dt).

However, our approach may be adapted to also deal with this situation. The main idea is to
use the landmark Zt0 , meaning one should condition on or sub-sample with respect to events
of the type {Zt0 = i}, which is also the approach adopted in [Chr21; CF22]. We merely focus
on the situation at contract inception to reduce the notational burden. If conditioning with
respect to Zt0 is replaced by more sophisticated information such as (Zt0 , Ut0), where U is
the duration process associated with Z, kernel methods could be used, confer with [BF24b].
Kernel methods are outside the scope of this paper.
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4.3 Valuation

If data consisted of complete observations of n independent insured, with the ℓ’th insured
represented by Zℓ, we could use the estimator

[0, ∞) ∋ t ↦→ 1
n

n∑︂
ℓ=1

Bℓ(t),

where Bℓ refers to B, but with Z replaced by Zℓ and similarly for the associated multivariate
counting processes.

However, complete observation is unrealistic. Unless the insurance portfolio is closed,
insured enter and exit it at random times. We therefore seek a representation of the
expected accumulated cash flow with components that may naturally be targeted for
non-parametric estimation even when observation is incomplete. This typically involves
hazards.

4.3.1 One-dimensional representations

The first representation is inspired by results in [CF22]. The approach of [CF22] utilizes the
general change of measure techniques developed in [Fur22]. We offer a slight adjustment of
this approach that is both more direct and avoids the condition that the scaling factors
ρ(·, j, k) be uniformly bounded by one.

Define pρ
j , pρ

jk, pj , and pjk according to

pρ
j (t) = E[H(t)1{Zt=j}], pj(t) = E[1{Zt=j}], j ∈ J ,

pρ
jk(t) = E

[︂ ∫︂ t

0
H(s)Njk(ds)

]︂
, pjk(t) = E[Njk(t)], j, k ∈ J , j ̸= k.

Further, define Λρ
jk and Λjk according to

Λρ
jk(t) =

∫︂ t

0

1
pρ

j (s−)pρ
jk(ds), Λjk(t) =

∫︂ t

0

1
pj(s−)pjk(ds), j, k ∈ J , j ̸= k.

Remark 4.3.1.
Note that for j, k ∈ J0, j ≠ k, it holds that pρ

j = pj and pρ
jk = pjk and therefore Λρ

jk = Λjk.
Furthermore, for j ∈ J1, k ∈ J0 it holds that Λρ

jk = Λjk = 0.

Throughout, we shall assume that Λjk(t) < ∞ and Λρ
jk(t) < ∞. Since each ρ(·, j, k) is

assumed uniformly bounded on compacts, the former implies the latter if also ρ(·, j, k) is
uniformly bounded away from zero on the support of τ .
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Remark 4.3.2.
That each ρ(·, j, k) is uniformly bounded away from zero on the support of τ is a sufficient
but not necessary condition for Λjk(t) < ∞ to imply Λρ

jk(t) < ∞. Let j, k ∈ J1, j ̸= k,
which is the interesting case. If for instance the compensator Cjk of Njk is given by

Cjk(t) =
∫︂ t

0
1{Zs−=j}αjk(ds),

compare with the case of Z being Markov, and ρ(·, j, k) is strictly positive, then

pρ
jk(dt) = E[ρ(τ, Zτ−, Zτ )P(Zt− = j | Zτ )]αjk(dt)

= E[ρ(τ, Zτ−, Zτ )1{Zt−=j}]αjk(dt) = pρ
j (t−)αjk(dt),

so that Λρ
jk(dt) = αjk(dt). In similar fashion, it holds that Λjk(dt) = αjk(dt), so that

Λρ
jk = Λjk. Therefore, whether each ρ(·, j, k) is uniformly bounded away from zero on the

support of τ or not, it holds that Λjk(t) < ∞ implies Λρ
jk(t) < ∞.

In the following, let Λjj , j ∈ J , be such that all row sums are constantly equal to zero,
that is −Λjj = ∑︁

k ̸=j Λjk. To the contrary, let Λρ
jj be given by

−Λρ
jj = −Λjj , j ∈ J0,

−Λρ
jj =

∑︂
k∈J
k ̸=j

Λρ
jk, j ∈ J1.

Note that all row sums ∑︁k∈J Λρ
jk are not necessarily constantly equal to zero, unless each

ρ(·, j, k) is constantly equal to one.

Proposition 4.3.3.
It holds that

A(dt) =
∑︂
j∈J

pρ
j (t−)

(︃
Bj(dt) +

∑︂
k∈J
k ̸=j

bjk(t)Λρ
jk(dt)

)︃

and that

pρ
j (t) =

[︃ t

R
0

(︁
Id + Λρ(ds)

)︁]︃
z0j

, j ∈ J .

Remark 4.3.4.
Another way to phrase the second part of the theorem, which is also utilized in the proof,
is that (pρ

j )j uniquely solves the forward integral equations

pρ
j (dt) =

∑︂
k∈J

pρ
k(t−)Λρ

kj(dt), j ∈ J ,

with initial conditions pρ
j (0) = 1{j=z0}.
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Proof. The first result is trivial upon noticing that

pρ
j (t−) = E[H(t)1{Zt−=j}] + E[(1 − ρ(τ, Zτ−, Zτ ))1{τ=t}1{Zt−=j}],

where the latter term vanishes since we assumed that P(τ = t)Bj(dt) = 0.

The second result is more involved. Introduce

qj(t) =
[︃ t

R
0

(︁
Id + Λρ(ds)

)︁]︃
z0j

.

These are the unique solution to a set of forward integral equations, which due to the
specific choice of the diagonal of Λρ read

qj(dt) =
∑︂

k∈J0

qk(t−)Λkj(dt), j ∈ J0,

qj(dt) =
∑︂
k∈J

qk(t−)Λρ
kj(dt), j ∈ J1,

with boundary conditions qj(0) = 1{j=z0} for j ∈ J0 and qj(0) = 0 for j ∈ J1.

Recall, that

1{Zt=j} = 1{j=z0} +
∑︂
k∈J
k ̸=j

(︁
Nkj(t) − Njk(t)

)︁
. (4.3.1)

Let j ∈ J0. Then (4.3.1) reads

1{Zt=j} = 1{j=z0} +
∑︂

k∈J0
k ̸=j

Nkj(t) −
∑︂
k∈J
k ̸=j

Njk(t), (4.3.2)

and since pρ
j (t) = pj(t), by taking expectations on both sides of (4.3.2) we obtain

pρ
j (dt) =

∑︂
k∈J0

pk(t−)Λkj(dt), pρ
j (0) = 1{j=z0}.

Let instead j ∈ J1. Then (4.3.1) implies

H(t)1{Zt=j} =
∑︂
k∈J
k ̸=j

∫︂ t

0
H(s)Nkj(ds) −

∑︂
k∈J1
k ̸=j

∫︂ t

0
H(s)Njk(ds). (4.3.3)

Upon taking expectations on both sides of (4.3.3), we finally obtain

pρ
j (dt) =

∑︂
k∈J

pρ
k(t−)Λρ

kj(dt), pρ
j (0) = 0.

Collecting results and referring to the uniqueness of the solution to the forward integral
equations, we conclude that pρ

j = qj for all j ∈ J , as desired.
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Remark 4.3.5.
The identification of pρ with the product integral of Λρ is the non-trivial part of Proposi-
tion 4.3.3. As a special case, we obtain that

pj(t) =
[︃ t

R
0

(︁
Id + Λ(ds)

)︁]︃
z0j

. (4.3.4)

Such identities were the focal point of [Ove19], who associated the left-hand side with a
limit of products of transition probabilities and showed that if these transition probabilities
are suitably regular, then Λjk(t) < ∞ and (4.3.4) holds. By pertaining to the key
identity (4.3.1) and properties of the product integral, the proof becomes much shorter
and simpler.

The representation of A in Proposition 4.3.3 is pleasing, since A is essentially cast as a
well-behaved map of Λρ. However, the matrix function Λρ is – strictly speaking – not a
hazard matrix. The presence of H has entailed a choice of diagonal that does not ensure
the row sums to be constantly zero. This differs from the approach in [CF22], where the
introduction of an auxiliary jump process allows for a hazard interpretation. We briefly
summarize this approach and compare it to our approach.

Suppose each ρ(·, j, k) is uniformly bounded by one, and define ˜︁Z = ( ˜︁Zt)t≥0 according
to

Z̃t = 1{Zt∈J0}Zt + 1{Zt∈J1}
(︁
1{U≤ρ(τ,Zτ−,Zτ )}Zt + 1{U>ρ(τ,Zτ−,Zτ )}∇

)︁
,

where ∇ is an artificial cemetery state and U ∼ Unif(0, 1) is independent of Z. Set˜︁J = J ∪ {∇}, denote by ˜︁N the multivariate counting process corresponding to ˜︁Z, and
define

˜︁pj(t) = E[1{Z̃t=j}], ˜︁pjk(t) = E[ ˜︁Njk(t)], ˜︁Λjk(t) =
∫︂ t

0

1˜︁pj(s−)
˜︁pjk(ds)

for j, k ∈ ˜︁J , j ̸= k. Further, set

−˜︁Λjj =
∑︂
k∈˜︁J
k ̸=j

˜︁Λjk, j ∈ ˜︁J ,

so that all row sums are constantly equal to zero. In Subsection 4.1 of [CF22] it is, among
other things, shown that

A(dt) =
∑︂
j∈J

˜︁pj(t−)
(︃

Bj(dt) +
∑︂
k∈J
k ̸=j

bjk(t)˜︁Λjk(dt)
)︃

and that

˜︁pj(t) =
[︃ t

R
0

(︁
Id + ˜︁Λ(ds)

)︁]︃
z0j

, j ∈ J .
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4.3 Valuation

From the latter identity it is rather obvious that Λρ corresponds exactly to ˜︁Λ with the
row and column corresponding to the artificial cemetery state removed. What is then
the advantage of the latter representation? This representation is convenient insofar that
it retains the interpretation of ˜︁Λ as an actual hazard matrix and thus of ˜︁p as an actual
probability vector, from which estimation procedures and their asymptotic properties
almost suggest themselves. The representation is inconvenient, on the other hand, insofar
that it requires an auxiliary added source of randomness, namely U , as well as the condition
that the scaling factors be uniformly bounded by one.

4.3.2 Two-dimensional representation

Two-dimensional representations were proposed and studied in [BC24]. We here give
a concise summary adapted to the case of scaled payments. In comparison to the one-
dimensional representation, two further assumptions are required, namely the strengthened
moment condition E[Njk(t)2] < ∞ and that ρ(·, j, k) is deterministic, where j, k ∈ J ,
j ̸= k.

Let t = (t1, t2) and j = (j1, j2). Define pj and pjk according to

pj(t) = E[1{Zt1 =j1}1{Zt2 =j2}], j1, j2 ∈ J ,

pjk(t) = E[Nj1k1(t1)Nj2k2(t2)], j1, k1, j2, k2 ∈ J , j1 ̸= k1, j2 ̸= k2.

Further, define Λjk according to

Λjk(t) =
∫︂ t

0

1
pj(s−)pjk(ds), j1, k1, j2, k2 ∈ J , j1 ̸= k1, j2 ̸= k2.

Throughout, we shall assume that Λjk(t) < ∞. The following result summarizes and
adapts Example 2.4, Section 7, Theorem 3.3, and Theorem 4.3 from [BC24] to the current
setting.

Proposition 4.3.6.
Suppose that E[Njk(t)2] < ∞ and that ρ(·, j, k) is deterministic for j, k ∈ J , j ̸= k. It
then holds that

A(t) − b0

=
∑︂

j∈J0

∫︂ t

0
pj(s−)

(︃
Bj(ds) +

∑︂
k∈J0
k ̸=j

bjk(s)Λjk(ds) +
∑︂

k∈J1

ρ(s, j, k)bjk(s)Λjk(ds)
)︃

+
∑︂

j2∈J1

∫︂ t

0

∑︂
j1∈J0
k1∈J1

∫︂ (t,s−)

0
ρ(u1, j1, k1)

(︃ ∑︂
k2∈J
k2 ̸=j2

p(j1,k2)(u−)Λ(j1,k2)(k1,j2)(du)

−
∑︂

k2∈J1
k2 ̸=j2

pj(u−)Λjk(du)
)︃

Bj2(ds)
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Chapter 4 Non-parametric estimators of scaled cash flows

+
∑︂

j2,k2∈J1
j2 ̸=k2

∑︂
j1∈J0
k1∈J1

∫︂ (t,t)

0
ρ(u1, j1, k1)bj2k2(u2)pj(u−)Λjk(du)

and that (pj)j uniquely solves the following system of inhomogeneous Volterra integral
equations:

pj(t) = 1{z0=j1=j2} + 1{z0=j1}
(︁
pj2(t2) − 1{z0=j2}

)︁
+ 1{z0=j2}

(︁
pj1(t1) − 1{z0=j1}

)︁
+
∑︂

k1,k2∈J
k1 ̸=j1,k2 ̸=j2

∫︂ t

0

(︂
pk(s−)Λkj(ds) − p(k1,j2)(s−)Λ(k1,j2)(j1,k2)(ds)

− p(j1,k2)(s−)Λ(j1,k2)(j2,k1)(ds) + pj(s−)Λjk(ds)
)︂
,

where j = (j1, j2) ∈ J × J .

In comparing the one- and two-dimensional representations, we note that the two-
dimensional representation needs further technical assumptions and is more involved,
in particular from a numerical point of view. On the other hand, it achieves true separation
between the probabilistic components and the contract elements, that is the payments
and the scaling factors. This is convenient if one needs to calculate the expected accu-
mulated cash flow across many different contract specifications. It also allows for a more
clear separation between valuation and estimation in accordance with common actuarial
workflows.

4.4 Non-parametric estimation

In this paper, we are interested in the situation where observation of Z is right-censored.
To this end, we introduce a strictly positive random variable R describing right-censoring.
Letting η denote the (possible infinite) absorption time of Z, we thus observe the
pair (︁

(Zt)0≤t≤R, η ∧ R
)︁
.

Under such an incomplete observation scheme, the behavior of Z beyond the right endpoint
of the support of R of course remains elusive. In the following, we thus fix a θ strictly below
this right endpoint and focus on the time interval [0, θ]. The extension to the maximal
interval is not pursued.

Throughout, we shall assume that right-censoring is entirely random, meaning that Z is
independent of R. This is a central assumption which can, essentially, only be weakened in
case Z is Markov. It implies that

Λρ
jk(t) =

∫︂ t

0

1
pρ,c

j (s−)pρ,c
jk (ds), j, k ∈ J , j ̸= k, (4.4.1)

Λjk(t) =
∫︂ t

0

1
pc

j(s−)pc
jk(ds), j1, k1, j2, k2 ∈ J , j1 ̸= k1, j2 ̸= k2, (4.4.2)
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4.4 Non-parametric estimation

for t, t1, and t2 below θ and with

pρ,c
j (t) = E[H(t)1{Zt=j}1{t<R}], pρ,c

jk (t) = E
[︂ ∫︂ t

0
H(s)1{s≤R}Njk(ds)

]︂
,

pc
j(t) = E[1{Zt1 =j1}1{Zt2 =j2}1{t<R}], pc

jk(t) = E[Nj1k1(t1 ∧ R)Nj2k2(t2 ∧ R)].

In the following, the non-scaled case of each ρ(·, j, k) being constantly equal to one is
indicated by dropping the superscript ρ, which is also in accordance with previous definitions
and notation.

The components in (4.4.1) and (4.4.2) are natural targets for estimation. However, the fact
that the denominators might become zero is somewhat of a technical menace. We follow
the suggestion of [BF24b] to change the target of estimation by means of perturbation.
That is, we instead consider

Λρ,ε
jk (t) =

∫︂ t

0

1
pρ,c

j (s−) ∨ ε
pρ,c

jk (ds), j, k ∈ J , j ̸= k,

Λε
jk(t) =

∫︂ t

0

1
pc

j(s−) ∨ ε
pc

jk(ds), j1, k1, j2, k2 ∈ J , j1 ̸= k1, j2 ̸= k2,

for some ε > 0. We retain the choice of diagonal, that is we let Λρ,ε
jj be given

by

−Λρ,ε
jj =

∑︂
k∈J
k ̸=j

Λε
jk, j ∈ J0,

−Λρ,ε
jj =

∑︂
k∈J
k ̸=j

Λρ,ε
jk , j ∈ J1.

Furthermore, we set

pρ,ε
j (t) =

[︃ t

R
0

(︁
Id + Λρ,ε(ds)

)︁]︃
z0j

, j ∈ J .

Finally, we define (pε
j)j as the unique solution to the following system of inhomogeneous

Volterra integral equations:

pε
j(t) = 1{z0=j1=j2}

+ 1{z0=j1}
(︁
pε

j2(t2) − 1{z0=j2}
)︁

+ 1{z0=j2}
(︁
pε

j1(t1) − 1{z0=j1}
)︁

+
∑︂

k1,k2∈J
k1 ̸=j1,k2 ̸=j2

∫︂ (t,t)

0

(︂
pε

k(s−)Λε
kj(ds) − pε

(k1,j2)(s−)Λε
(k1,j2)(j1,k2)(ds)

− pε
(j1,k2)(s−)Λε

(j1,k2)(j2,k1)(ds) + pε
j(s−)Λε

jk(ds)
)︂
,

(4.4.3)

where j = (j1, j2) ∈ J × J .

In the limit ε → 0, we recover the original expressions, see also Theorem 5.9
in [Bat24].
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The classic identity (4.3.1) allows us to establish the following link between the one-
dimensional components:

pρ,c
j (t) = 1{j=z0} − Cρ

j (t) +
∑︂

k∈J0
k ̸=j

(︁
pρ,c

kj (t) − pρ,c
jk (t)

)︁
−
∑︂

k∈J1

pc
jk(t), j ∈ J0, (4.4.4)

pρ,c
j (t) = −Cρ

j (t) +
∑︂

k∈J0

pρ,c
kj (t) +

∑︂
k∈J1
k ̸=j

(︁
pρ,c

kj (t) − pρ,c
jk (t)

)︁
, j ∈ J1, (4.4.5)

where Cρ
j is defined according to

Cρ
j (t) = E[H(R)1{ZR=j}1{R≤t}], j ∈ J .

Similarly, in regards to the two-dimensional case we have

pc
j(t) = 1{z0=j1=j2} − 1{z0=j1=j2}E[1{R≤t1∨R≤t2}]

+ 1{z0=j2}
(︂ ∑︂

k∈J
k ̸=j1

pc
kj1(t1) − pc

j1k(t1)
)︂

+ 1{z0=j1}
(︂ ∑︂

k∈J
k ̸=j2

pc
kj2(t2) − pc

j2k(t2)
)︂

− 1{z0=j2}
(︂ ∑︂

k∈J
k ̸=j1

pc,1
kj1

(t) − pc,1
j1k(t)

)︂
− 1{z0=j1}

(︂ ∑︂
k∈J
k ̸=j2

pc,2
kj2

(t) − pc,2
j2k(t)

)︂
(4.4.6)

+
∑︂

k1,k2∈J
k1 ̸=j1,k2 ̸=j2

(︂
pc

kj(t) + pc
jk(t) − pc

(j1k2)(k1j2)(t) − pc
(k1j2)(j1k2)(t)

)︂

−
∑︂

k1,k2∈J
k1 ̸=j1,k2 ̸=j2

(︂
pc,3

kj (t) + pc,3
jk (t) − pc,3

(j1k2)(k1j2)(t) − pc,3
(k1j2)(j1k2)(t)

)︂
,

where pc,1
kj (t) = E[Nkj(t1 ∧ R)1{R≤t1∨R≤t2}], pc,2

kj (t) = E[Nkj(t2 ∧ R)1{R≤t1∨R≤t2}] and
pc,3

kj (t) = E[Nk1j1(t1 ∧ R)Nk2j2(t2 ∧ R)1{R≤t1∨R≤t2}].

4.4.1 Estimators

Consider i.i.d. replicates (︁
(Zℓ

t )0≤t≤Rℓ , ηℓ ∧ Rℓ)︁n
ℓ=1

and form the following empirical processes

Iρ
j (t) = 1

n

n∑︂
ℓ=1

Hℓ(t)1{Zℓ
t =j}1{t<Rℓ},

Nρ
jk(t) = 1

n

n∑︂
ℓ=1

∫︂ t

0
Hℓ(s)1{s≤Rℓ}N ℓ

jk(ds),

Ij(t) = 1
n

n∑︂
ℓ=1

1{Zℓ
t1

=j1}1{Zℓ
t2

=j2}1{t<Rℓ},
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4.4 Non-parametric estimation

Njk(t) = 1
n

n∑︂
ℓ=1

N ℓ
j1k1(t1 ∧ Rℓ)N ℓ

j2k2(t2 ∧ Rℓ),

as non-parametric estimators of pρ,c
j , pρ,c

jk , pc
j , and pc

jk, respectively. Similar to (4.4.4)
and (4.4.5), we find the following link for the one-dimensional case:

Iρ
j (t) = 1{j=z0} − Cρ

j (t) +
∑︂

k∈J0
k ̸=j

(︁
Nρ

kj(t) − Nρ
jk(t)

)︁
−
∑︂

k∈J1

Njk(t), j ∈ J0, (4.4.7)

Iρ
j (t) = −Cρ

j (t) +
∑︂

k∈J0

Nρ
kj(t) +

∑︂
k∈J1
k ̸=j

(︁
Nρ

kj(t) − Nρ
jk(t)

)︁
, j ∈ J1, (4.4.8)

where Cρ
j is defined according to

Cρ
j (t) = 1

n

n∑︂
ℓ=1

Hℓ(Rℓ)1{Zℓ
Rℓ

=j}1{Rℓ≤t}, j ∈ J .

Similarly, in regards to the two-dimensional case we have

Ij(t) = 1{z0=j1=j2}

+ 1{z0=j2}
(︂ ∑︂

k∈J
k ̸=j1

Nkj1(t1) − Nj1k(t1)
)︂

+ 1{z0=j1}
(︂ ∑︂

k∈J
k ̸=j2

Nkj2(t2) − Nj2k(t2)
)︂

− 1{z0=j2}
(︂ ∑︂

k∈J
k ̸=j1

N1
kj1(t) − N1

j1k(t)
)︂

(4.4.9)

− 1{z0=j1}
(︂ ∑︂

k∈J
k ̸=j2

N2
kj2(t) − N2

j2k(t)
)︂

+
∑︂

k1,k2∈J
k1 ̸=j1,k2 ̸=j2

(︂
Nkj(t) + Njk(t) − N(j1k2)(k1j2)(t) − N(k1j2)(j1k2)(t)

)︂

−
∑︂

k1,k2∈J
k1 ̸=j1,k2 ̸=j2

(︂
N3

kj(t) + N3
jk(t) − N3

(j1k2)(k1j2)(t) − N3
(k1j2)(j1k2)(t)

)︂
,

where the estimators are defined according to

Njk(t) = 1
n

n∑︂
ℓ=1

N ℓ
jk(t ∧ Rℓ),

N1
jk(t) = 1

n

n∑︂
ℓ=1

N ℓ
jk(t1 ∧ Rℓ)1{Rℓ≤t1∨Rℓ≤t2},

N2
jk(t) = 1

n

n∑︂
ℓ=1

N ℓ
jk(t2 ∧ Rℓ)1{Rℓ≤t1∨Rℓ≤t2},
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N3
jk(t) = 1

n

n∑︂
ℓ=1

N ℓ
j1k1(t1 ∧ Rℓ)N ℓ

j2k2(t2 ∧ Rℓ)1{Rℓ≤t1∨Rℓ≤t2}.

The above identities are used repeatedly in the proofs, but may also be helpful for the
development of efficient implementations.

We are now ready to form the estimators of interest, which will be of Nelson–Aalen and
Aalen–Johansen type. The first estimator Λ̂ρ,ε reads

Λ̂ρ,ε
jk (t) =

∫︂ t

0

1
Iρ
j (s−) ∨ ε

Nρ
jk(ds)

and targets Λρ,ε
jk . We also define

−Λ̂ρ,ε
jj =

∑︂
k∈J
k ̸=j

Λ̂ε
jk, j ∈ J0,

−Λ̂ρ,ε
jj =

∑︂
k∈J
k ̸=j

Λ̂ρ,ε
jk , j ∈ J1,

where Λ̂ε
jk is the ordinary estimator, corresponding to Λ̂ρ,ε

jk without scaling, that is H ≡ 1.
The associated estimator p̂ρ,ε

j reads

p̂ρ,ε
j (t) =

[︃ t

R
0

(︁
Id + Λ̂ρ,ε(ds)

)︁]︃
z0j

and targets pρ,ε
j . The next estimator Λ̂ε

jk reads

Λ̂ε
jk(t) =

∫︂ t

0

1
Ij(s−) ∨ ε

Njk(ds)

and targets Λε
jk. The associated estimator p̂ε

j , which targets pε
j , is defined as the unique

solution to (4.4.3), but with all the theoretical quantities replaced by their just introduced
estimators.

The perturbation given by ε only plays a role in the theoretical analyses of the estimators.
In applications, where n is of course fixed, one takes ε sufficiently close to zero as to not
affect the actual estimates, which actually corresponds to ε = 0.

Let 0 = t0 < t1 < t2 < · · · < tM describe all observed event times in [0, θ]. The estimators
are all constant between these time points and, consequently, best described through
difference equations. In regards to the one-dimensional case, it holds that p̂ρ,ε

j (t0) = 1{z0=j}
and

∆p̂ρ,ε
j (tm+1) =

∑︂
k∈J

p̂ρ,ε
k (tm)∆Λ̂ρ,ε

kj (tm+1).

For the two-dimensional case, it holds that

p̂ε
j(tm, 0) = p̂ε

j1(tm)1{j2=z0}, p̂ε
j(0, tm) = p̂ε

j2(tm)1{j1=z0},
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where p̂ε
j is the ordinary estimator, corresponding to p̂ρ,ε

j without scaling, that is H ≡ 1.
Further, if we let

∆p̂ε
j(tm1+1, tm2+1) = p̂ε

j(tm1+1, tm2+1)
− p̂ε

j(tm1+1, tm2) − p̂ε
j(tm1 , tm2+1) + p̂ε

j(tm1 , tm2),

we obtain

∆p̂ε
j(tm1+1, tm2+1) =

∑︂
k1,k2∈J

k1 ̸=j1,k2 ̸=j2

p̂ε
k(tm1 , tm2)∆Λ̂ε

kj(tm1+1, tm2+1)

−
∑︂

k1,k2∈J
k1 ̸=j1,k2 ̸=j2

p̂ε
(k1,j2)(tm1 , tm2)∆Λ̂ε

(k1,j2)(j1,k2)(tm1+1, tm2+1)

−
∑︂

k1,k2∈J
k1 ̸=j1,k2 ̸=j2

p̂ε
(j1,k2)(tm1 , tm2)∆Λ̂ε

(j1,k2)(k1,j2)(tm1+1, tm2+1)

− p̂ε
j(tm1 , tm2)

∑︂
k1,k2∈J

k1 ̸=j1,k2 ̸=j2

∆Λ̂ε
jk(tm1+1, tm2+1)

with Λ̂ε
jk(tm1 , 0) = 0, Λ̂ε

jk(0, tm2) = 0, and

∆Λ̂ε
jk(tm1+1, tm2+1) = 1

Ij(tm1 , tm2) ∨ ε
∆Njk(tm1+1, tm2+1),

where ∆Njk reads

∆Njk(tm1+1, tm2+1) = 1
n

n∑︂
ℓ=1

∆N ℓ
j1k1(tm1+1 ∧ Rℓ)∆N ℓ

j2k2(tm2+1 ∧ Rℓ).

To efficiently calculate p̂ε
j on the relevant two-dimensional grid, one calculates simultaneously

across j ∈ J × J the gnomons(︁
p̂ε

j(tm+s, tm+1), p̂ε
j(tm+1, tm+s)

)︁
s=1,2,...,M−m

,

progressing through m from zero to M − 1 and thus filling in the square. Note that the
edges of the gnomons may be calculated in parallel.

4.4.2 Strong uniform consistency

In Section 5 of [Bat24], the approach of Section 3 in [BF24b] was adapted to the two-
dimensional case. In particular, using the link (4.4.6) and the corresponding link (4.4.9),
the following result was established:

Theorem 4.4.1.
Suppose that E[Njk(θ)2] < ∞ for j, k ∈ J , j ̸= k. It then holds that

sup
0≤t≤θ

⃓⃓
Λ̂ε

jk(t) − Λε
jk(t)

⃓⃓ a.s.→ 0, n → ∞,

sup
0≤t≤θ

⃓⃓
p̂ε

j(t) − pε
j(t)

⃓⃓ a.s.→ 0, n → ∞.
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The consistency of Λ̂ρ,ε
jk and p̂ρ,ε

j may also be established using the approach of Section 3
in [BF24b]. First note that

sup
0≤t≤θ

⃓⃓
Cρ

j (t) − Cρ
j (t)

⃓⃓ a.s.→ 0, n → ∞. (4.4.10)

This follows from the fact that the class of all uniformly bounded, monotone functions
on the real line is Glivenko–Cantelli, confer with Theorem 2.4.1 and Theorem 2.7.5
in [VW96]. The assumption that each ρ(·, j, k) is uniformly bounded on [0, θ] is here of
essence.

Theorem 4.4.2.
It holds that

sup
0≤t≤θ

⃓⃓
Λ̂ρ,ε

jk (t) − Λρ,ε
jk (t)

⃓⃓ a.s.→ 0, n → ∞,

sup
0≤t≤θ

⃓⃓
p̂ρ,ε

j (t) − pρ,ε
j (t)

⃓⃓ a.s.→ 0, n → ∞.

Proof. Following for instance the proof of Proposition 3.2 in [BF24b], it suffices to show
strong uniform consistency of the components Iρ

j and Nρ
jk. However, from the links (4.4.4)-

(4.4.5), the links (4.4.7)-(4.4.8), and the strong uniform consistency (4.4.10), it actually
even just suffices to establish strong uniform consistency of Nρ

jk.

To this end, we use an idea from the proof of Proposition 3.1 in [BF24b]. Let Dm be the
event where Njk(θ) ≤ m occurs eventually (in n). Recall that each ρ(·, j, k) is uniformly
bounded on [0, θ] and note also that pρ,c

jk is non-decreasing. Since the class of all uniformly
bounded, monotone functions on the real line is Glivenko–Cantelli, we may conclude that
on Dm it holds that

sup
0≤t≤θ

⃓⃓
Nρ

jk(t) − pρ,c
jk (t)

⃓⃓ a.s.→ 0, n → ∞.

In addition, by the strong law of large numbers it holds that

Nρ
jk(θ) a.s.→ pρ,c

jk (θ), n → ∞,

which shows that for m sufficiently large Dm has probability one. Collecting results
completes the proof.

4.4.3 Asymptotic normality

To establish asymptotic normality, here meaning weak convergence to a tight Gaussian
process, we use more or less explicitly the so-called bracketing central limit theorem,
Theorem 2.11.9 in [VW96]; see however also Appendix D in [BF24b]. In both cases, we
first prove weak convergence of the relevant components and then adapt the approach of
Section 4 in [BF24b] to obtain weak convergence of the composite quantities. We begin
with the one-dimensional representation.
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Lemma 4.4.3.
Suppose that E[Njk(θ)2] < ∞ for j, k ∈ J , j ̸= k. It then holds that(︂√

n
(︁
Iρ
j (t) − pρ,c

j (t)
)︁

j
,
√

n
(︁
Nρ

jk(t) − pρ,c
jk (t)

)︁
j ̸=k

)︂
t∈[0,θ]

converges weakly to a centered tight Gaussian process.

Proof. It suffices to show weak convergence of(︂√
n
(︁
Cρ

j (t) − Cρ
j (t)

)︁
j
,
√

n
(︁
Nρ

jk(t) − pρ,c
jk (t)

)︁
j ̸=k

)︂
t∈[0,θ]

to a tight Gaussian process. This is because(︂√
n
(︁
Iρ
j (t) − pρ,c

j (t)
)︁

j
,
√

n
(︁
Nρ

jk(t) − pρ,c
jk (t)

)︁
j ̸=k

)︂
t∈[0,θ]

is a linear transformation hereof, confer with (4.4.4)-(4.4.5) and (4.4.7)-(4.4.8), so it
retains the weak convergence to a tight Gaussian process. (The limiting distribution
is of course centered.) Convergence of the finite-dimensional distributions follows from
the multivariate central limit theorem. According to Problem 1.5.3 in [VW96], it thus
suffices to show asymptotic tightness of each component. Note that this is the case for√

n
(︁
Cρ

j (t) − Cρ
j (t)

)︁
t∈[0,θ], given that the class of all uniformly bounded, monotone functions

on the real line is Donsker, confer with Subsection 2.7.2 in [VW96]. Further, under the
assumptions E[Njk(θ)2] this is also the case for

√
n
(︁
Nρ

jk(t) − pρ,c
j (t)

)︁
t∈[0,θ], confer with

Example 2.11.16 in [VW96]. Collecting results completes the proof.

Theorem 4.4.4.
Suppose that E[Njk(θ)2] < ∞ for j, k ∈ J , j ̸= k. It then holds that(︂√

n
(︁
p̂ρ,ε

j (t) − pρ,ε
j (t)

)︁
j
,
√

n
(︁
Λ̂ρ,ε

jk (t) − Λρ,ε
jk (t)

)︁
j ̸=k

)︂
t∈[0,θ]

converges weakly to a centered tight Gaussian process.

Proof. Since the functional (Λρ,ε
jk )j ̸=k ↦→ (pρ,ε

j )j is Hadamard differentiable, confer with
Theorem 8 in [GJ90], it suffices by the functional delta method to establish weak convergence
of the former.

Let t ↦→ Xρ,c
j (t) and t ↦→ Xρ,c

jk (t) be the limit processes of t ↦→
√

n
(︁
Iρ
j (t) − pρ,c

j (t)
)︁

and
t ↦→

√
n
(︁
Nρ

jk(t) − pρ,c
jk (t)

)︁
, respectively. According to Lemma 4.4.3, these limit processes

are centered tight joint Gaussian. Similar to the proof of Theorem 4.5 in [BF24b], we may
show that t ↦→

√
n
(︁
Λ̂ρ,ε

jk (t) − Λρ,ε
jk (t)

)︁
converges to the limit process

t ↦→
∫︂ t

0

1
pρ,c

j (s−) ∨ ε
Xρ,c

jk (ds) −
∫︂ t

0

1{pρ,c
j (s−)>ε}Xρ,c

j (s−)
pρ,c

j (s−) Λρ,ε
jk (ds)

=
Xρ,c

jk (t)
pρ,c

j (t) ∨ ε
−
∫︂ t

0
Xρ,c

jk (s) d
(︃ 1

pρ,c
j (s) ∨ ε

)︃
−
∫︂ t

0

1{pρ,c
j (s−)>ε}Xρ,c

j (s−)
pρ,c

j (s−) Λρ,ε
jk (ds).

(4.4.11)
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Chapter 4 Non-parametric estimators of scaled cash flows

This limit process is again a centered tight Gaussian process. (In principle, one needs
to verify that the finite-dimensional distributions are Gaussian, but this follows directly
from the above decomposition.) To extend the result to (Λρ,ε

jk )j ̸=k, it suffices to verify
convergence of the finite-dimensional distributions, confer with Problem 1.5.3 in [VW96].
However, this follows immediately by the Cramer–Wold device in combination with (4.4.11)
and the joint Gaussianity from Lemma 4.4.3.

We now turn our attention to the two-dimensional case. We follow the strategy outlined in
Remark 5.12 of [Bat24].

Lemma 4.4.5.
Suppose that E[Njk(θ)4] < ∞ for j, k ∈ J , j ̸= k. It then holds that(︂√

n
(︁
Ij(t) − pc

j(t)
)︁

j
,
√

n
(︁
Njk(t) − pc

jk(t)
)︁

j ̸=k

)︂
t∈[0,θ]×[0,θ]

converges weakly to a centered tight Gaussian process.

Proof. Similar to the one-dimensional case, confer with the proof of Lemma 4.4.3, the
link (4.4.6) and the link (4.4.9) imply that it suffices to establish asymptotic tightness of
the components involved. In the following, we argue that the empirical process

[0, θ] × [0, θ] ∋ t ↦→
√

n
(︁
Njk(t) − pc

jk(t)
)︁

is asymptotically tight. For the other components, the argument is either simpler or quite
similar and therefore, for the sake of brevity, omitted. We shall employ the bracketing
central limit theorem with the envelope function

F = Nj1k1(θ)Nj2k2(θ),

which is square integrable by assumption. To this end, let the µ-bracketing number be
denoted by N[ ](µ, P, L2). This is the minimum number of sets Nµ in an n-independent
partition P = ⋃︁Nµ

m=1 Pµ,m of the index set [0, θ] × [0, θ] such that, for every partitioning set
Pµ,m,

E
[︂

sup
t,s∈Pµ,m

⃓⃓
Nj1k1(t1 ∧ R)Nj2k2(t2 ∧ R) − Nj1k1(s1 ∧ R)Nj2k2(s2 ∧ R)

⃓⃓2]︂ ≤ µ2.

Since the envelope function is square integrable by assumption, it suffices to identify an
n-independent partition that confirms the entropy condition∫︂ δn

0

√︂
log N[ ](µ, P, L2) dµ → 0, for every δn ↓ 0.

Note that if Pµ,m is a rectangle [tm, tm] × [sm, sm], then by applying the equality ab − cd =
a(b − d) + d(a − c), we may bound

sup
t,s∈Pµ,m

⃓⃓
Nj1k1(t1 ∧ R)Nj2k2(t2 ∧ R) − Nj1k1(s1 ∧ R)Nj2k2(s2 ∧ R)

⃓⃓2
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by twice the sum of

E
[︁
Nj1k1(θ)2Nj2k2(θ)

(︁
Nj2k2(sm ∧ R) − Nj2k2(sm ∧ R)

)︁]︁
+ E

[︁
Nj1k1(θ)Nj2k2(θ)2(︁Nj1k1(tm ∧ R) − Nj1k1(tm ∧ R)

)︁]︁
due to the monotonicity of the processes involved. For each of these terms, the argument of
Example 2.11.16 in [VW96] applies. In particular, there exists an n-independent partition
P of at most 4E[Nj1k1(θ)2Nj2k2(θ)2]µ−2 rectangles such that, for every rectangle Pµ,m,

E
[︂

sup
t,s∈Pµ,m

⃓⃓
Nj1k1(t1 ∧ R)Nj2k2(t2 ∧ R) − Nj1k1(s1 ∧ R)Nj2k2(s2 ∧ R)

⃓⃓2]︂ ≤ µ2.

Consequently, the entropy condition is satisfied. To see this, consider δn ↓ 0. For n
sufficiently large and an appropriate constant K > 0,∫︂ δn

0

√︂
log N[ ](µ, P, L2) dµ ≤

∫︂ δn

0

√︂
log
{︁
4E[Nj1k1(θ)2Nj2k2(θ)2]µ−2}︁ dµ

≤ K

∫︂ δn

0

√︂
µ−1 dµ

= 2K
√︁

δn → 0.

This completes the proof.

Theorem 4.4.6.
Suppose that E[Njk(θ)4] < ∞ for j, k ∈ J , j ̸= k. It then holds that(︂√

n
(︁
p̂ε

j(t) − pε
j(t)

)︁
j
,
√

n
(︁
Λ̂ε

jk(t) − Λε
jk(t)

)︁
j ̸=k

)︂
t∈[0,θ]×[0,θ]

converges weakly to a centered tight Gaussian process.

Proof. The solution to the integral equations (4.4.3) may be expressed with the help of a
Peano series, see Lemma A.1 in [Bat24], which is a Hadamard differentiable functional,
see Proposition 3.4 in [GLW95]. Therefore, it suffices by the functional delta method to
establish weak convergence of(︂√

n
(︁
Λ̂ε

jk(t) − Λε
jk(t)

)︁
j ̸=k

)︂
t∈[0,θ]×[0,θ]

.

Let t ↦→ Xc
j (t) and t ↦→ Xc

jk(t) be the limit processes of t ↦→
√

n
(︁
Ij(t) − pc

j(t)
)︁

and
t ↦→

√
n
(︁
Njk(t) − pc

jk(t)
)︁
, respectively. Now, similar to the one-dimensional case, confer

with the proof of Theorem 4.4.4, one may show that t ↦→
√

n
(︁
Λ̂ε

jk(t) − Λε
jk(t)

)︁
converges

to the limit process

t ↦→
∫︂ t

0

1
pρ,c

j (s−) ∨ ε
Xc

jk(ds) −
∫︂ t

0

1{pc
j
(s−)>ε}Xc

j (s−)
pc

j(s−) Λε
jk(ds),

which is again a centered tight Gaussian process. (In principle, one needs to verify that
the finite-dimensional distributions are Gaussian, but this follows by standard arguments
applied to the above decomposition in combination with two-dimensional integration by
parts.) The extension from fixed indices j and k to across indices transpires exactly as in
the one-dimensional case.
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4.4.4 Discussion and remarks

Theorems 4.4.4 and 4.4.6 are of qualitative nature. In principle, it is possible to calculate
the covariances and, based hereon, propose plug-in estimators. This was done in [Gli02] for
the one-dimensional case without scaling, and the scaled case should follow along similar
lines. For the two-dimensional case, the calculations become very involved. In general, we
suggest instead the use of the bootstrap. Its validity must be verified using, for instance, the
(bootstrap) functional delta method and related results, see also Theorem 5.1 in [GLW95]
for the validity of the bootstrap for bivariate survival functions.

The results of Subsections 4.4.2 and 4.4.3 concern occupation probabilities and hazards.
In practice, we are interested in expected accumulated cash flows and prospective reserves.
If, however, we assume the transition payments bjk to be of finite variation, then the
convergences immediately carry over to ε-perturbed versions of the quantities of inter-
est by the continuous mapping theorem and functional delta method, respectively, and
these quantities converge to the true quantities of interest as ε → 0, see also Section 6
in [Bat24].

In the next section, we perform a comparative simulation study. In particular, we compare
the one-dimensional estimators of [CF22] with the one-dimensional estimators of this paper.
Therefore, we briefly introduce the former.

The estimators of [CF22] are based on the results at the end of Subsection 4.3.1. They
correspond to the usual Nelson–Aalen and Aalen–Johansen estimators (for occupation
probabilities only), but using the data(︁

(Z̃ℓ
t )0≤t≤Rℓ , η̃ℓ ∧ Rℓ)︁n

ℓ=1

with Z̃ℓ
t = 1{Zℓ

t ∈J0}Zℓ
t + 1{Zℓ

t ∈J1}
(︁
1{Uℓ≤ρ(τℓ,Zℓ

τℓ−
,Zℓ

τℓ
)}Zℓ

t + 1{Uℓ>ρ(τℓ,Zℓ
τℓ−

,Zℓ
τℓ

)}∇
)︁
, where

(Uℓ)n
ℓ=1 is an i.i.d. sequence of Unif(0, 1)-distributed random variables that is independent of

(Zℓ, Rℓ)n
ℓ=1. The resulting estimators are of the same type as the one-dimensional estimators

studied in this paper, but without scaling. Their asymptotic theory and numerical
implementation is already well understood, but might then also be derived from the results
obtained here. However, the usage of the auxiliary variables (Uℓ)n

ℓ=1 introduces additional
and, as we substantiate in the next section, unnecessary noise.

4.5 Comparative simulation study

The setup of the simulation study is adopted from [Bat24], the emphasize being on simplicity
rather than authenticity. We consider a multi-state model with six states as in Figure 4.1,
which allows for the modeling of the free policy as well as the surrender option. In this
specific example, the jump process can at most be semi-Markov.

The insured has age 40 years at contract inception. The contractual payments consist
of an initial premium of 100, 000 monetary units, an annual premium rate while alive of
10, 000 monetary units until retirement at age 65 years, and an annual benefit rate while
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dead 4active 1surrender 3

free policy2surrender 5 dead 6

Figure 4.1: Survival model with free policy and surrender options.

alive from onset of retirement. Policyholder options are typically not explicitly included
on the technical basis; this is achieved by determining the surrender payments and the
free policy factor t ↦→ ρ(t) such that there is no change in technical reserve upon exercise
of the option. In particular, the technical reserve may be calculated in a survival model,
and only a technical mortality rate and technical interest rate needs to be specified. We
suppose that the technical mortality rate is

µ⋆(t) = 0.005 + 10(5.728−10+0.038t),

and that the technical interest rate is zero. Finally, we assume that the annual benefit rate
has been determined to maintain actuarial equivalence under this technical basis. All in
all, we then get

B1(dt) =
(︁

− 10, 0001[0,25)(t) + 22, 658.671[25,∞)(t)
)︁

dt,

B2(dt) = 22, 658.671[25,∞)(t) dt,

b0 = 100, 000, b13(t) = V ⋆(t), b25(t) = V ⋆,+(t), ρ(t) = V ⋆(t)
V ⋆,+(t) ,

where V ⋆ is the technical reserve, and V ⋆,+ is the technical reserve of benefits solely. The
resulting scaled payment stream reads

B(dt)

= ρ(t)1{τ≤t}
(︂
1{Zt−=1}B1(dt) + 1{Zt−=2}B2(dt) + b13(t)N13(dt) + b25(t)N25(dt)

)︂
.

The one-dimensional representation of the corresponding expected accumulated cash flow
reads

A(t) = b0 +
∫︂ t

0

(︂
p1(s−)B1(ds) + p1(s−)b13(s)Λ13(ds)

+ pρ
2(s−)B2(ds) + pρ

2(s−)b13(s)Λρ
25(ds)

)︂
,

(4.5.1)
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while the two-dimensional representation becomes

A(t) =
∫︂ t

0

∫︂ (t,s−)

0
ρ(u1)

(︂
p(1,1)(u−)Λ(1,1)(2,2)(du)

− p(1,2)(u−)
(︁
Λ(1,2)(2,5)(du) + Λ(1,2)(2,6)(du)

)︁)︂
B2(ds)

+ b0 +
∫︂ t

0
p1(s−)

(︂
B1(ds) + b13(s)Λ13(ds)

)︂
+
∫︂ (t,t)

0
ρ(u1)p(1,2)(u−)b25(u2)Λ(1,2)(2,5)(du).

(4.5.2)

Data is simulated from a semi-Markov model with initial state z0 = 1 and the following
(duration-dependent) transition rates:

µ14(t) = µ26(t) = µ⋆(t),
µ12(t) = 0.11[0,25)(t),
µ13(t) = 0.051[0,25)(t),
µ25(t, u) =

(︁
0.05 + 0.21[ 1

2 , 5
2 )(u)

)︁
1[0,25)(t).

The right-censoring times are, solely for illustrative purposes, drawn from the distribution
Unif(20, 80).

4.5.1 Estimates

Recall that the perturbation given by ε only plays a role in the theoretical analyses
of the estimators. Correspondingly, throughout the simulation study, we set ε equal
to zero and suppress it notationally. True values from the underlying semi-Markov
model are calculated using Monte Carlo methods based on an uncensored sample of size
n = 10, 000.

First, we compare our scaled Aalen–Johansen estimator of the scaled occupation probabili-
ties in state 2 with the proposed estimator of [CF22], which relies on change of measure
arguments; we use the acronyms SAJ and CMAJ, respectively. The estimators are compu-
tationally similar, the complexity being O(n) for both. In Figure 4.2, we have plotted the
resulting estimates for n = 2, 000 and, in the case of the CMAJ estimator, for three different
realizations of its auxiliary uniformly distributed random variables.

One immediate observations is that these uniformly distributed random variables induce
additional noise to the estimates; apart from that, the estimators exhibit very similar
characteristics. This is further illustrated in Figure 4.3, where we consider 100 realizations
of the auxiliary random variables, but take a snapshot at t = 20. The immediate
and unsurprising conclusion is that the SAJ estimator strictly improves on the CMAJ
estimator, since it eliminates the artificial noise introduced by the auxiliary random
variables.

We now turn to the comparison of the SAJ estimator with the two-dimensional Aalen–
Johansen (2dAJ) estimator. We focus on the expected accumulated cash flow t ↦→
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Figure 4.2: Estimates of the scaled occupation probabilities pρ
2 (black) for n = 2, 000

using the SAJ (red) and the CMAJ (green) estimators; the latter is illustrated
with three different realizations of its auxiliary uniformly distributed random
variables.

Figure 4.3: Histogram of estimates of the scaled occupation probability pρ
2(20) (black) for

n = 2, 000 and 100 realizations of the auxiliary uniformly distributed random
variables together with the resulting average estimate (green) and the SAJ
estimate (red).
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A(t) to avoid comparing apples with pears. From (4.5.1), we obtain the plug-in SAJ
estimator

t ↦→ b0 +
∫︂ t

0

(︂
p̂1(s−)B1(ds) + p̂1(s−)b13(s)Λ̂13(ds)

+ p̂ρ
2(s−)B2(ds) + p̂ρ

2(s−)b13(s)Λ̂ρ
25(ds)

)︂
,

while (4.5.2) yields the plug-in 2dAJ estimator

t ↦→ b0 +
∫︂ t

0
p̂1(s−)

(︂
B1(ds) + b13(s)Λ̂13(ds)

)︂
+
∫︂ t

0

∫︂ (t,s−)

0
ρ(u1)

(︂
p̂(1,1)(u−)Λ̂(1,1)(2,2)(du)

− p̂(1,2)(u−)
(︁
Λ̂(1,2)(2,5)(du) + Λ̂(1,2)(2,6)(du)

)︁)︂
B2(ds)

+
∫︂ (t,t)

0
ρ(u1)p̂(1,2)(u−)b25(u2)Λ̂(1,2)(2,5)(du).

The computation of these estimators requires numerical integration, which reduces to a
one- and two-dimensional recursion, respectively. In particular, the 2dAJ estimator is com-
putationally more demanding, the complexity being O(n2) rather than O(n). Comparing
the two estimators, one notices another fundamental difference: the latter separates ρ from
the estimation procedure. If the contractual payments differ between insured, then so do
potentially the scaling factors ρ, which would necessitate up to n SAJ estimates, increasing
the complexity of the SAJ estimator to O(n2).

In Figures 4.4 and 4.5, we have plotted the resulting estimates for n = 2, 000 and n = 5, 000,
respectively. In the body, both estimators perform well and essentially identically. However,
in the tail, the SAJ estimator outperforms the 2dAJ estimator. This deficiency of the 2dAJ
estimator is in line with earlier results for the bivariate survival case reported in, for instance,
the last paragraph of Subsection 4.3 in [GJ90]. In light hereof, we now give some further
theoretical comments following and extending Section 7 in [Bat24].

Now, in the absence of censoring, the estimators agree and equal the non-parametric
maximum likelihood estimator. This follows from the fact that Iρ = p̂ρ and Ij = p̂j when
no censoring is present. Under right-censoring, the 2dAJ estimator may fail to satisfy
monotonicity and positivity; this was already noted in [Dab88] for the bivariate survival case.
It also introduces additional sub-sampling, which is best illustrated via a simple example.
Consider three individuals with the following event times and types:

Individual I: times = (τ1, σ1), types = (1 → 2, 2 → 4),
Individual II: times = (τ2, R2), types = (1 → 2, right-censoring),
Individual III: times = (τ3, σ3), types = (1 → 2, 2 → 4)

with τ3 < τ1 < τ2 < σ1 < R2 < σ3. The plug-in SAJ estimate of A(σ3) − A(R2) becomes
p̂ρ

2(R2)(B2(σ3) − B2(R2)), where p̂ρ
2(R2) is given by

p̂ρ
2(R2) = ρ(τ3) p̂ρ

1(0)
Iρ
1(0)

1
3 + ρ(τ1) p̂ρ

1(τ3)
Iρ
1(τ3)

1
3 + ρ(τ2) p̂ρ

1(τ1)
Iρ
1(τ1)

1
3 − ρ(τ1) p̂ρ

2(σ1)
Iρ
2(σ1)

1
3 ,
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4.5 Comparative simulation study

Figure 4.4: Estimates of the expected accumulates cash flow t ↦→ A(t) (black) for n = 2, 000
using the SAJ (red) and the 2dAJ (blue) estimators.

Figure 4.5: Estimates of the expected accumulates cash flow t ↦→ A(t) (black) for n = 5, 000
using the SAJ (red) and the 2dAJ (blue) estimators.
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while the plug-in 2dAJ estimate reads

1
3

(︃
ρ(τ3)

p̂(1,1)(0, 0)
I(1,1)(0, 0) + ρ(τ1)

p̂(1,1)(τ3, τ3)
I(1,1)(τ3, τ3)

+ ρ(τ2) p̂11(τ1, τ1)
I(1,1)(τ1, τ1) − ρ(τ1)

p̂(1,2)(τ1, σ1)
I(1,2)(τ1, σ1)

)︃(︂
B2(σ3) − B2(R2)

)︂
.

For these three individuals, right-censoring only takes place from state 2, so the first three
summands across estimates agree. The only difference lies in the last summands, that is
between

ρ(τ1) p̂ρ
2(σ1)
Iρ
2(σ1) and ρ(τ1)

p̂(1,2)(τ1, σ1)
I(1,2)(τ1, σ1) ,

where the 2dAJ estimator performs additional sub-sampling.

4.5.2 Conclusion

The SAJ estimator strictly outperforms the CMAJ estimator as it foregoes the latter’s
auxiliary uniformly distributed random variables that add unnecessary noise. The SAJ
and the 2dAJ estimators show comparable performance, but have different strengths and
weaknesses. The SAJ estimator has much lower variability in the tail, is easier to implement
due to its similarity with known estimators for Markov models, and is computationally far
less demanding if the scaling factors do not differ between insured. The 2dAJ estimator is
computationally demanding and more difficult to implement, however once implemented it
achieves true separation between the contractual payments, including the scaling factor,
and the statistical estimation of biometric and behavioral risks. This may be particularly
important if the estimates are to find application across insurers, as is commonly the case
for actuarial tables.

4.6 Extension

The preceding sections focused on scaled payments with H given by

H(t) = ρ(τ, Zτ−, Zτ )1{τ≤t} , (4.6.1)

where τ was interpreted as the exercise time of some policyholder option. This is not the
only actuarial example of some importance. If we instead take

H(t) = exp
{︃

−
∫︂ t

0
δ(u) du

}︃
, (4.6.2)

then B given by

B(dt) = H(t)B◦(dt), B(0) = B◦(0),
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4.6 Extension

constitutes the discounted version of B◦ using the (stochastic) interest rate δ,
and t ↦→ A(t) = E[B(t)] becomes the expected accumulated discounted cash
flow.

In the following, we explain how the key results of the preceding sections still apply, even
if the stochastic process H is only required to be right-continuous, of finite variation,
uniformly bounded on compacts, and – in regards to non-parametric estimation – adapted
to the filtration FZ . In particular, no reference to (4.6.1) is made. This serves to showcase
a broader applicability of our contribution and might, especially with (4.6.2) in mind, be
of independent interest.

Throughout, we assume that H is adapted to F, right-continuous, of finite variation, and
uniformly bounded on compacts. We further define

p̄j(t) = E[H(t)1{Zt=j}],

H̄j(dt) = 1
p̄j(t−)E[1{Zt−=j}H(dt)], (4.6.3)

Λ̄jk(dt) = 1
p̄j(t−)E[H(t)Njk(dt)], Λ̄jj = H̄j −

∑︂
ℓ∈J
ℓ ̸=j

Λ̄jℓ, (4.6.4)

for j, k ∈ J , j ̸= k. The following result mirrors Proposition 4.3.3.

Proposition 4.6.1.
It holds that

A(t) =
∑︂
j∈J

p̄j(t−)
(︃(︁

1 + ∆H̄j(t)
)︁
Bj(dt) +

∑︂
k∈J
k ̸=j

bjk(t)Λ̄jk(dt)
)︃

and that
p̄j(t)

E[H(0)] =
[︃ t

R
0

(︁
Id + Λ̄(ds)

)︁]︃
z0j

, j ∈ J .

Proof. Note that

E[H(t)1{Zt−=j}] = p̄j(t−) + E
[︂(︁

H(t) − H(t−)
)︁
1{Zt−=j}] = p̄j(t−)

(︁
1 + ∆H̄j(t)

)︁
.

It then immediately follows that

A(t) =
∑︂
j∈J

p̄j(t−)
(︃(︁

1 + ∆H̄j(t)
)︁
Bj(dt) +

∑︂
k∈J
k ̸=j

bjk(t)Λ̄jk(dt)
)︃

,

which verifies the first statement of the proposition. The proof of the second statement
mirrors the proof of Proposition 4.3.3, but requires the following key identity:

H(t)1{Zt=j} = 1{j=z0}H(0) +
∑︂
k∈J
k ̸=j

∫︂ t

0
H(s)Nkj(ds)

−
∑︂
k∈J
k ̸=j

∫︂ t

0
H(s)Njk(ds) +

∫︂ t

0
1{Zs−=j}H(ds),

(4.6.5)
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which follows from (4.3.1) and an application of integration by parts.

Remark 4.6.2.
Another way to phrase the second part of the theorem is that (p̄j)j uniquely solves the
forward integral equations

p̄j(dt) =
∑︂
k∈J

p̄k(t−)Λ̄kj(dt), j ∈ J ,

with initial conditions p̄j(0) = 1{j=z0}E[H(0)].

Remark 4.6.3.
The product integral representation of (p̄j)j , and the equivalent forward integral equations,
constitute an extension of previous insights for Markov processes to the non-Markov regime;
confer, for instance, with Appendix 1 in [BFM20] as well as Theorem 3.1 in [AB23].

Remark 4.6.4.
If H is taken according to (4.6.2), then the equations (4.6.3)–(4.6.4) yield the correct
Ansatz for a proper constructive and simultaneous definition of forward interest and
forward transition rates in the spirit of Definition 4.1 in [Buc17], with the forward integral
equations given in Remark 4.6.2 offering the appropriate extension of Theorem 4.4 in [Buc17].
This addresses an open question that dates back to at least [MP05]; confer also, for instance,
with [Nor10; Buc14; CN15; BFS19].

We now turn to non-parametric estimation under the assumption that H is adapted to FZ .
We shall not carry out all arguments in complete detail, but just report on the key findings.
If H is taken according to for instance (4.6.2), one could readily ask why assuming H to
be adapted to FZ has merit compared to, say, just requiring H (and therefore δ) to be de-
terministic. However, state-dependent interest rates may appear when dealing with certain
reserve-dependent expenses, see Section G in [Nor91] for the basic idea as well as [CDD14]
and Section 4 in [BFM20] for further details. Therefore, even under the specification (4.6.2),
the case of FZ-adaptedness carries practical value.

As in Section 4.4, we let the right-censoring time R be independent of Z and suppose
((Zt)0≤t≤R, η ∧ R) is observed. In particular, the process H is sufficiently observed. Due to
right-censoring being entirely random, we obtain the key identities

H̄j(dt) = 1
p̄c

j (t−)E[1{Zt−=j}H(dt ∧ R)],

Λ̄jk(dt) = 1
p̄c

j (t−)E[H(t)Njk(dt ∧ R)],

for t below θ and where we define p̄c
j (t) = E[H(t)1{Zt=j}1{t<R}], j ∈ J ; the identities may

be compared to (4.4.1).

Based hereon, we may for an i.i.d. sample directly define estimators of Λ̄ and p̄ based
on averages of the above quantities, and just like their counterparts in Section 4.4, these
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estimators will be strongly consistent and asymptotically normal. This is due to the fact
that the statements and proofs of Section 4.4 only to a very limited degree rely on the
specification (4.6.1) and when they do, such as in (4.4.4), the statements and proofs are
easily adapted to the general case based on (4.6.5).
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