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▼❛♥ ❤❛s ❛❧✇❛②s ❢❡❧t t❤❡ ♥❡❡❞ t♦ ♣r♦t❡❝t ❤✐♠s❡❧❢ ❢r♦♠ ❡✈❡♥ts ✇❤✐❝❤ ❝♦✉❧❞
❛✛❡❝t t❤❡ ♣❡❛❝❡❢✉❧ ✢♦✇ ♦❢ ❤✐s ❧✐❢❡ ❛♥❞ ❛ s♦❧✉t✐♦♥ ❤❡ ❢♦✉♥❞ ✇❛s tr❛♥s❢❡rr✐♥❣
r✐s❦ t♦ s♦♠❡♦♥❡ ❡❧s❡ ❧❡ss ❛✈❡rs❡ t♦ r✐s❦ t❤❡♥ ❤✐♠✿ t❤❡ ✐♥s✉r❡r✳
❍♦✇❡✈❡r ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ❛r❡ ♥♦t ✇✐❧❧✐♥❣ t♦ ✐♥s✉r❡ ❡✈❡r② t②♣❡ ♦❢ r✐s❦
❜❡❝❛✉s❡ t❤❡② ❤❛✈❡ t♦ ♣r♦t❡❝t t❤❡♠s❡❧✈❡s ❢r♦♠ ❢❛✐❧✉r❡❀ ✐♥ ♣❛rt✐❝✉❧❛r ♥❛t✉r❛❧
❞✐s❛st❡rs ♣♦s❡ s❡✈❡r❛❧ ❝❤❛❧❧❡♥❣❡s t♦ ✐♥s✉r❡rs ❜❡❝❛✉s❡ t❤❡② ✐♥✈♦❧✈❡ ♣♦t❡♥t✐❛❧❧②
❤✐❣❤ ❧♦♦s❡s t❤❛t ❛r❡ ❡①tr❡♠❡❧② ✉♥❝❡rt❛✐♥✳
■♥ t❤✐s t❤❡s✐s ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ ❛ s♣❡❝✐✜❝ t♦♣✐❝✿ t❤❡ s❡✐s♠✐❝ r✐s❦✳

■♥ t❤❡ ❋■❘❙❚ ❈❍❆P❚❊❘ ✇❡ ✇✐❧❧ ✐❧❧✉str❛t❡ t❤❡ ❝❧❛ss✐❝❛❧ ❡①tr❡♠❡ ✈❛❧✉❡
t❤❡♦r②✳ ❈♦♥s✐❞❡r✐♥❣ ❛ s❡q✉❡♥❝❡ X1✱ X2✱ X3✱ ✳✳✳ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧②
❞✐str✐❜✉t❡❞ ♥♦♥✲❞❡❣❡♥❡r❛t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❝♦♠♠♦♥ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝✲
t✐♦♥ F ✇❡ ✇✐❧❧ ❞❡✜♥❡ t❤❡ s❛♠♣❧❡ ♠❛①✐♠❛ Mn ❛s t❤❡ ♠❛①✐♠✉♠ ♦❢ X1✱ ✳✳✳✱ Xn✱
n ≥ 1✱ ❛♥❞ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢ ♥♦r♠❛❧✐s❡❞ ♠❛①✐♠❛
❜❡❧♦♥❣s t♦ ♦♥❡ ♦❢ t❤r❡❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❢❛♠✐❧✐❡s✿ t❤❡ ●✉♠❜❡❧ Λ✱ t❤❡
❋r❡❝❤ét Φα ❛♥❞ t❤❡ ❲❡✐❜✉❧❧ Ψα ✇✐t❤ α > 0✱ ❝❛❧❧❡❞ st❛♥❞❛r❞ ❡①tr❡♠❡ ✈❛❧✉❡
❞✐str✐❜✉t✐♦♥s✳
❆❢t❡r ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ♠❛①✐♠✉♠ ❞♦♠❛✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ♦❢ t❤❡
❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥✱ ❝❤❛r❛❝t❡r✐③✐♥❣ ✐t ♦♥ ✈❛r②✐♥❣ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥
❢❛♠✐❧②✿ ✐♥ ♣❛rt✐❝✉❧❛r ✇✐❧❧ ❜❡ t❤❡ t❛✐❧ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F t♦ ♠❛❦❡
t❤❡ ❞✐✛❡r❡♥❝❡✳
❋r♦♠ ❛ st❛t✐st✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s s✐♠♣❧❡r ❞❡❛❧✐♥❣ ✇✐t❤ ❛ s✐♥❣❧❡ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ ❢♦r ♠❛①✐♠❛ ✐♥st❡❛❞ ♦❢ t❤r❡❡ ❞✐✛❡r❡♥t ❞✐str✐❜✉t✐♦♥ ❢❛♠✐❧✐❡s✱ t❤✉s ✇❡
✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ✭●❊❱✮ Hξ;µ,σ ✇❤❡r❡
µ ∈ R ✐s t❤❡ ❧♦❝❛t✐♦♥ ♣❛r❛♠❡t❡r✱ σ > 0 ✐s t❤❡ s❝❛❧❡ ♣❛r❛♠❡t❡r ❛♥❞ ξ ∈ R ✐s
t❤❡ s❤❛♣❡ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ✈❛❧✉❡✱ ❞❡♣❡♥❞✐♥❣ ✇❤❡t❤❡r ♣♦s✐t✐✈❡✱ ♥❡❣❛t✐✈❡ ♦r
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③❡r♦✱ ❞✐st✐♥❣✉✐s❤❡s t❤❡ t❤r❡❡ ❢❛♠✐❧✐❡s✳ ❚❤❡♥ ✇❡ ✇✐❧❧ s❤♦✇ ❤♦✇ ♠❛❦✐♥❣ ✐♥❢❡r✲
❡♥❝❡ ❢♦r t❤✐s ❞✐str✐❜✉t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ ✐ts ♣❛r❛♠❡t❡rs ❛♥❞ ❝❤❡❝❦ t❤❡
♠♦❞❡❧ ❛❞❡q✉❛❝②✳
❆❢t❡r t❤❛t ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ✭●P❉✮Gξ,µ̃,σ̃✱
✇❤✐❝❤ ✐s t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛❧❡❞ ❡①❝❡ss ♦✈❡r ❛♥ ❤✐❣❤ t❤r❡s❤♦❧❞ u✱
t❤❛t ✐s (((X−u)/a(u))|X > u)✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ❤❛s s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣✲
❡rt✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r µ̃ = 0 ✐t ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❡①❝❡ss ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ Fu(x) = P(X − u ≤ x|X > u)✱ x ≥ 0✳ ❋✐♥❛❧❧② ✇❡ ✇✐❧❧ s❤♦✇ ❤♦✇ t♦
♠❛❦❡ ✐♥❢❡r❡♥❝❡ ❛❧s♦ ❢♦r ♣❛r❛♠❡t❡rs ♦❢ t❤✐s ❞✐str✐❜✉t✐♦♥✳

■♥ t❤❡ ❙❊❈❖◆❉ ❈❍❆P❚❊❘ ✇❡ ✇✐❧❧ ❛♣♣❧② t❤❡ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡
✜rst ❝❤❛♣t❡r t♦ ■t❛❧✐❛♥ ❡❛rt❤q✉❛❦❡s ❞❛t❛ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ P❛r❛♠❡tr✐❝ ❈❛t❛✲
❧♦❣✉❡ ♦❢ ■t❛❧✐❛♥ ❊❛rt❤q✉❛❦❡s ✭❈P❚■✶✺✮✳ ❖✉r ♣✉r♣♦s❡ ✐s t♦ ✜♥❞ t❤❡ ❞✐str✐❜✉✲
t✐♦♥ ❢❛♠✐❧② ♦❢ t❤❡ ♠❛①✐♠✉♠ ♠❛❣♥✐t✉❞❡✳
❋✐rst ♦❢ ❛❧❧ ✇❡ ✇✐❧❧ ❝❧❡❛♥ t❤❡ ❞❛t❛s❡t✳ ❙✐♥❝❡ r❡❝♦r❞s r❡❢❡r t♦ t❤❡ ♣❡r✐♦❞ ✶✵✵✵✲
✷✵✶✹✱ ✇❡ ✇✐❧❧ ❦❡❡♣ ♦♥❧② r❡❧✐❛❜❧❡ ❛♥❞ s❛t✐s❢❛❝t♦r② r❡❝♦r❞s❀ ✐♥st❡❛❞ r❡❝♦r❞s
r❡❢❡rr✐♥❣ t♦ r❡♣❧✐❝❛t❡s ✇✐❧❧ ❜❡ ❞r♦♣♣❡❞✱ s✐♥❝❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ✜rst
❝❤❛♣t❡r ❝♦♥❝❡r♥ ♦♥❧② ✐♥❞❡♣❡♥❞❡♥t ❡✈❡♥ts✳
❚❤❡♥ ✇❡ ✇✐❧❧ ❡st✐♠❛t❡ ●❊❱ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ✇❤♦❧❡ ■t❛❧✐❛♥ t❡r✲
r✐t♦r②✱ ✜rst ❢♦r ❛♥♥✉❛❧ ❜❧♦❝❦ ♠❛①✐♠❛✱ t❤❡♥ ❢♦r t❡♥ ②❡❛rs ❜❧♦❝❦ ♠❛①✐♠❛ ❛♥❞
✜♥❛❧❧② ❢♦r ✜❢t② ②❡❛rs ❜❧♦❝❦ ♠❛①✐♠❛✱ ❝❤❡❝❦✐♥❣ ❛❧s♦ ♠♦❞❡❧ ❛❞❡q✉❛❝②✳ ❆❢t❡r
t❤❛t ✇❡ ✇✐❧❧ ❞✐✈✐❞❡ t❤❡ ■t❛❧✐❛♥ t❡rr✐t♦r② ✐♥ s✐① r❡❣✐♦♥s✱ ❙❡❛✴❋♦r❡✐❣♥✱ ❆❧♣s✱ P♦
✈❛❧❧❡②✱ ❈❡♥tr❡✱ ❙♦✉t❤ ❛♥❞ ■s❧❛♥❞s✱ ❞✐st✐♥❣✉✐s❤❡❞ ❜② t❤❡✐r s❡✐s♠✐❝✱ ❛♥❞ ✇❡ ✇✐❧❧
❛♥❛❧②s❡ ✇❤❛t ❝❤❛♥❣❡s ❡st✐♠❛t✐♥❣ ③♦♥❡ ❜② ③♦♥❡ ●❊❱ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs✳
❋✐♥❛❧❧② ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ●P❉ ❛♣♣r♦❛❝❤ t♦ ✐♥✈❡st✐❣❛t❡ ✈❛❧✉❡s ❛ss✉♠❡❞ ❜② t❤❡
s❤❛♣❡ ♣❛r❛♠❡t❡r ξ✱ ✜rst ❝❤♦♦s✐♥❣ ❛ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ❢♦r ❛❧❧ ■t❛❧✐❛♥ r❡❝♦r❞s
❛♥❞ t❤❡♥ ❢♦r r❡❣✐♦♥❛❧ r❡❝♦r❞s✱ ❡✈❡r② t✐♠❡ ❝❤❡❝❦✐♥❣ t❤❡ ❛❞❡q✉❛❝② ♦❢ t❤❡ ✜tt❡❞
♠♦❞❡❧✳

■♥ t❤❡ ❚❍■❘❉ ❈❍❆P❚❊❘ ✇❡ ✇✐❧❧ ✉s❡ ❡st✐♠❛t❡❞ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s t♦
s❡t ♣r❡♠✐✉♠s ❢♦r s❡✐s♠✐❝ r✐s❦ ❝♦✈❡r❛❣❡✳ ❙♦♠❡ ❛ss✉♠♣t✐♦♥s ✇✐❧❧ ❜❡ ♥❡❡❞❡❞✱ ✐♥
♣❛rt✐❝✉❧❛r ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ❛♥ ✐♥s✉r❡r ✐♥s✉r❡s t❤❡ ✇❤♦❧❡ ■t❛❧✐❛♥ t❡rr✐t♦r②✱
❝♦♥s✐st✐♥❣ ♦❢ ✷✼ ♠✐❧❧✐♦♥ ❤♦✉s✐♥❣ ✉♥✐ts ✇✐t❤ ❛♥ ♦✈❡r❛❧❧ r❡❝♦♥str✉❝t✐♦♥ ❝♦st ♦❢
✸✾✵✵ ❜✐❧❧✐♦♥ ❊✉r♦✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ ❧♦ss ❞❡♣❡♥❞s ✐♥ ❛
♣r♦♣♦rt✐♦♥❛❧ ♠❛♥♥❡r ♦♥ t❤❡ ❡♥❡r❣② r❡❧❡❛s❡❞ ❜② t❤❡ ❡❛rt❤q✉❛❦❡✱ t❤❛t ✐♥ t✉r♥
❞❡♣❡♥❞s ♦♥ t❤❡ ❛♥♥✉❛❧ ♠❛①✐♠✉♠ ♠❛❣♥✐t✉❞❡ ✈❛❧✉❡✳ ❙♦ ✐♥ ♦✉r ❝♦♥t❡①t t❤❡
❧♦ss L ✇✐❧❧ ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ✈❛❧✉❡ ♦❢ ❛♥♥✉❛❧ ❜❧♦❝❦ ♠❛①✐♠❛
Mw✳
❚❤❡♥✱ ❢r♦♠ ❝♦sts ♦❢ s❡✈❡♥ r❡❝❡♥t ❝❛t❛str♦♣❤✐❝ ❡❛rt❤q✉❛❦❡s ❝♦♥❝❡♥tr❛t❡❞ ✐♥

✷



t❤❡ ♣❡r✐♦❞ ✶✾✻✽✲✷✵✶✹✱ ✇❡ ✇✐❧❧ ❡st✐♠❛t❡ t❤❡ ♣r♦♣♦rt✐♦♥❛❧✐t② ❝♦♥st❛♥t k ✇❤✐❝❤
✇✐❧❧ ❧❡t ✉s ✐♥❢❡r t❤❡ ❡①t❡♥t ♦❢ ❧♦ss ❢♦r ❛❧❧ ❛♥♥✉❛❧ ❜❧♦❝❦ ♠❛①✐♠❛✳
❯s✐♥❣ q✉❛♥t✐❧❡s ♦❢ t❤❡ Mw✬s ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ r❡❧❛t❡
t❤❡ ❧♦ss ✇✐t❤ ✐ts ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞ r❡t✉r♥ ♣❡r✐♦❞✿ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡
✇✐❧❧ ❝❛❧❝✉❧❛t❡ t❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ❧♦ss ❛♥❞ t❤❡ ♣r❡♠✐✉♠✱ ✜rst ❢♦r t❤❡ ✇❤♦❧❡
■t❛❧✐❛♥ t❡rr✐t♦r② t❤❡♥ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❜② r❡❣✐♦♥✳

✸



❈❍❆P❚❊❘ ✶

❈▲❆❙❙■❈❆▲ ❊❳❚❘❊▼❊ ❱❆▲❯❊ ❚❍❊❖❘❨

✶✳✶ ❇❛s✐❝ ❞❡✜♥✐t✐♦♥s

▲❡t (Ω,ℑ,P) ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ✇❤❡r❡ Ω ✐s t❤❡ ❡✈❡♥ts s❡t✱ ℑ ✐s ❛ σ✲❛❧❣❡❜r❛
♦♥ Ω ❛♥❞ P : ℑ → [0, 1] ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✳ ▲❡t X : Ω → R ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚❤❡ ❢✉♥❝t✐♦♥ F
❞❡✜♥❡❞ ❜②

F : R → [0, 1]

x 7→ P(]−∞, x]) = P(X ≤ x).

✐s ❝❛❧❧❡❞ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳
❚❤❡ t❛✐❧ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s F̄ = 1− F ✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✷✳ ❙✉♣♣♦s❡ h ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦♥R✳ ❚❤❡ ❢✉♥❝t✐♦♥
❞❡✜♥❡❞ ❛s

h←(t) = inf {x ∈ R : h(x) ≥ t}
✐s ❝❛❧❧❡❞ ❣❡♥❡r❛❧✐s❡❞ ✐♥✈❡rs❡ ♦❢ h✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t inf {∅} = ∞✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✸✳ ❚❤❡ ❣❡♥❡r❛❧✐s❡❞ ✐♥✈❡rs❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F

F←(t) = inf {x ∈ R : F (x) ≥ t} , 0 < t < 1

✐s ❝❛❧❧❡❞ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥✳
❚❤❡ q✉❛♥t✐t② xt = F←(t) ❞❡✜♥❡s t❤❡ t✲q✉❛♥t✐❧❡ ♦❢ F ✳

✹



❲❡ ❞❡♥♦t❡ ❜② xF = sup {x ∈ R : F (x) ≤ 1} t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t ♦❢ F ✳

■t ❝❛♥ ❜❡ ✉s❡❢✉❧ ❛❧s♦ r❡♠❡♠❜❡r ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✹✳ ❲❡ s❛② ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {Xn}n≥1 ❝♦♥✲
✈❡r❣❡s t♦ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ♦♥ R

• ✐♥ ♣r♦❜❛❜✐❧✐t② ✐❢ ∀ǫ > 0 limn→∞ P(|Xn −X| > ǫ) = 0❀

• ❛❧♠♦st s✉r❡ ✐❢✱ ❢♦r ❛❧♠♦st ❛♥② ω✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♥✉♠❜❡rs Xn(ω)
❝♦♥✈❡r❣❡s t♦ X(ω)❀

• ✐♥ L2 ✐❢ ❡✈❡r② Xn ✭❛♥❞ X✮ ❜❡❧♦♥❣s t♦ L2 ❛♥❞
limn→∞ ‖Xn −X‖2 = limn→∞ E[|Xn −X|2] = 0✳

❇❡t✇❡❡♥ t❤❡♠ t❤❡s❡ r❡❧❛t✐♦♥s ❤♦❧❞✿

• ✐❢ Xn
▲27−→ X✱ t❤❡♥ Xn

P7−→ X❀

• ✐❢ Xn
❛✳s✳7−→ X✱ t❤❡♥ Xn

P7−→ X❀

• ✐❢ Xn
P7−→ X✱ t❤❡♥ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ Xnk

s✉❝❤ t❤❛t Xnk

❛✳s✳7−→ X✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✺✳ ❆ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {Xn}n≥1 ✐s s❛✐❞ t♦
❝♦♥✈❡r❣❡ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ♦♥ R ✐❢ ❢♦r ❛❧❧ f ❝♦♥t✐♥✉♦✉s
❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ limn→∞ E[f(Xn)] = E[f(X)]✳

✶✳✷ ▲✐♠✐t ❧❛✇ ❢♦r ♠❛①✐♠❛

▲❡t X1✱ X2✱ X3✱ ✳✳✳ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞
♥♦♥✲❞❡❣❡♥❡r❛t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❝♦♠♠♦♥ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❲❡ ❞❡✜♥❡ t❤❡ s❛♠♣❧❡ ♠❛①✐♠❛ ❛s

Mn = max{X1, ..., Xn}, n ≥ 1

❛♥❞ t❤❡ s❛♠♣❧❡ ♠✐♥✐♠❛ ❛s

min{X1, ..., Xn} = −max{−X1, ...,−Xn}, n ≥ 1.

✺



❚❤❛♥❦s t♦ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❡q✉❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ❝❛♥
❡❛s✐❧② ✇r✐t❡ ❞♦✇♥ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ Mn✿

P(Mn ≤ x) = P(X1 ≤ x, ..., Xn ≤ x)

= P(X1 ≤ x) · · · P(Xn ≤ x)

= F (x) · · · F (x)

= F n(x), x ∈ R, n ∈ N.

❘❡♠❛r❦ ✶✳✷✳✶✳ ■♥ ♣r❛❝t✐❝❡ t❤✐s ✐s ♥♦t s♦ ✉s❡❢✉❧ ❜❡❝❛✉s❡ t❤❡ ❝♦♠♠♦♥ ❞✐str✐❜✉✲
t✐♦♥ ❢✉♥❝t✐♦♥ F ✐s ✉♥❦♥♦✇♥✳
❲❡ ❝❛♥ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠ ✉s✐♥❣ st❛♥❞❛r❞ ❝❧❛ss✐❝❛❧ st❛t✐st✐❝❛❧ t❡❝❤♥✐q✉❡s t♦
❡st✐♠❛t❡ F ❢r♦♠ ♦❜s❡r✈❡❞ ❞❛t❛✱ ❜✉t ✇❡ ♠✉st ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t s♠❛❧❧ ❞✐s✲
❝r❡♣❛♥❝✐❡s ✐♥ t❤❡ ❡st✐♠❛t❡ ❝♦✉❧❞ ❧❡❛❞ t♦ s✉❜st❛♥t✐❛❧ ❞✐s❝r❡♣❛♥❝✐❡s ❢♦r F n✳
❆❧t❡r♥❛t✐✈❡❧② ✇❡ ❝❛♥ ❞✐r❡❝t❧② ❧♦♦❦ ❢♦r ❛♥ ❛♣♣r♦①✐♠❛t❡ ♦❢ F n ❜❛s❡❞ ♦♥ ❡①tr❡♠❡
❞❛t❛ ♦♥❧②✳

❋r♦♠ t❤✐s r❡s✉❧t ✇❡ ♦❜t❛✐♥ t❤❛t

• ∀x < xF limn→∞ P(Mn ≤ x) = limn→∞ F n(x) = 0❀

• ∀x ≥ xF ✱ ♦❜✈✐♦✉s❧② ✐♥ t❤❡ ❝❛s❡ xF < ∞✱ P(Mn ≤ x) = F n(x) = 1❀

t❤✉s
Mn

P7−→ xF where xF ≤ ∞.

▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♥✉♠❜❡rs Mn ✐s ♥♦♥ ❞❡❝r❡❛s✐♥❣ ✐♥ n✱ ✇❡
❤❛✈❡

Mn
❛✳s✳7−→ xF

❜✉t t❤✐s ✐s♥✬t ❡♥♦✉❣❤✳
■♥ ❢❛❝t✱ ♦✉r ❛✐♠ ✐s s❤♦✇✐♥❣ t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛①✐♠❛ ❜✉t✱ t♦ ❛❝❤✐❡✈❡
t❤✐s ♣✉r♣♦s❡✱ ✇❡ ♥❡❡❞ ✜rst ❣✐✈❡ ❝♦♥❞✐t✐♦♥s ♦♥ F ✉♥❞❡r ✇❤✐❝❤

lim
n→∞

P(Mn ≤ un)

❡①✐sts ❢♦r ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝♦♥st❛♥t un✳
❚❤❡ ✐ss✉❡ ✐s✱ ✐♥ ❝♦♥tr❛st ✇✐t❤ s✉♠s ❢♦r ✇❤✐❝❤ t❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠ ❡♥✲
s✉r❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ◆♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r t❤❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥
E[X2] < ∞✱ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠❛①✐♠❛ ✇❡ ❛❧✇❛②s ♥❡❡❞ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡
t❛✐❧ F̄ ❀ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

✻



Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ ✭P♦✐ss♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✮✳
●✐✈❡♥ ❛ s❡q✉❡♥❝❡ {un} ∈ R ❛♥❞ τ ∈ [0,∞]✱ ✇❡ ❤❛✈❡

lim
n→∞

nF̄ (un) → τ ⇔ lim
n→∞

P(Mn ≤ un) → e−τ .

Pr♦♦❢✳ ✭⇒✮ ■❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❤♦❧❞s t❤❡♥

P(Mn ≤ un) = F n(un) = (1− F̄ (un))
n =

(

1− τ

n
+ o

(

1

n

))n
n→∞−→ e−τ .

✭⇐✮ ■❢ P(Mn ≤ un) → e−τ t❤❡♥ F̄ (un) → 0 ❛♥❞ t❛❦✐♥❣ ❧♦❣❛r✐t❤♠s ♦❢ t❤✐s
❝♦♥❞✐t✐♦♥ ✇❡ ❤❛✈❡

lnP(Mn ≤ un) → ln(e−τ )

ln(1− F̄ (un))
n → −τ

−n ln(1− F̄ (un)) → τ.

❙✐♥❝❡ − ln(1− x) ∼ x ❢♦r x → 0✱ t❤❡♥ nF̄ (un) = τ + o(1)✳
▼♦r❡ ❞❡t❛✐❧❡❞ ♣r♦♦❢✱ ✐♥❝❧✉❞❡❞ t❤❡ ❝❛s❡ τ = ∞✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❊♠❜r❡❝❤ts
❡t ❛❧✳ ❬✶❪✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✳

❘❡♠❛r❦ ✶✳✷✳✷✳ ❆ss✉♠❡ τ ∈ (0,∞) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

Bn =
n

∑

i=1

I{Xi>un}

✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❡ss❡s ♦✈❡r t❤❡ t❤r❡s❤♦❧❞ un✳
❚❤❡ ✐♥❞✐❝❛t♦rs

I{Xi>un} =

{

1 ✐❢ Xi> un

0 ✐❢ Xi≤ un

, i = 1, ..., n

❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❇❡r♥♦✉❧❧✐ ✈❛r✐❛❜❧❡s ✇✐t❤ ♣❛r❛♠❡t❡r F̄ (un)✱ t❤❡♥ Bn ✐s ❛ ❜✐✲
♥♦♠✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ s✉❝❤ t❤❛t Bn ∼ B(n, F̄ (un))✳
■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡①tr❡♠❛❧ ❡✈❡♥ts n → ∞ ❛♥❞ F̄ (un) → 0 s♦✱ ❛♣♣❧②✐♥❣ t❤❡
P♦✐ss♦♥ ❧✐♠✐t t❤❡♦r❡♠ ✇❡ ❤❛✈❡

E[Bn] = nF̄ (un) → τ ⇔ Bn
d→ P(τ).

■♥ ♣❛rt✐❝✉❧❛r P(Mn ≤ un) = P(Bn = 0) → e−τ ✳

✼



❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X
✐s ❝❛❧❧❡❞ ♠❛①✲st❛❜❧❡ ❞✐str✐❜✉t✐♦♥ ✐❢ ✐t s❛t✐s✜❡s

Mn = max{X1, ..., Xn} d
= cnX + dn ✭✶✳✶✮

❢♦r ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡sX✱ X1✱✳✳✳✱ Xn ✇✐t❤ n ≥ 2 ❛♥❞ ❢♦r ❛♣♣r♦♣r✐❛t❡ ❝❡♥tr✐♥❣
❛♥❞ ♥♦r♠❛❧✐s✐♥❣ ❝♦♥st❛♥ts cn > 0✱ dn ∈ R r❡s♣❡❝t✐✈❡❧②✳

❘❡✇r✐t✐♥❣ ✭✶✳✶✮ ❛s

M∗
n :=

Mn − dn
cn

d
= X,

✇❤❡r❡ M∗
n ✐s ❝❛❧❧❡❞ ♥♦r♠❛❧✐s❡❞ ♠❛①✐♠❛✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❡✈❡r② ♠❛①✲

st❛❜❧❡ ❞✐str✐❜✉t✐♦♥ ✐s ❛ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ❢♦r ♠❛①✐♠❛ ♦❢ ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳
❋✉rt❤❡r♠♦r❡✱ ♠❛①✲st❛❜❧❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ t❤❡ ♦♥❧② ❧✐♠✐t ❧❛✇s ❢♦r M∗

n❀ ✐♥ ❢❛❝t
t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❤♦❧❞s✿

❚❤❡♦r❡♠ ✶✳✷✳✷✳

❚❤❡ ❝❧❛ss ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♥♦♥ ❞❡❣❡♥❡r❛t❡ ❧✐♠✐t ❧❛✇s ❢♦r ♥♦r♠❛❧✐s❡❞ ♠❛①✐♠❛ M∗
n

♦❢ ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❧❛ss ♦❢ ♠❛①✲st❛❜❧❡ ❞✐str✐❜✉t✐♦♥s✳

Pr♦♦❢✳ ❲❡ ❛❧r❡❛❞② ♣r♦✈❡❞ t❤❛t ❡✈❡r② ♠❛①✲st❛❜❧❡ ❞✐str✐❜✉t✐♦♥ ✐s ❛ ❧✐♠✐t ❞✐s✲
tr✐❜✉t✐♦♥ ❢♦r ♠❛①✐♠❛ ♦❢ ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳
❈♦♥✈❡rs❡❧②✱ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ✐s ♠❛①✲st❛❜❧❡✱ ✇❡ ❛ss✉♠❡ t❤❛t

lim
n→∞

F n(cnx+ dn) = H(x), x ∈ R

❢♦r s♦♠❡ ♥♦♥✲❞❡❣❡♥❛r❛t❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ H✳
❚❤❡♥ ❢♦r ❡✈❡r② k ∈ N

lim
n→∞

F nk(cnx+ dn) =
(

lim
n→∞

F n(cnx+ dn)
)k

= Hk(x), x ∈ R.

❋✉rt❤❡r♠♦r❡
lim
n→∞

F nk(cnkx+ dnk) = H(x), x ∈ R.

❋♦r ❈♦♥✈❡r❣❡♥❝❡ t♦ t②♣❡s t❤❡♦r❡♠ ✭s❡❡ ❘❡s♥✐❝❦ ❬✷❪✱ Pr♦♣♦s✐t✐♦♥ ✵✳✷✮ t❤❡r❡
❡①✐st c̃k > 0✱ d̃k ∈ R s✉❝❤ t❤❛t

lim
n→∞

cnk
cn

= c̃k, lim
n→∞

dnk − dn
cn

= d̃k, t > 0.

❚❤✉s✱ ❢♦r ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Y1✱✳✳✳✱Yk ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ H✱ ✇❡
♦❜t❛✐♥

max{Y1, ..., Yk} d
= c̃kY1 + d̃k.

✽



❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s t❤❡ ❜❛s✐s ♦❢ ❝❧❛ss✐❝❛❧ ❡①tr❡♠❡ ✈❛❧✉❡ t❤❡♦r②✱ ❜❡✲
❝❛✉s❡ ✐t ❣✐✈❡s t❤❡ ❡♥t✐r❡ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥s ❢♦r M∗

n✳

❚❤❡♦r❡♠ ✶✳✷✳✸ ✭❋✐s❤❡r✲❚✐♣♣❡tt ✭✶✾✷✽✮✮✳
▲❡t {Xn} ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦♥ ❞❡❣❡♥❡r❛t❡ ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳
■❢ t❤❡r❡ ❡①✐st ♥♦r♠✐♥❣ ❝♦♥st❛♥ts cn > 0✱ dn ∈ R ❛♥❞ s♦♠❡ ♥♦♥ ❞❡❣❡♥❡r❛t❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ H s✉❝❤ t❤❛t

M∗
n :=

Mn − dn
cn

d→ H,

t❤❡♥ H ❜❡❧♦♥❣s t♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❢❛♠✐❧✐❡s✿

✶✳ ●✉♠❜❡❧ Λ(x) = exp(−e−x) x ∈ R

✷✳ ❋ré❝❤❡t Φα(x) =

{

0 ✐❢ x≤ 0

exp(−x−α) ✐❢ x> 0
α > 0

✸✳ ❲❡✐❜✉❧❧ Ψα(x) =

{

exp(−(−x)α) ✐❢ x≤ 0

1 ✐❢ x> 0
α > 0.

❚❤❡s❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ❝❛❧❧❡❞ st❛♥❞❛r❞ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥s✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s t❡❝❤♥✐❝❛❧ ❛♥❞ ✇❡ ♦♥❧② s❦❡t❝❤ ✐t✳
❋♦r ❛♥② t > 0 ✇❡ ❤❛✈❡

F [nt](c[nt]x+ d[nt]) → H(x), x ∈ R,

✇❤❡r❡ [t] ❞❡♥♦t❡s t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ t✱ ❛♥❞ ❛❧s♦

F [nt](cnx+ dn) = (F n(cnx+ dn))
[nt]/n → H t(x), x ∈ R.

❙♦✱ ❢r♦♠ ❈♦♥✈❡r❣❡♥❝❡ t♦ t②♣❡s t❤❡♦r❡♠ ✭s❡❡ ❘❡s♥✐❝❦ ❬✷❪✱ Pr♦♣♦s✐t✐♦♥ ✵✳✷ ✮✱
t❤❡r❡ ❡①✐sts ❢✉♥❝t✐♦♥s γ(t) > 0✱ δ(t) ∈ R s✉❝❤ t❤❛t

lim
n→∞

cn
c[nt]

= γ(t), lim
n→∞

dn − d[nt]
c[nt]

= δ(t), t > 0,

❛♥❞
H t(x) = H(γ(t)x+ δ(t)).

❖♥ ♦♥❡ ❤❛♥❞✱ ❢♦r s > 0✱ ✇❡ ❤❛✈❡

Hst(x) = H(γ(st)x+ δ(st))

✾



❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞

Hst(x) = (Hs(x))t

= H t(γ(s)x+ δ(s))

= H(γ(t)(γ(s)x+ δ(s)) + δ(t))

= H(γ(t)γ(s)x+ γ(t)δ(s) + δ(t)).

❙✐♥❝❡ ● ✐s ❛ss✉♠❡❞ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✇❡ t❤❡r❡❢♦r❡ ❝♦♥❝❧✉❞❡ ❢♦r t > 0✱ s > 0✱
t❤❛t

γ(st) = γ(t)γ(s) and δ(st) = γ(t)δ(s) + δ(t).

❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✐s t❤❡ ❍❛♠❡❧ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥✱ ✇❤♦s❡ ♦♥❧② ✜♥✐t❡✱ ♠❡❛✲
s✉r❛❜❧❡✱ ♥♦♥♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥ ✐s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

γ(t) = t−θ, θ ∈ R.

❚❤❡ t❤r❡❡ ❝❛s❡s θ = 0✱ θ > 0 ❛♥❞ θ < 0 ❧❡❛❞ t♦ t❤❡ ●✉♠❜❡❧✱ ❋r❡❝❤ét ❛♥❞
❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳
❋♦r ❛ ❝♦♠♣❧❡t❡ ♣r♦♦❢ s❡❡ ❘❡s♥✐❝❦ ❬✷❪✳

❘❡♠❛r❦ ✶✳✷✳✸✳ ❯s✉❛❧❧② t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

F (x) = 1− exp
[

−
(x

λ

)α]

, x ≥ 0, λ, α > 0

❜✉t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡①tr❡♠❡ ✈❛❧✉❡ t❤❡♦r② ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ (−∞, 0)✱ s♦

Ψα,λ = 1− F (−x) = exp

[

−
(−x

λ

)α]

, x < 0, λ, α > 0.

❚❤✉s ✇❡ ❢♦❧❧♦✇ t❤❡ ❝♦♥✈❡♥t✐♦♥ ❛♥❞ r❡❢❡rs t♦

Ψα = exp(−(−x)α), x < 0, α > 0

❛s t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ✭✇✐t❤ s❝❛❧❡ ♣❛r❛♠❡t❡r λ = 1✮✳

✶✵



❋✐❣✉r❡ ✶✳✶✿ ❉❡♥s✐t✐❡s ♦❢ st❛♥❞❛r❞ ●✉♠❜❡❧ ✭r❡❞✮✱ ❋ré❝❤❡t ✭❣r❡❡♥✮ ❛♥❞ ❲❡✐❜✉❧❧
✭❜❧✉❡✮ ❞✐str✐❜✉t✐♦♥s✱ ✇✐t❤ α = 1✳

❊✈❡♥ ✐❢ t❤❡s❡ ❢❛♠✐❧✐❡s s❡❡♠s t♦ ❜❡ ✈❡r② ❞✐✛❡r❡♥t✱ t❤❡② ❛r❡ str✐❝t❧② r❡❧❛t❡❞
❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❙✉♣♣♦s❡X ❜❡ ❛ ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱
t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✿

X ∼ Φα ⇔ lnXα ∼ Λ ⇔ −X−1 ∼ Ψα.

❋✉rt❤❡r♠♦r❡ ✐s ✐♠♣♦rt❛♥t ♥♦t✐♥❣ t❤❛t t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ✐s ✉♥✐q✉❡ ✉♣
t♦ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s✿ ✐♥ ❢❛❝t✱ ✐❢ t❤❡ ❧✐♠✐t ❛♣♣❡❛rs ❛s

lim
n→∞

P(c−1n (Mn − dn) ≤ x) = H(cx+ d),

t❤❡♥✱ ❜② ❝❤❛♥❣✐♥❣ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts✱ ✇❡ ♦❜t❛✐♥

lim
n→∞

P(c̃−1n (Mn − d̃n) ≤ x) = H(x)

✇❤❡r❡ c̃n = cn/c ❛♥❞ d̃n = dn − dcn/c✳
❚❤✐s r❡s✉❧t ✐s ❞✉❡ t♦ ❈♦♥✈❡r❣❡♥❝❡ t♦ t②♣❡s t❤❡♦r❡♠ ✭s❡❡ ❘❡s♥✐❝❦ ❬✷❪✱ Pr♦♣♦s✐✲
t✐♦♥ ✵✳✷✮ ❛♥❞ ✐s ✉s❡❢✉❧ t♦ ❞❡✜♥❡ ♠♦r❡ ❣❡♥❡r❛❧ ❞✐str✐❜✉t✐♦♥s✿ t❤❡ ❡①tr❡♠❡ ✈❛❧✉❡
❞✐str✐❜✉t✐♦♥s✱ ♥♦t st❛♥❞❛r❞✐③❡❞✳

✶✳✸ ▼❛①✐♠✉♠ ❞♦♠❛✐♥ ♦❢ ❛ttr❛❝t✐♦♥

■♥ t❤❡ ♣❛st s❡❝t✐♦♥ ✇❡ s❛✇ ❛❧❧ ♣♦ss✐❜❧❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥s ♦❢ ♥♦r♠❛❧✐s❡❞ ♠❛①✲
✐♠❛ ✭❚❤❡♦r❡♠ ✶✳✷✳✸✮❀ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t
❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❛ ❞✐str✐❜✉t✐♦♥ F ❣❡t ♣r❡❝✐s❡❧② t❤❛t ❧✐♠✐t ❞✐str✐❜✉t✐♦♥
H✳

✶✶



❉❡✜♥✐t✐♦♥ ✶✳✸✳✶✳ ❲❡ s❛② t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ♦❢ X ❜❡❧♦♥❣s t♦
t❤❡ ♠❛①✐♠✉♠ ❞♦♠❛✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ♦❢ t❤❡ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ H ✐❢

∃ cn > 0, dn ∈ R such that M∗
n :=

Mn − dn
cn

d→ H.

■♥ t❤✐s ❝❛s❡ ✇❡ ✇r✐t❡ F ∈ MDA(H)✳

❆s ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ P♦✐ss♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❚❤❡♦r❡♠ ✶✳✷✳✶✮ ✇❡ ❤❛✈❡

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ❜❡❧♦♥❣s t♦ MDA(H) ✇✐t❤
♥♦r♠✐♥❣ ❝♦♥st❛♥ts cn > 0, dn ∈ R ✐❢ ❛♥❞ ♦♥❧② ✐❢

lim
n→∞

nF̄ (cnx+ dn) = − lnH(x), x ∈ R.

❲❤❡♥ H(x) = 0 t❤❡ ❧✐♠✐t ✐s ∞✳

❆♥♦t❤❡r ❝♦♥❝❡♣t ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❉❡✜♥✐t✐♦♥ ✶✳✸✳✷✳ ❚✇♦ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s F ❛♥❞ G ❛r❡ s❛✐❞ t♦ ❜❡ t❛✐❧✲
❡q✉✐✈❛❧❡♥t ✐❢

✶✳ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ r✐❣❤t ❡♥❞♣♦✐♥t ✭✐✳❡✳ xF = xG✮❀

✷✳ limx→xF
F̄ (x)/Ḡ(x) = k, 0 < k < ∞✳

■♥❞❡❡❞✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ ✭s❡❡ ❊♠❜r❡❝❤ts ❡t ❛❧✳ ❬✶❪✮ t❤❛t ❡✈❡r② ♠❛①✐♠✉♠ ❞♦✲
♠❛✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ✐s ❝❧♦s❡❞ t♦ t❛✐❧✲❡q✉✐✈❛❧❡♥❝❡✱ t❤❛t ✐s ❢♦r t✇♦ t❛✐❧✲❡q✉✐✈❛❧❡♥t
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s F ❛♥❞ G

F ∈ MDA(H) ⇔ G ∈ MDA(H).

❇❡❢♦r❡ ❣♦✐♥❣ ❛❤❡❛❞ ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✈❛r✐♦✉s t②♣❡s ♦❢ MDA✱
✐s ✉s❡❢✉❧ ❣✐✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣

❉❡✜♥✐t✐♦♥ ✶✳✸✳✸✳ ❆ ♣♦s✐t✐✈❡✱ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ L ♦♥ (0,∞) ✐s
❝❛❧❧❡❞

✶✳ s❧♦✇❧② ✈❛r②✐♥❣ ❛t ∞ ✭L ∈ R0✮ ✐❢

lim
x→∞

L(tx)

L(x)
= 1, t > 0

✶✷



✷✳ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛t ∞ ♦❢ ✐♥❞❡① α ∈ R \ {0} ✭L ∈ Rα✮ ✐❢

lim
x→∞

L(tx)

L(x)
= tα, t > 0

✸✳ r❛♣✐❞❧② ✈❛r②✐♥❣ ❛t ∞ ♦❢ ✐♥❞❡① −∞ ✭L ∈ R−∞✮ ✐❢

lim
x→∞

L(tx)

L(x)
=

{

0 ✐❢ t> 1

∞ ✐❢ 0 < t < 1

✶✳✸✳✶ ❈❛s❡ ♦❢ ❋ré❝❤❡t ❞✐str✐❜✉t✐♦♥ Φα

❚❤❡ t❛✐❧ ♦❢ ❋ré❝❤❡t ❞✐str✐❜✉t✐♦♥ ❞❡❝r❡❛s❡s ❧✐❦❡ ❛ ♣♦✇❡r ❧❛✇✿ ✐♥ ❢❛❝t✱ ❜② ❚❛②❧♦r
❡①♣❛♥s✐♦♥✱ ✇❡ ♦❜t❛✐♥

Φ̄α = 1−Φα = 1−exp(−x−α) = 1−[1+(−x−α)+o((−x−α)2)] ∼ x−α, x → ∞.

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❧❡t ✉s ❦♥♦✇ ❤♦✇ ❢❛r ❛✇❛② ✇❡ ❝❛♥ ♠♦✈❡ ❢r♦♠ ❛ ♣♦✇❡r
t❛✐❧ ❛♥❞ st✐❧❧ r❡♠❛✐♥ ✐♥ MDA(Φα)✳

❚❤❡♦r❡♠ ✶✳✸✳✷✳

❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ❜❡❧♦♥❣s t♦ MDA(Φα)✱ α > 0✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢

F̄ (x) = x−αL(x)

❢♦r s♦♠❡ s❧♦✇❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ L✳

■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ M∗
n

d→ Φα ✇✐t❤ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts cn = F←(1 − 1/n)
❛♥❞ dn = 0✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✉s❡s t❤❡ ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡♥ ❛❜♦✈❡ ❛♥❞ t❤❡ ❈♦♥✈❡r❣❡♥❝❡ t♦
t②♣❡s t❤❡♦r❡♠✳ ❙❡❡ ❊♠❜r❡❝❤ts ❡t ❛❧✳ ❬✶❪ ❢♦r ❞❡t❛✐❧s✳

◆♦t❡ t❤❛t t❤✐s r❡s✉❧t ✐♠♣❧✐❡s t❤❛t ❡✈❡r② F ∈ MDA(Φα) ❤❛s ❛♥ ✐♥✜♥✐t❡
r✐❣❤t ❡♥❞♣♦✐♥t xF = ∞✳

❚❤✐s ❝❧❛ss ♦❢ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ✭MDA(Φα)✮ ❝♦♥t❛✐♥s ✈❡r② ❤❡❛✈②✲t❛✐❧❡❞
❞✐str✐❜✉t✐♦♥s✱ t❤❛t ✐s E[max(0, X)δ] = ∞ ❢♦r δ > α✳ ❋♦r t❤✐s r❡❛s♦♥ ✐t ✐s
❛♣♣r♦♣r✐❛t❡ ❢♦r ♠♦❞❡❧❧✐♥❣ ❧❛r❣❡ ✐♥s✉r❛♥❝❡ ❝❧❛✐♠s✳

❊①❛♠♣❧❡ ✶✳✸✳✶✳ ❉✐str✐❜✉t✐♦♥s ❧✐❦❡ P❛r❡t♦ ♦r ❈❛✉❝❤② ❜❡❧♦♥❣s t♦ t❤❡ ▼❉❆ ♦❢
❋ré❝❤❡t ❞✐str✐❜✉t✐♦♥✱ ✐♥ ❢❛❝t t❤❡✐r r✐❣❤t t❛✐❧s ❛r❡ ♦❢ t❤❡ ❢♦r♠

F̄ (x) ∼ kx−α, x → ∞,

✶✸



❢♦r s♦♠❡ k✱α > 0 ❛♥❞ t❤✐s ✐♠♣❧✐❡s F ∈ MDA(Φα)✳
■♥ ♣❛rt✐❝✉❧❛r ♥♦r♠✐♥❣ ❝♦♥st❛♥ts ❛r❡ dn = 0 ❛♥❞ cn = (kn)1/α✳
❆❧s♦ t❤❡ ❧♦❣✲●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ❜❡❧♦♥❣s t♦ MDA(Φα)✱ ✐♥ ❢❛❝t ✐ts t❛✐❧ ✐s

F̄ (x) ∼ αβ−1

Γ(β)
(ln x)β−1x−α, x → ∞, α, β > 0,

✇❤❡r❡

lim
x→∞

(ln tx)β−1

(ln x)β−1
= lim

x→∞

(

ln t

ln x
+ 1

)β−1

= 1, t > 0,

✇❤✐❝❤ ✐♠♣❧✐❡s (ln x)β−1 ∈ R0 ❛s ✇❡ ✇❛♥t❡❞✳

✶✳✸✳✷ ❈❛s❡ ♦❢ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ Ψα

❋✐rst ✐s ✐♠♣♦rt❛♥t ♥♦t✐♥❣ t❤❛t ❡✈❡r② F ∈ MDA(Ψα) ❤❛s ✜♥✐t❡ r✐❣❤t ❡♥❞♣♦✐♥t
xF ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ❋ré❝❤❡t ❛♥❞ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥s ❛r❡ r❡❧❛t❡❞ ❜②

Φα(x) = Ψα(−x−1), x > 0,

✇❡ ❝❛♥ ❡①♣❡❝t t❤❛t t❤❡✐r MDA ❛r❡ ❛❧s♦ ❝❧♦s❡❧② r❡❧❛t❡❞✱ ❛s t❤❡ t❤❡♦r❡♠ ❜❡❧♦✇
s❤♦✇s✳

❚❤❡♦r❡♠ ✶✳✸✳✸✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ❜❡❧♦♥❣s t♦ MDA(Ψα)✱ α > 0✱
✐❢ ❛♥❞ ♦♥❧② ✐❢

✶✳ xF < ∞

✷✳ F̄ (xF − x−1) = x−αL(x) ❢♦r s♦♠❡ s❧♦✇❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ L✳

■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ M∗
n

d→ Ψα ✇✐t❤ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts cn = xF−F←(1−1/n)
❛♥❞ dn = xF ✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s r❛t❤❡r ❢♦r♠❛❧ s♦ ✇❡ r❡♠❛✐♥❞ t♦ ❊♠❜r❡❝❤ts ❡t ❛❧✳ ❬✶❪ ❢♦r
❛ s❦❡t❝❤✳

❆❧t❤♦✉❣❤ t❤❡s❡ ❞✐str✐❜✉t✐♦♥s ❤❛✈❡ ✈❡r② ❤❡❛✈② t❛✐❧s✱ t❤❡②✬r❡ ♥♦t ✉s❡❞ ❢♦r
♠♦❞❡❧❧✐♥❣ ❧❛r❣❡ ✐♥s✉r❛♥❝❡ ❝❧❛✐♠s ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❜♦✉♥❞❡❞ t♦ t❤❡ r✐❣❤t✳ ■♥
❢❛❝t✱ ❡✈❡♥ ✐❢ ✐♥ ♣r❛❝t✐❝❡ t❤❡r❡ ✐s ♦❢t❡♥ ❛♥ ✉♣♣❡r ❧✐♠✐t✱ ✐❢ ✇❡ ✇❛♥t t♦ ✉s❡ t❤✐s
❝❧❛ss ♦❢ ❞✐str✐❜✉t✐♦♥s ✐♥ ♠♦❞❡❧s ✇❡ ❛❧s♦ ❤❛✈❡ t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ♣❛r❛♠❡t❡r
xF ❛♥❞ ♠❛❦❡ ♠♦❞❡❧s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳
❚❤✉s ❞✐str✐❜✉t✐♦♥s ✇✐t❤ xF = ∞ ❛r❡ ♣r❡❢❡rr❡❞✳

✶✹



❊①❛♠♣❧❡ ✶✳✸✳✷✳ ❯♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ (0, 1) ❜❡❧♦♥❣s t♦ t❤❡ ▼❉❆ ♦❢ ❲❡✐❜✉❧❧
❞✐str✐❜✉t✐♦♥✳ ❚❤❡ r✐❣❤t ❡♥❞♣♦✐♥t ✐s xF = 1 < ∞ ❛♥❞ ✐ts r✐❣❤t t❛✐❧ ✐s ♦❢ t❤❡
❢♦r♠

F̄ (1− x−1) = x−1 ∈ R−1
✇❤✐❝❤ ✐♠♣❧✐❡s F ∈ MDA(Ψ1)✳
■♥ ♣❛rt✐❝✉❧❛r ♥♦r♠✐♥❣ ❝♦♥st❛♥ts ❛r❡ cn = 1−F←(1−1/n) = n−1 ❛♥❞ dn = 1✳
▼♦r❡ ❣❡♥❡r❛❧❧② ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t t❤❡ ❇❡t❛ ❞✐str✐❜✉t✐♦♥ ❜❡❧♦♥❣s t♦ ▼❉❆ ♦❢
❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥✳

✶✳✸✳✸ ❈❛s❡ ♦❢ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥ Λ

❚❤❡ t❛✐❧ ♦❢ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥ ❞❡❝r❡❛s❡s t♦ 0 ❛t ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡✿ ✐♥
❢❛❝t✱ ❜② ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ ✇❡ ♦❜t❛✐♥

Λ̄(x) = 1−Λ(x) = 1−exp(−e−x) = 1−[1+(−e−x)+o((−e−x)2)] ∼ e−x, x → ∞.

❚❤✉sMDA(Λ) ❝♦♥t❛✐♥s ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ t❛✐❧s r❛♥❣❡ ❢r♦♠ ❧✐❣❤t
✭❛s ◆♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✮ t♦ ♠♦❞❡r❛t❡❧②✲❤❡❛✈② ✭❛s ❧♦❣✲◆♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✮✳
❋✉rt❤❡r♠♦r❡ ❝❛s❡s xF = ∞ ❛♥❞ xF < ∞ ❛r❡ ❜♦t❤ ♣♦ss✐❜❧❡✳

❚❤❡♦r❡♠ ✶✳✸✳✹✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ✇✐t❤ r✐❣❤t ❡♥❞♣♦✐♥t xF ≤ ∞
❜❡❧♦♥❣s t♦ MDA(Λ) ✐❢ ❛♥❞ ♦♥❧② ✐❢

∃ z < xF such that F̄ (x) = c(x) exp

(

−
∫ x

z

g(t)

a(t)
dt

)

, z < x < xF

✇❤❡r❡ c, g ❛r❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ c(x) → c > 0✱ g(x) → 1
❛s x → xF ✱ ❛♥❞ a ✐s ❛ ♣♦s✐t✐✈❡✱ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✭r❡s♣❡❝t t♦
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✮ ✇✐t❤ ❞❡♥s✐t② a

′

(x) s✉❝❤ t❤❛t limx→xF
a

′

(x) = 0✳
◆♦r♠✐♥❣ ❝♦♥st❛♥ts ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s dn = F←(1− 1/n) ❛♥❞ cn = a(dn)✳

❆ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ a ✐s a(x) =
∫ xF

x
F̄ (t)

F̄ (x)
dt✱ x < xF ✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❧♦♥❣ ❛♥❞ t❡❝❤♥✐❝❛❧✱ s❡❡ ❘❡s♥✐❝❦ ❬✷❪✱ ❈♦r♦❧❧❛r② ✶✳✼ ❛♥❞
Pr♦♣♦s✐t✐♦♥ ✶✳✾ ❢♦r ❛ ❝♦♠♣❧❡t❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❊①❛♠♣❧❡ ✶✳✸✳✸✳ ■t✬s r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞ s❤♦✇✐♥❣ t❤❛t ◆♦r♠❛❧ ❞✐str✐❜✉t✐♦♥
❜❡❧♦♥❣s t♦ ▼❉❆ ♦❢ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ♣r♦♦❢ ✉s❡s t❤❡ ♥♦t✐♦♥ ♦❢
❱♦♥ ▼✐s❡s ❢✉♥❝t✐♦♥ ❛♥❞ ✇❡ ❞✐❞♥✬t ✐♥tr♦❞✉❝❡ ✐t✳ ❍♦✇❡✈❡r✱ t♦ ❣❡t ❛♥ ✐❞❡❛ ✇❡
r❡♠❛✐♥❞ t♦ ❊♠❜r❡❝❤ts ❡t ❛❧✳ ❬✶❪✱ ❊①❛♠♣❧❡ ✸✳✸✳✷✾✳
❙✐♠✐❧❛r❧② ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t ❛❧s♦ t❤❡ ●❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ❜❡❧♦♥❣s t♦MDA(Λ)✳
❯s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ X̃ = g(X) = eµ+σx✱ ✇❤❡r❡ X ∼ N(0, 1)✱ µ ∈ R

✶✺



❛♥❞ σ > 0✱ ✇❡ ❤❛✈❡ t❤❡ ❧♦❣✲◆♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❙✐♥❝❡ X ∈ MDA(Λ)✱ t❤✐s
✐♠♣❧✐❡s

lim
n→∞

P(M̃n ≤ eµ+σ(cnx+dn)) = Λ(x), x ∈ R

✇❤❡r❡ cn ❛♥❞ dn ❛r❡ t❤❡ ♥♦r♠✐♥❣ ❝♦♥st❛♥t ♦❢ X✳
❚❤✐s ✐♠♣❧✐❡s

lim
n→∞

P(e−µ−σdnM̃n ≤ 1 + σcnx+ o(cn)) = Λ(x), x ∈ R.

❙✐♥❝❡ cn → 0✱ ✐t ❢♦❧❧♦✇s t❤❛t

1

σcneµ+σdn
(M̃n − eµ+σdn)

d→ Λ,

s♦ X̃ ∈ MDA(Λ) ✇✐t❤ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts c̃n = σcne
µ+σdn ❛♥❞ d̃n = eµ+σdn✳

✶✳✹ ●❡♥❡r❛❧✐s❡❞ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥

■♥ t❤❡ ♣❛st s❡❝t✐♦♥ ✇❡ s❛✇ t❤❛t t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢ st❛♥❞❛r❞✐s❡❞ ♠❛①✐✲
♠✉♠ ♦❢ ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❜❡❧♦♥❣s t♦ ♦♥❡ ♦❢ t❤❡s❡ t❤r❡❡ ❢❛♠✐❧✐❡s✿ ❋ré❝❤❡t✱
❲❡✐❜✉❧❧✱ ●✉♠❜❡❧✳
❆ ♦♥❡✲♣❛r❛♠❡t❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡s❡ ❞✐str✐❜✉t✐♦♥s ❝❛♥ ❜❡ ✉s❡❢✉❧✱ ♠❛✐♥❧②
❢♦r st❛t✐st✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳✶✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s

Hξ(x) =

{

exp{−(1 + ξx)−1/ξ} ✐❢ ξ 6= 0

exp{−e−x} ✐❢ ξ= 0

✇❤❡r❡ 1 + ξx > 0 ❛♥❞ H0 ✐s ♦❜t❛✐♥❡❞ ❛s ❛ ❧✐♠✐t ♦❢ Hξ ❢♦r ξ → 0✱ ✐s ❝❛❧❧❡❞
st❛♥❞❛r❞ ❣❡♥❡r❛❧✐s❡❞ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ✭❙●❊❱✮✳
❚❤❡ ♣❛r❛♠❡t❡r ξ ✐s ❝❛❧❧❡❞ s❤❛♣❡ ♣❛r❛♠❡t❡r✳
❚❤❡ s✉♣♣♦rt ♦❢ Hξ(x) ❝♦rr❡s♣♦♥❞s t♦

x > −1/ξ for ξ > 0

x < −1/ξ for ξ < 0

x ∈ R for ξ = 0.

❋♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ξ ✇❡ ❢♦✉♥❞ t❤❡ t❤r❡❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢
❋✐s❤❡r✲❚✐♣♣❡t t❤❡♦r❡♠ ✭✶✳✷✳✸✮✱ ✐♥ ♣❛rt✐❝✉❧❛r

✶✻



• ✐❢ ξ = 1/α > 0 ✇❡ ❤❛✈❡ t❤❡ ❋ré❝❤❡t ❞✐str✐❜✉t✐♦♥ Φα❀

• ✐❢ ξ = −1/α < 0 ✇❡ ❤❛✈❡ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ Ψα❀

• ✐❢ ξ = 0 ✇❡ ❤❛✈❡ t❤❡ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥ Λ✳

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❛❧s♦ ❣✐✈❡ ❛ ✉♥✐q✉❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐✲
♠✉♠ ❞♦♠❛✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ✇❤✐❝❤ ✐♥❝❧✉❞❡s ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❡❛❝❤ ❞✐str✐❜✉t✐♦♥
❢❛♠✐❧②✳

❚❤❡♦r❡♠ ✶✳✹✳✶✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ❜❡❧♦♥❣s t♦ MDA(Hξ)✱ ξ ∈ R✱
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ a s✉❝❤ t❤❛t ❢♦r
1 + ξx > 0

lim
u→xF

F̄ (u+ a(u)x)

F̄ (u)
=

{

(1 + ξx)−1/ξ ✐❢ ξ 6= 0

e−x ✐❢ ξ= 0.

Pr♦♦❢✳ ❲❡ ♦♥❧② s❦❡t❝❤ t❤❡ ❝❛s❡ ξ > 0 r❡♠✐♥❞✐♥❣ t♦ ❊♠❜r❡❝❤ts ❡t ❛❧✳ ❬✶❪✱
❚❤❡♦r❡♠ ✸✳✹✳✺ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
✭⇒✮ ❋♦r ξ > 0 ✇❡ ❤❛✈❡ Hξ(x) = Φα((x + α)/α)✱ α = 1/ξ✱ ❛♥❞ ❢♦r ❚❤❡♦r❡♠
✭✶✳✸✳✷✮ F ∈ MDA(Hξ) ✐s ❡q✉✐✈❛❧❡♥t t♦ F̄ ∈ R−α✳ ❯s✐♥❣ t❤❡ r❛♣r❡s❡♥t❛t✐♦♥
t❤❡♦r❡♠ ❢♦r r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s ✇❡ ♦❜t❛✐♥

lim
u→∞

F̄ (u+ a(u)x)

F̄ (u)
=

(

1 +
x

α

)−α

,

✇❤✐❝❤ ✐s t❤❡ r❡❧❛t✐♦♥ ❛❜♦✈❡✳
✭⇐✮ ■❢ t❤❡ r❡❧❛t✐♦♥ ❤♦❧❞s✱ ❝❤♦s❡♥ dn = (1/F̄ )←(n)✱ t❤❡♥ 1/F̄ (dn) ∼ n✳ ❙✉❜✲
st✐t✉t✐♥❣ u = dn ✐♥ t❤❡ r❡❧❛t✐♦♥ ❛❜♦✈❡✱ ✇❡ ♦❜t❛✐♥

(

1 +
x

α

)−α

= lim
n→∞

F̄ (dn + a(dn)x)

F̄ (dn)
= lim

n→∞
nF̄ (dn + a(dn)x),

❛♥❞ ❢♦r Pr♦♣♦s✐t✐♦♥ ✭✶✳✸✳✶✮ F ∈ MDA(Hξ)✱ ξ = 1/α✳

❘❡♠❛r❦ ✶✳✹✳✶✳ ❲❡ ❝❛♥ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❧♦❝❛t✐♦♥✲s❝❛❧❡ ❢❛♠✐❧② Hξ;µ,σ✱ ✇✐t❤
µ ∈ R ❛♥❞ σ > 0✱ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❛r❣✉♠❡♥t x ❛❜♦✈❡ ✇✐t❤ (x − µ)/σ✳ ❲❡
❞❡♥♦t❡ ✐t ✇✐t❤ ●❊❱ ❛♥❞ ✐t✬s s✉♣♣♦rt ❤❛s t♦ ❜❡ ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣❧②✳
■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♦❜t❛✐♥

Hξ;µ,σ(x) =







exp
{

−
[

1 + ξ
(

x−µ
σ

)]−1/ξ
}

✐❢ ξ 6= 0

exp
{

−e−(
x−µ
σ

)
}

✐❢ ξ= 0

✶✼



✇❤✐❝❤ s✉♣♣♦rt ✐s x > µ − σ/ξ ✐❢ ξ > 0✱ x < µ − σ/ξ ✐❢ ξ < 0 ❛♥❞ x ∈ R ✐❢
ξ = 0✳

▼❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ❢♦r ❙●❊❱ ❞✐str✐❜✉t✐♦♥ ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ♠♦♠❡♥ts
✭s❡❡ ❍♦s❦✐♥❣ ❛♥❞ ❲❛❧❧✐s ❬✸❪✱ ❑♦t③ ❛♥❞ ◆❛❞❛r❛❥❛❤ ❬✹❪✱ ❘❡✐ss ❛♥❞ ❚❤♦♠❛s ❬✺❪
♣✳ ✶✼✲✶✽✮✿

mj =











(−1)jΓ(1− jξ) ✐❢ ξ❁✵

Γ(1− jξ) ✐❢ ξ∈ (0, 1/j)

∞ ✐❢ ξ≥ 1/j.

■♥ ♣❛rt✐❝✉❧❛r ✐❢ X ❤❛s Hξ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡

E[X] = m1 =











−Γ(1− ξ) ✐❢ ξ❁✵

Γ(1− ξ) ✐❢ ξ∈ (0, 1)

∞ ✐❢ ξ≥ 1

V ar(X) = m2 −m2
1 = Γ(1− 2ξ)− [±Γ(1− ξ)]2 if ξ < 1/2, ξ 6= 0.

❘❡♠❛r❦ ✶✳✹✳✷✳ ❋♦r ❛ ✈❛r✐❛❜❧❡ X ✇✐t❤ Hξ;µ,σ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡

E[X] =

{

µ− σ
ξ
(1− Γ(1− ξ)) ✐❢ ξ< 1 ❛♥❞ ξ 6= 0

∞ ✐❢ ξ≥ 1

V ar(X) =

{

σ2

ξ2
(Γ(1− 2ξ)− [Γ(1− ξ)]2) ✐❢ ξ< 1/2 ❛♥❞ ξ 6= 0

∞ ✐❢ ξ≥ 1/2✳

■❢ ξ = 0✱ ✉s✐♥❣ t❤❡ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥

E[etx] = etµΓ(1− σt), σ|t| < 1,

✇❡ ❤❛✈❡
E[X] = µ+ γσ

✇❤❡r❡ γ = 0.57722 ✐s t❤❡ ❊✉❧❡r✬s ❝♦♥st❛♥t✱ ❛♥❞

V ar(X) =
π2

6
σ2.

✶✽



◗✉❛♥t✐❧❡s ♦❢ Hξ ❛r❡ ❣✐✈❡♥ ❜②

xp =

{

[(− ln p)−ξ − 1]/ξ ✐❢ ξ 6= 0

− ln(− ln p) ✐❢ ξ= 0
, 0 < p < 1

❛♥❞ t❤❡② ❤❛✈❡ ❛ s♣❡❝✐❛❧ ♠❡❛♥✐♥❣✿ xp = H←ξ (p) ✐s t❤❡ r❡t✉r♥ ❧❡✈❡❧ ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ r❡t✉r♥ ♣❡r✐♦❞ 1/(1 − p)✱ t❤❛t ✐s t❤❡ ❧❡✈❡❧ xp ✐s ❡①♣❡❝t❡❞ t♦ ❜❡
❡①❝❡❡❞❡❞ ♦♥ ❛✈❡r❛❣❡ ♦♥❝❡ ❡✈❡r② 1/(1− p) ②❡❛rs✳ ❚❤❡ q✉❛♥t✐t② 1− p ✐s ❝❛❧❧❡❞
♣r♦❜❛❜✐❧✐t② ♦❢ ❡①❝❡❡❞❛♥❝❡ ❛♥❞ r❡♣r❡s❡♥ts t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t M∗

n ❢❛❧❧s
❜❡②♦♥❞ t❤❡ t❤r❡s❤♦❧❞ xp✳
■♥ ♣❛rt✐❝✉❧❛r✱ s✉❜st✐t✉t✐♥❣ − ln p ✇✐t❤ yp✱ ✇❡ ♦❜t❛✐♥

xp =

{

(y−ξp − 1)/ξ ✐❢ ξ 6= 0

− ln yp ✐❢ ξ= 0

❛♥❞ ♣❧♦tt✐♥❣ q✉❛♥t✐❧❡s ❛❣❛✐♥st ln yp =: wp ✭wp → −∞ ❛s 1− p → 0✮✱

xp =

{

(e−wpξ − 1)/ξ ✐❢ ξ 6= 0

−wp ✐❢ ξ= 0

✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♣❧♦t ✐s ❧✐♥❡❛r ✇❤❡♥ ξ = 0✱ ❝♦♥✈❡① ✇✐t❤ ♥♦ ✜♥✐t❡ ❜♦✉♥❞
❢♦r 1− p → 0 ✇❤❡♥ ξ > 0 ❛♥❞ ❝♦♥❝❛✈❡ ✇✐t❤ ❛s②♠♣t♦t✐❝ ❧✐♠✐t xp = −1/ξ ❢♦r
1− p → 0 ✇❤❡♥ ξ < 0✳ ❚❤✐s ❦✐♥❞ ♦❢ ❣r❛♣❤ ✐s ❝❛❧❧❡❞ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦t✳

❋✐❣✉r❡ ✶✳✷✿ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦ts ♦❢ t❤❡ ❙●❊❱ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ξ = 0.2✱ ξ = −0.2

❛♥❞ ξ = 0✳

✶✾



✶✳✺ ■♥❢❡r❡♥❝❡ ❢♦r ●❊❱ ❞✐str✐❜✉t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❢❡r t♦ Hξ;µ,σ✱ ✇✐t❤ ξ, µ ∈ R✱ σ > 0✱ ❛♥❞ ♦✉r ♣✉r♣♦s❡ ✐s
s❤♦✇✐♥❣ ♠❡t❤♦❞s ✉s❡❞ ❢♦r ❡st✐♠❛t✐♥❣ ●❊❱ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs✳

❙✐♥❝❡ ●❊❱ ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐s❡❞ ♠❛①✲
✐♠❛ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❢♦r ❡st✐♠❛t✐♥❣ ✐ts ♣❛r❛♠❡t❡rs ✐s
♥❡❝❡ss❛r② ❤❛✈✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛❧❧ ✇✐t❤ t❤❡ s❛♠❡ ●❊❱
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐s❡❞ ♠❛①✐♠❛✳
❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
X1✱✳✳✳✱ Xnm✱ ❢♦r ❧❛r❣❡ ✈❛❧✉❡ ♦❢ n✱ ✇✐t❤ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ❛♥❞
✇❡ ❜❧♦❝❦ t❤❡♠ ✐♥ m ❣r♦✉♣s ♦❢ ❡q✉❛❧ ❧❡♥❣t❤ n❀ ❣r♦✉♣✬s ♠❛①✐♠❛ ❛r❡ ❝❛❧❧❡❞
❜❧♦❝❦ ♠❛①✐♠❛ ❛♥❞ ❛r❡ ❞❡♥♦t❡❞ ❜② Zi✱ i = 1, ...,m✳
◆♦t✐❝❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ n ✐s ❝r✐t✐❝❛❧✿ ✐♥ ❢❛❝t ✐❢ n ✐s t♦♦ s♠❛❧❧ t❤❡r❡ ✇♦✉❧❞ ❜❡
❜✐❛s ✐♥ ❡st✐♠❛t✐♦♥ ❛♥❞ ❡①tr❛♣♦❧❛t✐♦♥ ❞✉❡ t♦ ♣♦♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t
❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ✐♥ t❤❡♦r❡♠ ✶✳✷✳✸❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ n ✐s t♦♦ ❜✐❣ t❤❡r❡
✇♦✉❧❞ ❜❡ ❢❡✇ ❣r♦✉♣s✱ ❧❡❛❞✐♥❣ t♦ ❧❛r❣❡ ❡st✐♠❛t✐♦♥ ✈❛r✐❛♥❝❡✳
Pr❛❝t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ♦❢t❡♥ ❧❡❛❞ t♦ ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ♦♥❡ ②❡❛r✿ ✐♥ t❤✐s ✇❛②
✐s ♣❧❛✉s✐❜❧❡ ❛ss✉♠✐♥❣ t❤❛t ❜❧♦❝❦ ♠❛①✐♠❛ ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❞✐str✐❜✉t✐♦♥✳
❋✉rt❤❡r♠♦r❡✱ ✐s ✉s❡❢✉❧ ❛❧s♦ t❤❛t Z1✱ Z2✱✳✳✳✱Zm ❛r❡ ✐♥❞❡♣❡♥❞❡♥t s♦ t❤❛t ✇❡ ❝❛♥
❡❛s✐❧② ✇r✐t❡ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✳

❘❡♠❛r❦ ✶✳✺✳✶✳ ■❢ t❤❡ Xj✱ j = 1, ..., nm✱ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t t❤❡ Zi✱ i = 1, ...,m
❛r❡ ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t✳ ❍♦✇❡✈❡r✱ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ Zi✬s ✐s ❧✐❦❡❧② t♦ ❜❡ ❛
r❡❛s♦♥❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡✈❡♥ ✐❢ t❤❡ Xj✬s ❝♦♥st✐t✉t❡ ❛ ❞❡♣❡♥❞❡♥t s❡r✐❡s ✭s❡❡
❈♦❧❡s ❬✻❪✮✳

❚❤❡ ✉s❡ ♦❢ t❤❡s❡ ❜❧♦❝❦ ♠❛①✐♠❛ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ M∗
nm ❞✐str✐❜✉t✐♦♥

♣❛r❛♠❡t❡rs ✐s ❥✉st✐✜❡❞ ❛s ❢♦❧❧♦✇s✳
❚❤❡ ✐❞❡❛ ✐s t♦ ❝♦♥s✐❞❡r M∗

nm ❛s ♠❛①✐♠✉♠ ♦❢ nm ✈❛r✐❛❜❧❡s ❛♥❞✱ ❛t t❤❡ s❛♠❡
t✐♠❡✱ ❛s ♠❛①✐♠✉♠ ♦❢m♠❛①✐♠❛✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ n ✈❛r✐❛❜❧❡s✳
▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❦♥♦✇ ❢r♦♠ t❤❡♦r❡♠ ✶✳✷✳✸ t❤❛t✱ ❢♦r n ❧❛r❣❡✱

P(M∗
n ≤ x) = P

(

Mn − dn
cn

≤ x

)

≈ Hξ;µ,σ(x),

s♦ ❢♦r ❛♥② m ∈ N✱ s✐♥❝❡ nm ✐s ❛❧s♦ ❧❛r❣❡✱ ✇❡ ❤❛✈❡

P(M∗
nm ≤ x) = P

(

Mnm − dnm
cnm

≤ x

)

≈ Hξ;µ,σ(x).

✷✵



❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜❡✐♥❣ M∗
nm t❤❡ ♠❛①✐♠✉♠ ♦❢ m ♠❛①✐♠❛ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s

t❤❡ ♠❛①✐♠✉♠ ♦❢ n ✈❛r✐❛❜❧❡s✱ ✇❡ ♦❜t❛✐♥

P(M∗
nm ≤ x) =

[

P

(

Mn − dn
cn

≤ x

)]m

≈ Hm
ξ;µ,σ(x).

❚❤❡r❡❢♦r❡ Hξ;µ,σ ❛♥❞ Hm
ξ;µ,σ ❛r❡ ✐❞❡♥t✐❝❛❧ ❛♣❛rt ❢r♦♠ ♥♦r♠✐♥❣ ❝♦♥st❛♥ts ✉s❡❞

♦♥ Mnm✳

❚❤❡♥ ❧❡t ✉s ❝♦♥s✐❞❡r Zi✱ i = 1, ...,m ❛s ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
✇✐t❤ ●❊❱ ❞✐str✐❜✉t✐♦♥

Hξ;µ,σ(zi) =







exp
{

−
[

1 + ξ
(

zi−µ
σ

)]−1/ξ
}

✐❢ ξ 6= 0

exp
{

−e−(
zi−µ

σ
)
}

✐❢ ξ= 0
✭✶✳✷✮

✇❤❡r❡ 1 + ξ
(

zi−µ
σ

)

> 0✱ ✇❤♦s❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

hξ;µ,σ(zi) =

{

[

1 + ξ
(

zi−µ
σ

)]−1−1/ξ
Hξ;µ,σ(zi)/σ ✐❢ ξ 6= 0

e−(
zi−µ

σ
)Hξ;µ,σ(zi)/σ ✐❢ ξ= 0.

❚❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✐s

l(µ, σ, ξ) = ln

[

m
∏

i=1

hξ;µ,σ(zi)

]

=

=

{

−m ln σ −
(

1 + 1
ξ

)

∑m
i=1 ln

[

1 + ξ
(

zi−µ
σ

)]

−∑m
i=1

[

1 + ξ
(

zi−µ
σ

)]−1/ξ
✐❢ ξ 6= 0

−m ln σ −∑m
i=1

(

zi−µ
σ

)

−∑m
i=1 e

−(
zi−µ

σ
) ✐❢ ξ= 0

✭✶✳✸✮
❛♥❞ t❤❡✐r ♠❛①✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r (µ, σ, ξ)✱ ♦❜✲

t❛✐♥❡❞ ❡q✉❛t✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ ❡q✉❛t✐♦♥s ✭✶✳✸✮ t♦ ③❡r♦✱ ❣✐✈❡s t❤❡ ♠❛①✲
✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s µ̂✱ σ̂ ❛♥❞ ξ̂❀ t❤❡r❡ ✐s ♥♦ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱ ❜✉t ✐t
❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✉s✐♥❣ st❛♥❞❛r❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳
❚❤❡ ❡st✐♠❛t❡s ✈❡❝t♦r (µ̂, σ̂, ξ̂) ❤❛s ❛♣♣r♦①✐♠❛t❡❧② ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐s✲
tr✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ (µ, σ, ξ)✱ s♦ ✐t✬s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r ❢♦r ♣❛r❛♠❡t❡rs ♦❢
●❊❱ ❞✐str✐❜✉t✐♦♥✳

◗✉❛♥t✐❧❡s ❡st✐♠❛t❡s ❝❛♥ t❤❡♥ ❜❡ ♦❜t❛✐♥❡❞ s✉❜st✐t✉t✐♥❣ (µ̂, σ̂, ξ̂) ✐♥ t❤❡
q✉❛♥t✐❧❡ ❡①♣r❡ss✐♦♥ ❢♦r ●❊❱ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❧♦❝❛t✐♦♥ ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡rs✱
❧❡❛❞✐♥❣ t♦

ẑp =

{

µ̂+ [(− ln p)−ξ̂ − 1]σ̂/ξ̂ ✐❢ ξ̂ 6= 0

µ̂− σ̂ ln(− ln p) ✐❢ ξ̂= 0.
✭✶✳✹✮

✷✶



❚❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ q✉❛♥t✐❧❡s ❡st✐♠❛t❡s ✐s ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡
❞❡❧t❛ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✇❡ ❜r✐❡✢② ✐❧❧✉str❛t❡✳

▲❡t ✇❡ ❝♦♥s✐❞❡r ❛ r❡❛❧ ✈❛❧✉❡❞ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ h ♦❢
❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r θ̂ ♦❢ θ✱ ❞❡✜♥❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ θ✱ s✉❝❤ t❤❛t
∇h(θ) 6= 0 ❛♥❞ ✇r✐t❡ ✐ts ✜rst✲♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥

h(θ̂) ∼ h(θ) +∇h(θ)T (θ̂ − θ).

❚❤❡♥
V ar(h(θ̂)) = V ar(h(θ) +∇h(θ)T (θ̂ − θ))

= V ar(h(θ) +∇h(θ)T θ̂ −∇h(θ)Tθ))

= V ar(∇h(θ)T θ̂)

= ∇h(θ)TV ar(θ̂)∇h(θ).

❋♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❉❛✈✐s♦♥ ❬✼❪✳

❙✐♥❝❡ ẑp ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ (µ̂, σ̂, ξ̂)✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

V ar(ẑp) ∼ ∇zTp V∇zp

✇❤❡r❡ V ✐s t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ (µ̂, σ̂, ξ̂) ❛♥❞

∇zp =















∂zp
∂µ

∂zp
∂σ

∂zp
∂ξ















=













































1

[(− ln p)−ξ − 1]/ξ

{−(− ln p)−ξ[ξ ln(− ln p) + 1] + 1}σ/ξ2






✐❢ ξ 6= 0







1

− ln(− ln p)

0






✐❢ ξ= 0.

■♥ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ ξ̂ < 0 ✐t✬s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞
❡st✐♠❛t❡ ♦❢ t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t zF ✱ ❜❡❝❛✉s❡ ❢♦r t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ✐t ✐s
✜♥✐t❡✳ ❙✐♥❝❡ zF ❝♦rr❡s♣♦♥❞s t♦ zp ✇❤❡r❡ p = 1✱ ✇❡ ❤❛✈❡

ẑF = µ̂− σ̂/ξ̂,

✇❤❡r❡ ✐ts ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❡✈❛❧✉❛t❡❞ ❢♦r p = 1✳

✷✷



❆♥♦t❤❡r ♠❡t❤♦❞ ❢♦r ♠❛❦✐♥❣ ✐♥❢❡r❡♥❝❡ ♦♥ ❛ ♣❛rt✐❝✉❧❛r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡
♣❛r❛♠❡t❡r ✈❡❝t♦r (µ, σ, ξ) ✐s t❤❡ ♣r♦✜❧❡ ❧✐❦❡❧✐❤♦♦❞✳ ■t ❝♦♥s✐sts ✐♥ ✜①✐♥❣ t❤❡
♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st ❛♥❞ ♠❛①✐♠✐③✐♥❣ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✭✶✳✸✮ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ✐s r❡♣❡❛t❡❞ ❢♦r ❛ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛✲
r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛①✐♠✐③❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞
❝♦♥st✐t✉t❡ t❤❡ ♣r♦✜❧❡ ❧✐❦❡❧✐❤♦♦❞✱ ✉s❡❞ t♦ ♦❜t❛✐♥ ❛♣♣r♦①✐♠❛t❡ ❝♦♥✜❞❡♥❝❡ ✐♥✲
t❡r✈❛❧s ✭s❡❡ ❈♦❧❡s ❬✻❪✮✳

❖t❤❡r ♠❡t❤♦❞s ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ ❢♦r ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✿

✶✳ t❤❡ ♣r♦❜❛❜✐❧✐t② ♣❧♦t ✐s ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❞ ✜tt❡❞ ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥s✳
❲✐t❤ ♦r❞❡r❡❞ ❜❧♦❝❦ ♠❛①✐♠✉♠ ❞❛t❛ z(1) ≤ ... ≤ z(m)✱ t❤❡ ❡♠♣✐r✐❝❛❧

❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② H̃(z(i)) = i/(m + 1) ❛♥❞ t❤❡ ✜tt❡❞

❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ Ĥ(z(i)) ✐s ♦❜t❛✐♥❡❞ ❜② s✉❜st✐t✉t✐♦♥ ♦❢ ♣❛r❛♠❡t❡r
❡st✐♠❛t❡s ✐♥t♦ ❡①♣r❡ss✐♦♥ ✭✶✳✷✮ ✇✐t❤ zi = z(i)✱ i = 1, ...,m✳

■❢ t❤❡ ●❊❱ ♠♦❞❡❧ ✇♦r❦s ✇❡❧❧ H̃(z(i)) ∼ Ĥ(z(i)) ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t②
♣❧♦t✱ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ❧♦❝✉s ♦❢ ♣♦✐♥ts

{(

H̃(z(i)), Ĥ(z(i))
)

, i = 1, ...,m
}

s❤♦✉❧❞ ❧✐❡ ❝❧♦s❡ t♦ t❤❡ ✉♥✐t ❞✐❛❣♦♥❛❧✳ ■ts ✇❡❛❦♥❡ss ❢♦r ❡①tr❡♠❡ ✈❛❧✉❡
♠♦❞❡❧s ✐s t❤❛t ❜♦t❤ ❞✐str✐❜✉t✐♦♥s t❡♥❞ t♦✇❛r❞ ❛♣♣r♦❛❝❤ t♦ 1 ❛s z(i) ✐♥✲
❝r❡❛s❡s✱ s♦ ♣r♦❜❛❜✐❧✐t② ♣❧♦t ♣r♦✈✐❞❡s t❤❡ ❧❡❛st ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ r❡❣✐♦♥
♦❢ ♠♦r❡ ✐♥t❡r❡st❀

✷✳ t❤❡ q✉❛♥t✐❧❡ ♣❧♦t s♦❧✈❡s t❤❡ ✇❡❛❦♥❡ss ♦❢ ♣r♦❜❛❜✐❧✐t② ♣❧♦t ❜❡❝❛✉s❡ ✐t
❝♦♥s✐sts ♦❢ t❤❡ ♣♦✐♥ts

{(

Ĥ−1(i/(m+ 1)), z(i)

)

, i = 1, ...,m
}

.

❉❡♣❛rt✉r❡s ❢r♦♠ ❧✐♥❡❛r✐t② ✐♥❞✐❝❛t❡ ♠♦❞❡❧ ❢❛✐❧✉r❡❀

✸✳ t❤❡ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ❝♦♥s✐sts ♦❢ t❤❡ ❧♦❝✉s ♦❢ ♣♦✐♥ts

{(ln yp, ẑp) : 0 < p < 1}
❛♥❞ ✐s ♣❛rt✐❝✉❧❛r❧② ❝♦♥✈❡♥✐❡♥t ✐♥ ❡①tr❡♠❡ ✈❛❧✉❡ ♠♦❞❡❧s ❜❡❝❛✉s❡ t❤❡ t❛✐❧
♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ✐s ❝♦♠♣r❡ss❡❞ ❛♥❞ r❡t✉r♥ ❧❡✈❡❧ ❡st✐♠❛t❡s ẑp ❢♦r ❧♦♥❣
r❡t✉r♥ ♣❡r✐♦❞s ❝❛♥ ❜❡ ❞✐s♣❧❛②❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ♣❧♦t
✐♥ t❤❡ ❝❛s❡ ξ = 0 ✐s ✉s❡❢✉❧ ✐♥ ❥✉❞❣✐♥❣ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❡st✐♠❛t❡❞ s❤❛♣❡
♣❛r❛♠❡t❡r✳ ❊♠♣✐r✐❝❛❧ ❡st✐♠❛t❡s ♦❢ t❤❡ r❡t✉r♥ ❧❡✈❡❧ ❢✉♥❝t✐♦♥ ❢♦✉♥❞ ❛❜♦✈❡
❝❛♥ ❛❧s♦ ❜❡ ❛❞❞❡❞ ✐♥ ♦r❞❡r t♦ ✉s❡ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ❛s ♠♦❞❡❧ ❞✐❛❣♥♦st✐❝❀
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✹✳ ❛♥♦t❤❡r ❡q✉✐✈❛❧❡♥t ❞✐❛❣♥♦st✐❝✱ ♥♦t ❜❛s❡❞ ♦♥ ❝♦♠♣❛r✐s♦♥ ♦❢ ❡♠♣✐r✐❝❛❧
❛♥❞ ✜tt❡❞ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s✱ ❝♦♥s✐sts ✐♥ ❝♦♠♣❛r✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t②
❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜tt❡❞ ♠♦❞❡❧ ✇✐t❤ t❤❡ ❤✐st♦❣r❛♠ ♦❢ t❤❡ ❞❛t❛✳

✶✳✻ ❚❤r❡s❤♦❧❞ ♠♦❞❡❧s

❆♥♦t❤❡r ♣♦✐♥t ♦❢ ✈✐❡✇ ✉s❡❞ ❢♦r ♠♦❞❡❧✐♥❣ ❡①tr❡♠❛❧ ❡✈❡♥ts✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥
♦t❤❡r ❞❛t❛ ♦♥ ❡①tr❡♠❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ✐s ❝♦♥s✐❞❡r✐♥❣ ❡✈❡♥ts ✇❤✐❝❤ ❡①❝❡❡❞ ❛
❝❡rt❛✐♥ t❤r❡s❤♦❧❞✳ ❚❤❡♦r❡♠ ✶✳✹✳✶ ❣✐✈❡s ❛♥ ✐♥t❡r❡st✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥✳
■♥ ❢❛❝t✱ r❡❢♦r♠✉❧❛t✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❢♦✉♥❞ t❤❡r❡✱ ✇❡ ❤❛✈❡

lim
u→xF

P

(

X − u

a(u)
> x

∣

∣

∣

∣

X > u

)

=

{

(1 + ξx)−1/ξ ✐❢ ξ 6= 0

e−x ✐❢ ξ= 0

✇❤❡r❡ X ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F ∈ MDA(Hξ)✳
❚❤✐s r❡❧❛t✐♦♥ r❡♣r❡s❡♥ts t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ s❝❛❧❡❞ ❡①❝❡ss ♦✈❡r t❤❡
✭❤✐❣❤✮ t❤r❡s❤♦❧❞ u✱ ✇✐t❤ s❝❛❧✐♥❣ ❢❛❝t♦r a(u)✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳✶✳ ▲❡t X ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F
❛♥❞ ✉♣♣❡r ❡♥❞♣♦✐♥t xF ✳ ❋♦r ✜①❡❞ u < xF ✱ t❤❡ ❢✉♥❝t✐♦♥

Fu(x) = P(X − u ≤ x|X > u), x ≥ 0,

✐s ❝❛❧❧❡❞ t❤❡ ❡①❝❡ss ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ♦✈❡r t❤❡
t❤r❡s❤♦❧❞ u✳ ❚❤❡ ❢✉♥❝t✐♦♥

e(u) = E[X − u|X > u]

✐s ❝❛❧❧❡❞ t❤❡ ♠❡❛♥ ❡①❝❡ss ❢✉♥❝t✐♦♥ ♦❢ X✳

❘❡♠❛r❦ ✶✳✻✳✶✳ ■♥ ✐♥s✉r❛♥❝❡ ❝♦♥t❡①t t❤❡ ❢✉♥❝t✐♦♥ Fu ✐s ✉s✉❛❧❧② ❝❛❧❧❡❞ ❡①❝❡ss
♦❢ ❧♦ss ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳

❆s ✇❡ ❝❛♥ ❡①♣❡❝t✱ t❤❡ ❝♦♠♣❧❡♠❡♥t t♦ ✶ ♦❢ t❤❡ r❡❢♦r♠✉❧❛t✐♦♥ ❛t t❤❡ ❜❡✲
❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❛ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣

❉❡✜♥✐t✐♦♥ ✶✳✻✳✷✳ ▲❡t X ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
F ∈ MDA(Hξ)✳ ❲❡ ❝❛❧❧ st❛♥❞❛r❞ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ✭❙●P❉✮
t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

Gξ(x) =

{

1− (1 + ξx)−1/ξ ✐❢ ξ 6= 0

1− e−x ✐❢ ξ= 0,
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✇❤❡r❡ G0 ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❧✐♠✐t ♦❢ Gξ ❢♦r ξ → 0 ❛♥❞ t❤❡ s✉♣♣♦rt ✐s

x ≥ 0 if ξ ≥ 0

0 ≤ x ≤ −1/ξ if ξ < 0.

❚❤❡r❡❢♦r❡ t❤❡ ❙●P❉ r❡♣r❡s❡♥ts t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
s❝❛❧❡❞ ❡①❝❡ss ♦✈❡r t❤❡ t❤r❡s❤♦❧❞ u✿

(

X − u

a(u)

∣

∣

∣

∣

X > u

)

d→ Gξ.

❘❡♠❛r❦ ✶✳✻✳✷✳ ❲❡ ❝❛♥ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❧♦❝❛t✐♦♥✲s❝❛❧❡ ❢❛♠✐❧② Gξ;µ̃,σ̃✱ ✇✐t❤
µ̃ ∈ R ❛♥❞ σ̃ > 0✱ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❛r❣✉♠❡♥t x ❛❜♦✈❡ ✇✐t❤ (x − µ̃)/σ̃✳ ❲❡
❞❡♥♦t❡ ✐t ✇✐t❤ ●P❉ ❛♥❞ ✐t✬s s✉♣♣♦rt ❤❛s t♦ ❜❡ ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣❧②✳
■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♦❜t❛✐♥

Gξ,µ̃,σ̃(x) =

{

1−
(

1 + ξ x−µ̃
σ̃

)−1/ξ
✐❢ ξ 6= 0

1− e−
x−µ̃
σ̃ ✐❢ ξ= 0,

✇❤✐❝❤ s✉♣♣♦rt ✐s x ≥ µ̃ ✐❢ ξ ≥ 0✱ µ̃ ≤ x ≤ µ̃− σ̃/ξ ✐❢ ξ < 0✳
▼❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✇✐t❤ Gξ,µ̃,σ̃ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
❛r❡ ❣✐✈❡♥ ❜② ✭s❡❡ ❙✉③✉❦✐✲P❛r❦❡r ❬✽❪✮

E[X] = µ̃+
σ̃

1− ξ
if ξ < 1

V ar(X) =
σ̃2

(1− ξ)2(1− 2ξ)
if ξ <

1

2
.

❉✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ●❊❱ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ●P❉ ✐♠♣❧✐❡s t❤❛t t❤❡
s❤❛♣❡ ♣❛r❛♠❡t❡r ξ ✐s t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ❞✐str✐❜✉t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ❡st❛❜✲
❧✐s❤❡s t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦✉r ♦❢ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥✳ ❆s ✇❡
❝❛♥ ❡①♣❡❝t✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ❤❛s t❤r❡❡ ❜❛s✐❝ ❢♦r♠s✱ ❡❛❝❤
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡①❝❡ss ❞❛t❛ ❢r♦♠ ❛ ❞✐✛❡r❡♥t ❝❧❛ss
♦❢ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥s✿

• ❞✐str✐❜✉t✐♦♥s ✇❤♦s❡ t❛✐❧s ❞❡❝r❡❛s❡ ❡①♣♦♥❡♥t✐❛❧❧②✱ s✉❝❤ ❛s t❤❡ ◆♦r♠❛❧✱
❧❡❛❞ t♦ ❛ ❣❡♥❡r❛❧✐③❡❞ P❛r❡t♦ s❤❛♣❡ ♣❛r❛♠❡t❡r ξ = 0❀

• ❞✐str✐❜✉t✐♦♥s ✇❤♦s❡ t❛✐❧s ❞❡❝r❡❛s❡ ❛s ❛ ♣♦❧②♥♦♠✐❛❧✱ s✉❝❤ ❛s t❤❡ ❧♦❣✲
●❛♠♠❛✱ ❧❡❛❞ t♦ ❛ ♣♦s✐t✐✈❡ s❤❛♣❡ ♣❛r❛♠❡t❡r ξ > 0❀

✷✺



❋✐❣✉r❡ ✶✳✸✿ ❉❡♥s✐t✐❡s ♦❢ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ❢♦r µ̃ = 0✱ σ̃ = 1 ❛♥❞
❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ξ✿ ξ = −0.25 ✭❜❧✉❡✮✱ ξ = 0 ✭r❡❞✮✱ ξ = 1 ✭❣r❡❡♥✮✳

• ❞✐str✐❜✉t✐♦♥s ✇❤♦s❡ t❛✐❧s ❛r❡ ✜♥✐t❡✱ s✉❝❤ ❛s t❤❡ ❇❡t❛✱ ❧❡❛❞ t♦ ❛ ♥❡❣❛t✐✈❡
s❤❛♣❡ ♣❛r❛♠❡t❡r ξ < 0✳

❚❤❡ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ❤❛s s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s✳ ❚❤❡
♠♦st ✐♠♣♦rt❛♥t ✐s t❤❛t

∀ξ ∈ R, F ∈ MDA(Hξ) ⇔ lim
u→xF

sup
0<x<xF−u

‖Fu(x)−Gξ,σ̃(u)(x)‖ = 0

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ σ̃(u)✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s r❡s✉❧t ✇❡ ✇✐❧❧ ❛ss✉♠❡ µ̃ = 0✱ ❛s ✐♥ ♠❛♥② st❛t✐st✐❝❛❧
❛♣♣❧✐❝❛t✐♦♥s✳

▲❡t ✉s s❤♦✇ ♥♦✇ t❤❡s❡ ♣r♦♣❡rt✐❡s✿

• t❤❡ ❝❧❛ss ♦❢ ●P❉s ✐s ❝❧♦s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❝❤❛♥❣❡s ♦❢ t❤❡ t❤r❡s❤♦❧❞✱
t❤❛t ✐s

Ḡξ;σ̃(x1 + x2)

Ḡξ;σ̃(x1)
= Ḡξ;σ̃+ξx1

(x2) =

(

1 + ξ
x2

σ̃ + ξx1

)−1/ξ

❢♦r x1, x2 ∈
{

[0,∞) ✐❢ ξ≥ 0

[0,−σ̃/ξ] ✐❢ ξ< 0
;

✷✻



• ✐❢ X ❤❛s ●P❉ ✇✐t❤ ξ < 1✱ t❤❡♥ ❢♦r u < xF

e(u) = E[X − u|X > u] =
σ̃ + ξu

1− ξ
, σ̃ + ξu > 0.

❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❣✐✈❡♥ ❛♥ ✐✐❞ s❛♠♣❧❡ x1✱ ✳✳✳✱ xn✱ t❤❡ r❛♥❣❡ ♦❢ t❤r❡s❤♦❧❞s
✇❡ ❝❛♥ ❝❤♦♦s❡ ✐s t❤❡ s❡t ♦❢ u ❢♦r ✇❤✐❝❤ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥ ❡①❝❡ss
❢✉♥❝t✐♦♥ en(u) ✐s r♦✉❣❤❧② ❧✐♥❡❛r✳ ❚❤✐s ❣r❛♣❤ ✐s ❝❛❧❧❡❞ ♠❡❛♥ r❡s✐❞✉❛❧

❧✐❢❡ ♣❧♦t✳
■♥ t❤❡ ❝❛s❡ ξ ≥ 1 t❤❡ ♠❡❛♥ ✐s ✐♥✜♥✐t❡❀

• ✐❢ ✐♥ ❛ ♠♦❞❡❧ t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❡❡❞❛♥❝❡s N ✐s ❡①❛❝t❧② P♦✐ss♦♥ ❛♥❞ t❤❡
❡①❝❡ss ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❛♥ ❡①❛❝t ●P❉✱ t❤❡♥ t❤❡ ♠❛①✐♠✉♠ ♦❢
t❤❡s❡ ❡①❝❡ss❡s ❤❛s ❛♥ ❡①❛❝t ●❊❱ ❞✐str✐❜✉t✐♦♥✳
■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ N ∼ P(λ) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞
✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ s❡q✉❡♥❝❡ X1✱ ✳✳✳✱ XN ✇✐t❤ ❛ ●P❉ ✇✐t❤ ♣❛r❛♠❡✲
t❡rs ξ ❛♥❞ σ̃✱ t❤❡♥ t❤❡ ♠❛①✐♠✉♠ MN = max{X1, ..., XN} ✐s s✉❝❤ t❤❛t

P(MN ≤ x) = exp

[

−λ
(

1 + ξ
x

σ̃

)−1/ξ
]

= Hξ;µ,σ(x)

✇❤❡r❡ µ = σ̃(λξ − 1)/ξ ❛♥❞ σ = σ̃λξ✳

Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t P(Mn ≤ x) = Gn
ξ;σ̃(x) ✐❢ n ✐s ✜①❡❞ ❛♥❞✱ ❢r♦♠

r❡♠❛r❦ ✭✶✳✷✳✷✮✱ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❡ss❡s ✐s r♦✉❣❤❧② P♦✐ss♦♥✳ ❚❤❡♥
✇❡ ❤❛✈❡

P(MN ≤ x) =
∞
∑

n=0

e−λ
λn

n!
Gn

ξ;σ̃(x)

= e−λ
∞
∑

n=0

[λGξ;σ̃(x)]
n

n!

= e−λeλGξ;σ̃(x)

= e−λeλ(1−Ḡξ;σ̃(x))

= e−λḠξ;σ̃(x)

= exp

[

−λ
(

1 + ξ
x

σ̃

)−1/ξ
]

= exp

[

−
(

λ−ξ
(

1 + ξ
x

σ̃

))−1/ξ
]

✷✼



= exp

[

−
(

1− 1 +
1

λξ
+ ξ

x

σ̃λξ

)]−1/ξ

= exp

[

−
(

1 + ξ
x− σ̃(λξ − 1)/ξ

σ̃λξ

)]−1/ξ

= Hξ;σ̃(λξ−1)/ξ,σ̃λξ(x).

❚❤❡ ❝❛s❡ ξ = 0 r❡❞✉❝❡s t♦

P(MN ≤ x) = exp(−e−(x−σ̃ lnλ)/σ̃);

✶✳✼ ■♥❢❡r❡♥❝❡ ❢♦r t❤r❡s❤♦❧❞ ♠♦❞❡❧s

▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ✐✐❞ s❛♠♣❧❡ x1✱ ✳✳✳✱ xn✳ ❊①tr❡♠❡ ❡✈❡♥ts ❛r❡ t❤♦s❡ ❡①❝❡❡❞✲
✐♥❣ t❤❡ t❤r❡s❤♦❧❞ u✱ t❤❛t ✐s {xi|xi > u, i = 1, ..., k}✳ ❖r❞❡r✐♥❣ t❤❡s❡ ❡①✲
❝❡❡❞❛♥❝❡s x(1) < ... < x(k)✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤r❡s❤♦❧❞ ❡①❝❡ss ❛s

yi = x(i) − u, i = 1, ..., k

✇❤✐❝❤ ❤❛✈❡ t❤❡ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥✱ ♥♦t st❛♥❞❛r❞✐s❡❞✳
❆ss✉♠✐♥❣ µ̃ = 0✱ t❤❡ yi✬s ❞❡♥s✐t✐❡s ❢♦r i = 1, ..., k ❛r❡ ♦❢ t❤❡ ❢♦r♠

gξ;σ̃(yi) =

{

1
σ̃

(

1 + ξ yi
σ̃

)−1−1/ξ
✐❢ ξ 6= 0

1
σ̃
e−

yi
σ̃ ✐❢ ξ= 0.

❘❡♠❛r❦ ✶✳✼✳✶✳ ❆s ❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ ❜❧♦❝❦s ❞✐♠❡♥s✐♦♥✱ ❛❧s♦ ✐♥ t❤❡ t❤r❡s❤♦❧❞
❝❤♦✐❝❡ ❛tt❡♥t✐♦♥ ✐s r❡q✉✐r❡❞✳ ■♥ ❢❛❝t✱ ✐❢ t❤❡ t❤r❡s❤♦❧❞ ✐s

• t♦♦ ❧♦✇ t❤❡ ❛s②♠♣t♦t✐❝ ❜❛s✐s ♦❢ t❤❡ ♠♦❞❡❧ ✇♦✉❧❞ ❜❡ ✈✐♦❧❛t❡❞ ❧❡❛❞✐♥❣ t♦
❜✐❛s❀

• t♦♦ ❤✐❣❤ t❤❡r❡ ✇♦✉❧❞ ❜❡ ❢❡✇ ❡①❝❡ss❡s ❧❡❛❞✐♥❣ t♦ ❤✐❣❤ ✈❛r✐❛♥❝❡✳

❆s ❢♦r t❤❡ ●❊❱ ❞✐str✐❜✉t✐♦♥✱ ✐♥❢❡r❡♥❝❡ ♦♥ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥
❝♦♥s✐sts ♦♥ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✈❡❝t♦r (σ̃, ξ)✳

✷✽



❙♦ ♣❛r❛♠❡t❡rs ❡st✐♠❛t❡s ❛r❡ ♦❜t❛✐♥❡❞ ❡q✉❛t✐♥❣ t♦ ③❡r♦ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s
♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

l(σ̃, ξ) = ln

[

k
∏

i=1

gξ;σ̃(yi)

]

=

=

{

−k ln σ̃ −
(

1 + 1
ξ

)

∑k
i=1 ln

[

1 + ξ yi
σ̃

]

✐❢ ξ 6= 0

−k ln σ̃ − 1
σ̃

∑k
i=1 yi ✐❢ ξ= 0.

✭✶✳✺✮

❆❧s♦ ✐♥ t❤✐s ❝❛s❡ ♥♦ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❡①✐sts✱ s♦ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛r❡
r❡q✉✐r❡❞✳
❋♦r ✇❤❛t ❝♦♥❝❡r♥s ♠♦❞❡❧ ❝❤❡❝❦✐♥❣✱ t❤❡ ✜tt❡❞ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ♠♦❞❡❧ ❝❛♥ ❜❡
❝❤❡❝❦❡❞ ✉s✐♥❣ ♣r♦❜❛❜✐❧✐t② ♣❧♦ts✱ q✉❛♥t✐❧❡ ♣❧♦ts✱ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦ts ❛♥❞ ❞❡♥s✐t②
♣❧♦ts ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✭✶✳✺✮✳

✷✾



❈❍❆P❚❊❘ ✷

❙❚❆❚■❙❚■❈❆▲ ❆◆❆▲❨❙■❙ ❖❋ ■❚❆▲■❆◆

❊❆❘❚❍◗❯❆❑❊❙ ❉❆❚❆

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ t❤❡♦r② ♦❢ ❡①tr❡♠❡ ❡✈❡♥ts ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣❛st ❝❤❛♣t❡r ❝❛♥ ♥♦✇ ❜❡
❛♣♣❧✐❡❞ t♦ ■t❛❧✐❛♥ ❡❛rt❤q✉❛❦❡s ❞❛t❛✳
■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ ❞❛t❛ ❢r♦♠ t❤❡ ❧❛st P❛r❛♠❡tr✐❝ ❈❛t❛❧♦❣✉❡ ♦❢
■t❛❧✐❛♥ ❊❛rt❤q✉❛❦❡s ✭❈P❚■✶✺✮✱ ✐♥ ✇❤✐❝❤ ✐s r❡❝♦r❞❡❞ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❡✈❡♥ts
❢r♦♠ ②❡❛r ✶✵✵✵ t♦ ✷✵✶✹✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❣❡♥❡r❛❧ ♣❛r❛♠❡t❡rs✱ s✉❝❤ ❛s ♦r✐❣✐♥
t✐♠❡ ❛♥❞ ③♦♥❡✱ ❛❧s♦ ♠❛❝r♦s❡✐s♠✐❝ ❛♥❞ ✐♥str✉♠❡♥t❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡✿

• ♠❛❝r♦s❡✐s♠✐❝ ♣❛r❛♠❡t❡rs ❝♦♥❝❡r♥ ❞❛♠❛❣❡ ❡✛❡❝ts ❞✉❡ t♦ t❤❡ ♣❛ss❛❣❡ ♦❢
s❡✐s♠✐❝ ✇❛✈❡s ♦♥ ✉r❜❛♥ ❝❡♥tr❡s✱ s✐♥❣❧❡ ❜✉✐❧❞✐♥❣s ❛♥❞ ♦♥ ♣❡♦♣❧❡✳ ❚❤❡s❡
♣❛r❛♠❡t❡rs ❛r❡ t❤❡ r❡s✉❧t ♦❢ ❛♥ ❡❧❛❜♦r❛t✐♦♥ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❝♦❧❧❡❝t❡❞ ✐♥
t❤❡ ✜❡❧❞ ❜② t❡❛♠s ♦❢ ❡①♣❡rts ✭✐✳❡✳ s❡✐s♠ ❝❧❛ss✐✜❝❛t✐♦♥ ❜② ▼❡r❝❛❧❧✐ s❝❛❧❡✮❀

• ✐♥str✉♠❡♥t❛❧ ♣❛r❛♠❡t❡rs ❛r❡ t❤♦s❡ ♦❜t❛✐♥❛❜❧❡ ❢r♦♠ ✐♥str✉♠❡♥ts✱ t❤❛t
✐s ❡♣✐❝❡♥tr❡ ❧♦❝❛t✐♦♥ ❛♥❞ ♠❛❣♥✐t✉❞❡✳

■s ✐♠♣♦rt❛♥t ✉♥❞❡r❧②✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ▼❡r❝❛❧❧✐ ❛♥❞ ❘✐❝❤t❡r s❝❛❧❡✳
❚❤❡ ✜rst ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ●✐✉s❡♣♣❡ ▼❡r❝❛❧❧✐ ✭✶✽✺✵✲✶✾✶✹✮ ✇✐t❤ t❤❡ ♣✉r♣♦s❡
♦❢ ♠❡❛s✉r✐♥❣ t❤❡ ❡❛rt❤q✉❛❦❡ ✐♥t❡♥s✐t② ❢r♦♠ ❞❡str✉❝t✐✈❡ ❡✛❡❝ts ♦♥ ❜✉✐❧❞✐♥❣s
❛♥❞ ♣❡♦♣❧❡✿ ✐t✬s ❛ ❞✐s❝r❡t❡ s❝❛❧❡ ❛♥❞ ❝♦♥s✐sts ♦❢ ✶✷ ❧❡✈❡❧s✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡✱
✐♥tr♦❞✉❝❡❞ ❜② ❈❤❛r❧❡s ❋r❛♥❝✐s ❘✐❝❤t❡r ✭✶✾✵✵✲✶✾✽✺✮✱ ♠❡❛s✉r❡s t❤❡ ❡♥❡r❣② r❡✲
❧❡❛s❡❞ ❜② ❛♥ ❡❛rt❤q✉❛❦❡ ❛t t❤❡ ♣♦✐♥t ♦❢ ❢r❛❝t✉r❡ ♦❢ t❤❡ ❊❛rt❤✬s ❝r✉st✱ ♥❛♠❡❞

✸✵



❢♦❝✉s✳ ❚❤✐s ✐s ❛ ❝♦♥t✐♥✉♦✉s s❝❛❧❡ ❜❛s❡❞ ♦♥ t❤❡ ✧♠❛❣♥✐t✉❞❡✧✱ ❛ ❞✐♠❡♥s✐♦♥❧❡ss
q✉❛♥t✐t②✳

❘✐❝❤t❡r s❝❛❧❡ ▼❡r❝❛❧❧✐ s❝❛❧❡ P❡r❝❡♣t✐♦♥ ❧❡✈❡❧

✭♠❛❣♥✐t✉❞❡✮ ✭❞❡❣r❡❡✮
✵ ■ ✐♥str✉♠❡♥t❛❧
✶ ■ ✐♥str✉♠❡♥t❛❧
✷ ■✲■■ ✐♥str✉♠❡♥t❛❧✴❢❡❡❜❧❡
✸ ■■■✲■❱ s❧✐❣❤t✴♠♦❞❡r❛t❡
✹ ❱ r❛t❤❡r str♦♥❣
✺ ❱■✲❱■■ str♦♥❣✴✈❡r② str♦♥❣
✻ ❱■■■✲■❳ r♦✉✐♥♦✉s✴❞✐s❛str♦✉s
✼ ❳✲❳■ ✈❡r② ❞✐s❛str♦✉s✴❝❛t❛str♦♣❤✐❝
✽ ❳■■ ❛♣♦❝❛❧②♣t✐❝
✾ ❳■■ ❛♣♦❝❛❧②♣t✐❝

❇❡❝❛✉s❡ ♦❢ ✐ts s❝❛r❝❡ r❡❧❛t✐♦♥ ✇✐t❤ ♣❤②s✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❡❛rt❤q✉❛❦❡
❝❛✉s❡✱ t❤✐s s❝❛❧❡ ✇❛s r❡❝❡♥t❧② s✉❜st✐t✉t❡❞ ❜② t❤❡ ▼♦♠❡♥t ▼❛❣♥✐t✉❞❡ s❝❛❧❡✱
✐♥tr♦❞✉❝❡❞ ❜② ❍✳ ❑❛♥❛♠♦r✐ ❛♥❞ ❚✳❈✳ ❍❛♥❦s ✐♥ ✶✾✼✾✱ ❞❡✜♥❡❞ ❜②

Mw =
2

3
(log10M0 − 6.03)

✇❤❡r❡M0 ✐s t❤❡ s❡✐s♠✐❝ ♠♦♠❡♥t ❛t t❤❡ ❢♦❝✉s ♠❡❛s✉r❡❞ ✐♥ N ·m ❛♥❞ ❝♦♥st❛♥ts
❛r❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t ❤❛✈✐♥❣ ✈❛❧✉❡s s✐♠✐❧❛r t♦ ❘✐❝❤t❡r s❝❛❧❡✳
❚❤❡ ❡♥❡r❣② r❡❧❡❛s❡❞ ❜② ❛♥ ❡❛rt❤q✉❛❦❡✱ str✐❝t❧② r❡❧❛t❡❞ ✇✐t❤ ✐t✬s ❞❡str♦②✐♥❣
♣♦✇❡r✱ ✐s ♣r♦♣♦rt✐♦♥❛❧ ✭❢♦r ❧❡ss t❤❡♥ ❛ ❝♦♥st❛♥t✮ t♦ ♦s❝✐❧❧❛t✐♦♥ ✇✐❞t❤ r❛✐s❡❞
t♦ t❤❡ 3/2 ♣♦✇❡r✳ ❙♦✱ ✐♥ t❡r♠ ♦❢ r❡❧❡❛s❡❞ ❡♥❡r❣②✱ ❛ ♠❛❣♥✐t✉❞♦ ❞✐✛❡r❡♥❝❡ ♦❢
1 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❢❛❝t♦r ♦❢ 101·3/2 = 31.6✱ ❛ ♠❛❣♥✐t✉❞♦ ❞✐✛❡r❡♥❝❡ ♦❢ 2 ✐s
❡q✉✐✈❛❧❡♥t t♦ ❛ ❢❛❝t♦r ♦❢ 102·3/2 = 1000 ❛♥❞ ✐♥ ❣❡♥❡r❛❧✱ ❛ ♠❛❣♥✐t✉❞♦ ❞✐✛❡r❡♥❝❡
♦❢ m2 −m1 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❢❛❝t♦r ♦❢

f∆E ≃ 10
3
2
(m2−m1)

✭s❡❡ ❑❛♥❛♠♦r✐ ❬✶✸❪✮✳
❖t❤❡r ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ P❛r❛♠❡tr✐❝ ❈❛t❛❧♦❣✉❡ ✐s ❛❜♦✉t t❤❡ ❝♦♠♣❧❡t❡✲

♥❡ss✳ ❙✐♥❝❡ t❤❡ ♣❡r✐♦❞ ✉♥❞❡r st✉❞② ✐s t♦♦ ❧❛r❣❡✱ ♦✉r ❦♥♦✇❧❡❞❣❡ ♦❢ ❤✐st♦r✐❝❛❧
❡❛rt❤q✉❛❦❡s ❞❡r✐✈❡s ❢r♦♠ ❛r❝❤✐✈❡ ❞❛t❛ ✇❤✐❝❤ ♦❢t❡♥ ❛r❡ ❢r❛❣♠❡♥t❛r② ❛♥❞ ♥♦t
❝♦♠♣❧❡t❡❧② r❡❧✐❛❜❧❡✳ ❚❤✐s ❢❡❛t✉r❡ ✐♥t❡♥s✐✜❡s ♠♦✈✐♥❣ ❛❝r♦ss t❤❡ ■t❛❧✐❛♥ t❡r✲
r✐t♦r②✿ ✐♥ ❢❛❝t ✢♦♦❞s✱ ✜r❡s ❛♥❞ ♦t❤❡r ❧♦❝❛t❡❞ ❡✈❡♥ts ♠❛② ❤❛✈❡ ❞❡str♦②❡❞

✸✶



❛r❝❤✐✈❡s✱ ❝❛✉s✐♥❣ ❛ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ❡❛❝❤ r❡❝♦r❞ ♣r❡s❡♥ts
❛♥ ✐t❡♠ r❡❧❛t❡❞ t♦ t❤❡ ②❡❛r ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✐♥❢♦r♠❛t✐♦♥ s❛t✐s❢❛❝✲
t♦r② ❛♥❞ r❡❧✐❛❜❧❡✳
❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ❛❧s♦ ❞✐st✐♥❣✉✐s❤ ♠❛✐♥ s❤♦❝❦s ❢r♦♠ r❡♣❧✐❝❛t❡s✳

✷✳✷ Pr❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛s❡t

❋✐rst ♦❢ ❛❧❧✱ ✐♥ ♦r❞❡r t♦ ❞❡✈❡❧♦♣❡ ♦✉r ❛♥❛❧②s✐s✱ ✇❡ ♥❡❡❞ ❝❧❡❛♥✐♥❣ t❤❡ ❞❛t❛s❡t✶✳
❚❤❡ ❡♥t✐r❡ ❈❛t❛❧♦❣✉❡ ❝♦♥s✐sts ♦❢ 4390 r❡❝♦r❞s ❜❡❧♦♥❣✐♥❣ ❜♦t❤ t♦ ■t❛❧✐❛♥ t❡r✲
r✐t♦r② ✭❞r② ❧❛♥❞ ❛♥❞ s❡❛✮ ❛♥❞ ♥❡✐❣❤❜♦r✐♥❣ ❢♦r❡✐❣♥ ❈♦✉♥tr✐❡s✳ ❚❤❡ r❡❛s♦♥ ♦❢
t❤✐s ❝❛♥ ❜❡ ✐♠♠❡❞✐❛t❡❧② ❢♦✉♥❞ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t ❡✛❡❝ts ♦❢ ❛♥ ❡❛rt❤q✉❛❦❡
✇❤♦s❡ ❡♣✐❝❡♥tr❡ ✐s ❧♦❝❛t❡❞ ♥♦t ❢❛r ❢r♦♠ t❤❡ ❜♦r❞❡r ✇✐t❤ ■t❛❧② ❝❛♥ ❜❡ ❢❡❧t ❡✈❡♥
✐♥ ■t❛❧✐❛♥ t❡rr✐t♦r②✳ ◆♦t❡ t❤❛t ❢♦r❡✐❣♥ ❞❛t❛ ✐♥ t❤❡ ❞❛t❛s❡t ✇❡r❡ ❦❡♣t ❞✐r❡❝t❧②
❢r♦♠ ❢♦r❡✐❣♥ ❝❛t❛❧♦❣✉❡s ❢♦r ♠♦r❡ ❛❝❝✉r❛❝②✳
❖❜s❡r✈❛t✐♦♥s ♥♦t ✐♥ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♣❡r✐♦❞ ♠✉st ❜❡ ❞r♦♣♣❡❞✱ ❛♥❞ ❛❧s♦
r❡❝♦r❞s r❡♣r❡s❡♥t✐♥❣ r❡♣❧✐❝❛t❡s✿ ✐♥ ❢❛❝t t❤❡ t❤❡♦r② ✐♥ t❤❡ ✜rst ❝❤❛♣t❡r ✐s ✈❛❧✐❞
❢♦r ✐♥❞❡♣❡♥❞❡♥t ❡✈❡♥ts ♦♥❧②✳
❆❢t❡r t❤✐s ♣r♦❝❡❞✉r❡ ♦✉r ❞❛t❛s❡t ❝♦♥s✐sts ♦❢ 1728 r❡❝♦r❞s✳

❚❤❡ ✈❛r✐❛❜❧❡s ✉s❡❞ ✐♥ t❤✐s ❛♥❛❧②s✐s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳ ❨❡❛r ✐s t❤❡ ②❡❛r ♦❢ ❡❛rt❤q✉❛❦❡ ♦r✐❣✐♥❀

✷✳ ▼✇❉❡❢ ✐s t❤❡ ❞❡❢❛✉❧t ♠♦♠❡♥t ♠❛❣♥✐t✉❞❡✱ t❤❛t ✐s t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡
♦❢ ♠❛❝r♦s❡✐s♠✐❝ ❛♥❞ ✐♥str✉♠❡♥t❛❧ ♠♦♠❡♥t ♠❛❣♥✐t✉❞❡ ✇✐t❤ ✇❡✐❣❤ts t❤❡
sq✉❛r❡ ✐♥✈❡rs❡ ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡❧② ❡rr♦rs❀

✸✳ r❡❣✐♦♥ ✐s t❤❡ ❝♦♠♣❧❡t❡♥❡ss ③♦♥❡ ✐♥ ✇❤✐❝❤ ✐s ❧♦❝❛t❡❞ t❤❡ ❡♣✐❝❡♥tr❡✳ ❲❡
❞✐st✐♥❣✉✐s❤ ✻ ❛r❡❛s✿

• ❙❡❛✴❋♦r❡✐❣♥

• ❆❧♣s

• P♦ ✈❛❧❧❡②

• ❈❡♥tr❡

• ❙♦✉t❤

• ■s❧❛♥❞s✳

✶❋♦r t❤❡ ♣r❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛s❡t ❛♥❞ ❛❧❧ ❡❧❛❜♦r❛t✐♦♥s r❡❛❧✐s❡❞ ✇❡ ❤❛❞ ✉s❡❞ ❙t❛t❛
s♦❢t✇❛r❡✳
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❖♥❡ ❝❛♥ ❛s❦ ✇❤② ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❛r✐❛❜❧❡ r❡❣✐♦♥ s✉❝❤ ❞❡✜♥❡❞✳ ❚❤❡
r❡❛s♦♥ ❞❡r✐✈❡s ❢r♦♠ ❛ ❣❡♦❧♦❣✐❝❛❧ ❝❛✉s❡✳
■t❛❧✐❛♥ t❡rr✐t♦r② ✐♥ ❢❛❝t ✐s ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ ❛ s❡✐s♠✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇ ❜② t❤❡
♣r❡s❡♥❝❡ ♦❢ ❢❛✉❧ts✱ ✇❤✐❝❤ ♦❜✈✐♦✉s❧② ❛r❡ ♥♦t ❤♦♠♦❣❡♥❡♦✉s❧② ❞✐str✐❜✉t❡❞✳ ❆♥
✐❞❡❛ ❝❛♥ ❜❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣✳

❋✐❣✉r❡ ✷✳✶✿ ❙❡✐s♠✐❝ ❤❛③❛r❞ ♠❛♣ ✭✷✵✶✸✮✳ ❱✐♦❧❡t ❛r❡❛s ❛r❡ t❤❡ ♠♦st s❡✐s♠✐❝✱ ❣r❡②✬s
t❤❡ ❧❡ss ♦♥❡s✳ ❋♦r t❤❡ s♦✉r❝❡ s❡❡ ■◆● ❬✶✽❪✳
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✷✳✸ ●❊❱ ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥

✷✳✸✳✶ ●❧♦❜❛❧ ❛♥❛❧②s✐s

❈♦♥s✐❞❡r t❤❡ ✇❤♦❧❡ s❡t ♦❢ ■t❛❧✐❛♥ r❡❝♦r❞s✱ ❝♦♥s✐st✐♥❣ ♦❢ 1728 ✐♥❞❡♣❡♥❞❡♥t
♦❜s❡r✈❛t✐♦♥s✳ ❲❡ ❝❛♥ ❝❛❧❧ t❤❡♠ x1, ..., x1728✳
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❋✐❣✉r❡ ✷✳✷✿ ❙❝❛tt❡r ♣❧♦t ♦❢ x1, ..., x1728✳

❚❤✐s ♣✐❝t✉r❡ ❣✐✈❡s ❛♥ ✐❞❡❛ ❛❜♦✉t ❝♦♠♣❧❡t❡♥❡ss✿ ✐♥ ❢❛❝t t❤❡ st❡♣ str✉❝t✉r❡
♦❢ t❤❡ ❣r❛♣❤ ❧❡t ✉s ✉♥❞❡rst❛♥❞ t❤❛t r❡❧✐❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✇❡❛❦❡st ❡❛rt❤✲
q✉❛❦❡s ✐s ♠♦r❡ r❡❝❡♥t ✐♥st❡❛❞ ♦❢ t❤❛t ♦♥ str♦♥❣❡st ♦♥❡s✱ ✇❤✐❝❤ ✐s t♦ ❜❡ ❢♦✉♥❞
❢❛r ❜❛❝❦ ✐♥ t✐♠❡✳ ▼♦r❡♦✈❡r ✇❡ ❝❛♥ ❛❧s♦ s❡❡ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ r❡t✉r♥ ♣❡r✐♦❞s
❢r♦♠ s❡✐s♠ ✇✐t❤ ❧♦✇ ♠❛❣♥✐t✉❞❡ ❛♥❞ t❤♦s❡ ✇✐t❤ ❤✐❣❤❡st ♦♥❡✳

❋✐❣✉r❡ ✷✳✸✿ ▼✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ♠❛❣♥✐t✉❞❡ ❛♥❞ ②❡❛r ♦❢ ♦❜s❡r✈❛t✐♦♥✳
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❚❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣ ✐s ❣r♦✉♣✐♥❣ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ♦♥❡ ②❡❛r✳
❙✐♥❝❡ ✐♥ ♠❛♥② ②❡❛rs ❞❛t❛ ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡✱ ✇❡ ♦❜t❛✐♥ ♦♥❧② 270 ❜❧♦❝❦ ♠❛①✐♠❛✳
❘❡♠❡♠❜❡r t❤❛t ✐♥❞❡♣❡♥❞❡♥t r❡❝♦r❞s ❧❡❛❞ t♦ ✐♥❞❡♣❡♥❞❡♥t ❜❧♦❝❦ ♠❛①✐♠❛✳
◆♦✇ ✇❡ ❝❛♥ ❛♣♣❧② t♦ z1, ..., z270 t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞✳

❋✐❣✉r❡ ✷✳✹✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳

❆t ✜rst s✐❣❤t ✇❡ ❛r❡ ✐♥❞✉❝❡❞ t❤✐♥❦✐♥❣ t❤❛t ξ̂ = −0.0722326 < 0 ♠❡❛♥s
t❤❛t t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛①✐♠❛ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❲❡✐❜✉❧❧ ❢❛♠✐❧②✱
❜✉t t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❡①t❡♥❞s ✇❡❧❧ ❛❜♦✈❡ ③❡r♦✳ ❙♦✱ t❤❡ ❡✈✐❞❡♥❝❡ ❢r♦♠
❞❛t❛ ❢♦r ❛ ❜♦✉♥❞❡❞ ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t str♦♥❣✳ ▲❡t✬s ❝❤❡❝❦ t❤❡ ✜tt❡❞ ♠♦❞❡❧✳
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❋✐❣✉r❡ ✷✳✺✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ r✐❣❤t✮✳
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◆❡✐t❤❡r t❤❡ ♣r♦❜❛❜✐❧✐t② ♣❧♦t ♥♦r t❤❡ q✉❛♥t✐❧❡ ♣❧♦t ❣✐✈❡ ❝❛✉s❡ t♦ ❞♦✉❜t t❤❡
✈❛❧✐❞✐t② ♦❢ t❤❡ ✜tt❡❞ ♠♦❞❡❧✿ ❡❛❝❤ s❡t ♦❢ ♣❧♦tt❡❞ ♣♦✐♥ts ✐s ♥❡❛r ❧✐♥❡❛r✳
❊✈❡♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❦❡r♥❡❧ ❞❡♥s✐t② ✭t❤❛t ✐s t❤❡ ✧❡♠♣✐r✐❝❛❧✧ ❞❡♥✲
s✐t② ♦❜t❛✐♥❡❞ ❜② ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ s❛♠♣❧❡ ✉s✐♥❣ ❛
s♠♦♦t❤✐♥❣ ♣r♦❝❡ss✮ ❛♥❞ ✜tt❡❞ ❞❡♥s✐t② ❞♦❡s♥✬t ✐♥st✐❧❧ ❞♦✉❜t t❤❛t ♠♦❞❡❧ ❞♦❡s♥✬t
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❚❤❡s❡ ❞✐❛❣♥♦st✐❝ ♣❧♦ts ❛❧❧ s✉❣❣❡st t❤❛t ♠♦❞❡❧ ✜ts ✇❡❧❧ ❜✉t ✇❡ ❛r❡ ♥♦t st✐❧❧
s✉r❡ ✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢❛♠✐❧② ✐s t❤❡ ❲❡✐❜✉❧❧ ♦r t❤❡ ●✉♠❜❡❧ ♦♥❡✳ ❙♦ ✇❡ r❡s♦rt
t♦ ✉s✐♥❣ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❛♣♣❧✐❡❞ t♦ t❤❡ ❡st✐♠❛t❡❞ ♠♦❞❡❧ ❛♥❞ ❛
♠♦❞❡❧ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t ξ = 0✳

❋✐❣✉r❡ ✷✳✽✿ ▲✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❜❡t✇❡❡♥ t❤❡ ✜tt❡❞ ♠♦❞❡❧ ❛♥❞ t❤❡ ♠♦❞❡❧ r❡♣r❡✲
s❡♥t✐♥❣ t❤❡ ●✉♠❜❡❧ ❢❛♠✐❧②✳

❚❤✐s t❡st✱ ✇❤✐❝❤ ❝♦♠♣❛r❡s ❞♦✉❜❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡❧s ❧♦❣✲
❧✐❦❡❧✐❤♦♦❞ t♦ ✈❛❧✉❡ ♦❢ t❤❡ χ2(1) st❛t✐st✐❝✱ r❡s✉❧ts ♥♦t s✐❣♥✐✜❝❛♥t✳ ❚❤✐s ♠❡❛♥s
t❤❛t ✜tt❡❞ ♠♦❞❡❧ ❞♦❡s♥✬t ♣r♦❞✉❝❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ t❤❡ s✐♠♣❧❡r ♦♥❡✱ s♦
t❤❡ ♠♦❞❡❧ ✇✐t❤ ξ = 0 ✐s ❜❡tt❡r t❤❛♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧✳ ❆❧s♦ ❆■❈ ❛♥❞ ❇■❈
✈❛❧✉❡s ❝♦♥✜r♠ ✐t✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t ❜❧♦❝❦ ♠❛①✐♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ✇❡❧❧ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ●✉♠✲
❜❡❧ ❢❛♠✐❧②✳

✷✳✸✳✷ ❚❡♥ ②❡❛rs ❜❧♦❝❦s

▲❡t✬s ♥♦✇ ❣r♦✉♣✐♥❣ t❤❡ 1728 r❡❧✐❛❜❧❡ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ✶✵
②❡❛rs✿ ❜❧♦❝❦ ♠❛①✐♠❛ ❛r❡ ♥♦✇ z1, ..., z52 ❛♥❞✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ t❤❡r❡
❛r❡ ❞❡❝❛❞❡s ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡♥✬t r❡❝♦r❞s✳

❋r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ✇❡ ❝❛♥ s❡❡ t❤❛t ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛r❡ ♥♦✇
❛❧❧ s✐❣♥✐✜❝❛♥t✱ ✐♥❝❧✉❞✐♥❣ t❤❡ s❤❛♣❡ ♣❛r❛♠❡t❡r ξ̂ = −0.4136025 < 0✳ ■t✬s
❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❞♦❡s♥✬t ✐♥❝❧✉❞❡ ③❡r♦ s♦ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❜❧♦❝❦ ♠❛①✐♠❛
❞✐str✐❜✉t✐♦♥ ✐s ♥♦✇ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥✳ ▲♦❝❛t✐♦♥ ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡r
❡st✐♠❛t❡s r❡♠❛✐♥ ❛❧♠♦st s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✳
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❋✐❣✉r❡ ✷✳✾✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❢♦r ❞❡❝❛❞❡ ❜❧♦❝❦ ♠❛①✐♠❛✳

❚❤❡ ♠♦❞❡❧ ❛❞❡q✉❛❝② ❝❛♥ ❜❡ ❛ss❡ss❡❞ ✉s✐♥❣ ❞✐❛❣♥♦st✐❝ ♣❧♦ts✳
❇♦t❤ ♣r♦❜❛❜✐❧✐t② ❛♥❞ q✉❛♥t✐❧❡ ♣❧♦ts ❛r❡ r♦✉❣❤❧② ❧✐♥❡❛r✱ s✉❣❣❡st✐♥❣ ❣♦♦❞ ✜t ♦❢
t❤❡ ♠♦❞❡❧✳
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❋✐❣✉r❡ ✷✳✶✵✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r
❜❧♦❝❦ ♦❢ ❧❡♥❣t❤ ✶✵ ②❡❛rs✳

■♥ t❤❡ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ❜❡❧♦✇ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♠♦❞❡❧✲❜❛s❡❞ ❝✉r✈❡
❛♥❞ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t❡s ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t✱ s✉❣❣❡st✐♥❣ ♣❡rt✐♥❡♥❝❡ ♦❢ t❤❡ ✜tt❡❞
♠♦❞❡❧✳ ❆❧s♦ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❦❡r♥❡❧ ❛♥❞ ✜tt❡❞ ❞❡♥s✐t② ❧❡❛❞s t♦ t❤❡
❝♦♥❝❧✉s✐♦♥ t❤❛t ♠♦❞❡❧ ❞❡s❝r✐❜❡s ✇❡❧❧ t❤❡ ❞❛t❛✳
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❋✐❣✉r❡ ✷✳✶✶✿ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ❦❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t ✭♦♥ t❤❡ r✐❣❤t✮
❢♦r ❜❧♦❝❦ ♦❢ ❧❡♥❣t❤ ✶✵ ②❡❛rs✳

✷✳✸✳✸ ❋✐❢t② ②❡❛rs ❜❧♦❝❦s

❇❧♦❝❦s ❛r❡ ♥♦✇ ♦❢ ✺✵ ②❡❛rs ❧❡♥❣t❤✱ s♦ t❤❡ ♥✉♠❜❡r ♦❢ r❡❝♦r❞s ✇❡ ✉s❡ t♦ ♣❡r❢♦r♠
♦✉r ❛♥❛❧②s✐s ✐s ✈❡r② ❧♦✇ ❧❡❛❞✐♥❣ t♦ ♣r♦❜❛❜❧❡ ❧❛r❣❡ ❡st✐♠❛t✐♦♥ ✈❛r✐❛♥❝❡✳ ▲❡t
t❤❡♠ ❜❡ z1, ..., z14✳

❋✐❣✉r❡ ✷✳✶✷✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❢♦r ✜❢t② ②❡❛rs ❜❧♦❝❦ ♠❛①✐♠❛✳

❆s ✐♥ t❤❡ t❡♥ ②❡❛rs ❜❧♦❝❦s ❝❛s❡✱ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛r❡ ❛❧❧ s✐❣♥✐✜❝❛♥t✳ ■♥
♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ξ̂ = −0.6642924 < 0 ❛♥❞ ✐t✬s ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❞♦❡s♥✬t
❝♦♥t❛✐♥ ③❡r♦ ❧❡❛❞✐♥❣ t♦ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ❢❛♠✐❧②✳
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❈♦♥✈❡rs❡❧② ❢r♦♠ ✇❤❛t ✇❡ ❡①♣❡❝t❡❞✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❡st✐♠❛t❡s ✐s ♥♦t t♦♦ ❧❛r❣❡✱
❛s ✇❡ ❝❛♥ s❡❡ ✐♥ t❤❡ t❛❜❧❡ ❜❡❧♦✇✳

❋✐❣✉r❡ ✷✳✶✸✿ ❱❛r✐❛♥❝❡ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❢♦r ✺✵ ②❡❛rs
❜❧♦❝❦ ♠❛①✐♠❛✳

❆❞❡q✉❛❝② ♦❢ ✜tt❡❞ ♠♦❞❡❧ ❝❛♥ ❜❡ ❛ss❡ss❡❞ ❜② ❞✐❛❣♥♦st✐❝ ♣❧♦ts✳ ❆❧t❤♦✉❣❤
✇❡ ❤❛✈❡ ♦♥❧② 14 ♦❜s❡r✈❛t✐♦♥s✱ ♣r♦❜❛❜✐❧✐t② ❛♥❞ q✉❛♥t✐❧❡ ♣❧♦ts ❛r❡ st✐❧❧ r♦✉❣❤❧②
❧✐♥❡❛r✳ ■♥ t❤❡ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t❡s ❛❞❛♣t q✉✐t❡ ✇❡❧❧ t♦ t❤❡
♠♦❞❡❧ ❜❛s❡❞✲❝✉r✈❡ ❛♥❞ t❤❡ ❦❡r♥❡❧ ❞❡♥s✐t② s❤❛♣❡ ✐s ✈❛❣✉❡❧② s✐♠✐❧❛r t♦ t❤❡
✜tt❡❞ ♠♦❞❡❧ ❞❡♥s✐t②✳
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❋✐❣✉r❡ ✷✳✶✹✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r
❜❧♦❝❦ ♦❢ ❧❡♥❣t❤ ✺✵ ②❡❛rs✳
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❋✐❣✉r❡ ✷✳✶✺✿ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ❦❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t ✭♦♥ t❤❡ r✐❣❤t✮
❢♦r ❜❧♦❝❦ ♦❢ ❧❡♥❣t❤ ✺✵ ②❡❛rs✳

✷✳✸✳✹ ❩♦♥❡ ❛♥❛❧②s✐s

■♥ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s ✇❡ st✉❞✐❡❞ ❤♦✇ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❝❤❛♥❣❡ ♠♦❞✲
✐❢②✐♥❣ t❤❡ ❜❧♦❝❦ s✐③❡✳ ◆♦✇ ♦✉r ❛✐♠ ✐s ✉♥❞❡rst❛♥❞✐♥❣ ✇❤❛t ✐s t❤❡ ❢❛♠✐❧②
❞✐str✐❜✉t✐♦♥ ♦❢ r❡❣✐♦♥❛❧ ♦♥❡ ②❡❛r ❜❧♦❝❦ ♠❛①✐♠❛✳
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❋r♦♠ ❛♥ ✐♥tr♦❞✉❝t♦r② ✐♥✈❡st✐❣❛t✐♦♥ ✇❡ s❡❡ t❤❛t ♥✉♠❜❡r ♦❢ r❡❝♦r❞s s✉❜✲
st❛♥t✐❛❧❧② ✈❛r② ❛♠♦♥❣ r❡❣✐♦♥s✿ t❤✐s ✐s ❞✉❡ ♥♦t ♦♥❧② ❢♦r ❛ ❞✐✛❡r❡♥❝❡ ✐♥ s❡✐s♠✐❝✱
❜✉t ♠❛✐♥❧② ❢r♦♠ ❞❛t❛ r❡❧✐❛❜✐❧✐t② ✇❤✐❝❤ ❝❤❛♥❣❡s r❡❣✐♦♥ t♦ r❡❣✐♦♥ ❛s ❡①♣❧❛✐♥❡❞
❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝❤❛♣t❡r✳ ❋♦r ❡①❛♠♣❧❡ t❤❡ ✜rst ♦❜s❡r✈❛t✐♦♥ ✐♥ t❤❡
✧❙❡❛✴❋♦r❡✐❣♥✧ r❡❣✐♦♥ ❞❛t❡s ❜❛❝❦ t♦ 1980✱ ✐♥st❡❛❞ t❤❡ ✧P♦ ✈❛❧❧❡②✧ ♦♥❡ ❞❛t❡s
❜❛❝❦ t♦ 1117 ✭✐t✬s t❤❡ ✜rst r❡❝♦r❞ ♦❢ t❤❡ ✇❤♦❧❡ ❝❧❡❛♥❡❞ ❞❛t❛s❡t✮✳
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❋✐❣✉r❡ ✷✳✶✼✿ ❋r❡q✉❡♥❝② ♦❢ r❡❣✐♦♥❛❧ r❡❝♦r❞s✳

▲❡t✬s t❛❦❡ ❛ ❧♦♦❦ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡s✳
❘❡❣✐♦♥❛❧ s❝❛❧❡ ❛♥❞ s❤❛♣❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛r❡ ❛❧❧ s✐❣♥✐✜❝❛♥t ❛♥❞ ✈❛❧✉❡s
❛r❡ s✐♠✐❧❛r ♠♦✈✐♥❣ ❢r♦♠ ❛ ③♦♥❡ t♦ ❛♥♦t❤❡r✿ ✐♥ ❢❛❝t µ̂ ∈ [4.586424, 5.000841]
❛♥❞ σ̂ ∈ [0.3923321, 0.5900632]✳
❉✐✛❡r❡♥t ✐s t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❤❛♣❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✱ ✇❤✐❝❤ ❛r❡ ❧✐tt❧❡
s✐❣♥✐✜❝❛♥t ♦r t♦t❛❧❧② ✐♥s✐❣♥✐✜❝❛♥t ✐♥ ❡❛❝❤ r❡❣✐♦♥ ❝♦♥s✐❞❡r❡❞✳

❋♦r ✧❙❡❛✴❋♦r❡✐❣♥✧ r❡❣✐♦♥ ✇❡ ❤❛✈❡ ξ̂ = −0.3041806 < 0 ❛♥❞ ✐t✬s ❝♦♥✜❞❡♥❝❡
✐♥t❡r✈❛❧ ❞♦❡s♥✬t ❝♦♥t❛✐♥ ③❡r♦ s♦✱ ❞❡s♣✐t❡ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ✐s ❧✐tt❧❡ s✐❣✲
♥✐✜❝❛♥t✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ❜❧♦❝❦ ♠❛①✐♠❛ ❞✐str✐❜✉t✐♦♥ ✐s ✇❡❧❧ r❡♣r❡s❡♥t❡❞
❜② t❤❡ ❲❡✐❜✉❧❧ ❢❛♠✐❧②✳
❋♦r ✧❆❧♣s✧ r❡❣✐♦♥ ξ̂ = 0.025207 > 0 ❜✉t ✐t ✐s♥✬t s✐❣♥✐✜❝❛♥t ❛t ❛❧❧ ❛♥❞ ✐t✬s
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❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❡①t❡♥❞s ✇❡❧❧ ❜❡❧♦✇ ③❡r♦✳ ❋✐tt✐♥❣ t❤❡ ♠♦❞❡❧ ✇✐t❤ t❤❡ ❝♦♥✲
str❛✐♥t ξ = 0✱ ✇❡ s❡❡ t❤❛t µ̂ ❛♥❞ σ̂ ❛ss✉♠❡ ✈❛❧✉❡s s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ t❤❡ ♠♦r❡
❣❡♥❡r❛❧ ♠♦❞❡❧ ❛♥❞ ❛r❡ st✐❧❧ s✐❣♥✐✜❝❛♥t✱ t❤✉s ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ❛ ●✉♠❜❡❧
❢❛♠✐❧② ✐s ♠♦r❡ ❛♣♣r♦♣r✐❛t❡✳

❋✐❣✉r❡ ✷✳✶✽✿ ❘❡❣✐♦♥❛❧ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳

■♥st❡❛❞ ✧P♦ ✈❛❧❧❡②✧ r❡❣✐♦♥ ❤❛s ❛ ♥❡❣❛t✐✈❡ s❤❛♣❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ξ̂ =
−0.0942388 < 0✱ ✐t ❞✐s❝❧♦s❡s t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ♦❢ ✧❆❧♣s✧ r❡❣✐♦♥✱ ✇✐t❤ ❛ ❝♦♥✲
✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥✐♥❣ ③❡r♦ ❛♥❞ ❤✐❣❤ ♣✲✈❛❧✉❡✳ P❡r❢♦r♠✐♥❣ ❛ ♠♦❞❡❧ ✇✐t❤
ξ = 0✱ µ̂ ❛♥❞ σ̂ ✈❛❧✉❡s r❡♠❛✐♥ ✈❡r② s✐♠✐❧❛r ✐♥❞✉❝✐♥❣ ✉s ❝❤♦♦s✐♥❣ ❛❧s♦ ✐♥ t❤✐s
❝❛s❡ ❛ ●✉♠❜❡❧ ❢❛♠✐❧② ❞✐str✐❜✉t✐♦♥ t❤❛♥ t❤❡ ❋ré❝❤❡t ♦♥❡✳
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❘❡❣❛r❞✐♥❣ ✧❈❡♥tr❡✧ r❡❣✐♦♥ ✇❡ ❝❛♥ s❡❡ ❛ ❧✐tt❧❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ ξ̂ = −0.1371585 <
0✱ ❜✉t ③❡r♦ ❞♦❡s♥✬t ❜❡❧♦♥❣ t♦ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✱ t❤❛♥ ✇❡ ❝❛♥ s❛② t❤❛t
✐♥ t❤✐s ❝❛s❡ ❜❧♦❝❦ ♠❛①✐♠❛ ❢♦❧❧♦✇ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥✳

❋✐❣✉r❡ ✷✳✶✾✿ ❘❡❣✐♦♥❛❧ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳

❋✐♥❛❧❧② ✧❙♦✉t❤✧ ❛♥❞ ✧■s❧❛♥❞s✧ r❡❣✐♦♥s s❤♦✇ t❤❡ s❛♠❡ s❤❛♣❡ ♣❛r❛♠❡t❡r
❡st✐♠❛t❡s ❜❡❤❛✈✐♦✉r✿ ✐♥ ❜♦t❤ ❝❛s❡s ✇❡ ❤❛✈❡ ❛ ♥♦t s✐❣♥✐✜❝❛♥t ❛♥❞ ♣♦s✐t✐✈❡
✈❛❧✉❡ ♦❢ ξ̂ ✭♣r❡❝✐s❡❧② ξ̂ = 0.1389487 ❢♦r ✧❙♦✉t❤✧✱ ξ̂ = 0.1092782 ❢♦r ✧■s❧❛♥❞s✧✮
✇✐t❤ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❡①t❡♥❞✐♥❣ ❜❡❧♦✇ ③❡r♦✳ ❆s ✐♥ ♣r❡✈✐♦✉s ❝❛s❡s✱ s❝❛❧❡
❛♥❞ ❧♦❝❛t✐♦♥ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ♦❢ r❡str✐❝t❡❞ ♠♦❞❡❧ ❞♦♥✬t ❞✐✛❡r s♦ ♠✉❝❤
❢r♦♠ ❡st✐♠❛t❡s ♦❢ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ♦♥❡ ❛♥❞ ❛r❡ st✐❧❧ s✐❣♥✐✜❝❛♥t✱ ♠❛❦✐♥❣ ✉s

✹✹



♣r♦♥❡ t♦ ❝❤♦♦s❡ t❤❡ ●✉♠❜❡❧ ❢❛♠✐❧② ❞✐str✐❜✉t✐♦♥ ❢♦r ❜❧♦❝❦ ♠❛①✐♠❛✳

❋✐❣✉r❡ ✷✳✷✵✿ ❘❡❣✐♦♥❛❧ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳

✷✳✸✳✺ ❘❡s✉❧ts ❝♦♠♣❛r✐s♦♥

■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ✐♥ ❛ s✐♠♣❧❡ ♠❛♥♥❡r r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ♣r❡✈✐♦✉s s✉❜s❡❝✲
t✐♦♥s✱ ✐t ❝❛♥ ❜❡ ✉s❡❢✉❧ s✉♠♠❛r✐③❡ t❤❡♠ ✐♥ ❛ t❛❜❧❡✷✳

✷♦♥❡ st❛r ✭✯✮ ✐❢ ♣❁✵✳✵✺✱ t✇♦ st❛rs ✭✯✯✮ ✐❢ ♣❁✵✳✵✶✱ ❛♥❞ t❤r❡❡ st❛rs ✭✯✯✯✮ ✐❢ ♣❁✵✳✵✵✶✳

✹✺



❩♦♥❡ s❤❛♣❡ ξ̂ ✾✺✪ ❈✳■✳ ❉✐st✳❋❛♠✳

■t❛❧② ✭✶ ②❡❛r ❜✳♠✳✮ ✲✵✳✵✼✷✷✸✷✻ ❬✲✵✳✶✻✽✺✸✺✸ ✱ ✵✳✵✷✹✵✼❪ ●✉♠❜❡❧
■t❛❧② ✭✶✵ ②❡❛r ❜✳♠✳✮ ✲✵✳✹✶✸✻✵✷✺ ✯✯✯ ❬✲✵✳✻✵✸✵✻✽✼ ✱ ✲✵✳✷✷✹✶✸✻✸❪ ❲❡✐❜✉❧❧
■t❛❧② ✭✺✵ ②❡❛r ❜✳♠✳✮ ✲✵✳✻✻✹✷✾✷✹ ✯✯ ❬✲✶✳✶✵✽✹ ✱ ✲✵✳✷✷✵✶✽✺✷❪ ❲❡✐❜✉❧❧
✧❙❡❛✴❋♦r❡✐❣♥✧ r❡❣✐♦♥ ✲✵✳✸✵✹✶✽✵✻ ✯ ❬✲✵✳✺✼✼✹✵✺✻ ✱ ✲✵✳✵✸✵✾✺✺✼❪ ❲❡✐❜✉❧❧
✧❆❧♣s✧ r❡❣✐♦♥ ✵✳✵✷✺✷✵✼ ❬✲✵✳✶✸✶✾✹✸✾ ✱ ✵✳✶✽✷✸✺✼✾❪ ●✉♠❜❡❧
✧P♦ ✈❛❧❧❡②✧ r❡❣✐♦♥ ✲✵✳✵✾✹✷✸✽✽ ❬✲✵✳✷✶✷✾✺ ✱ ✵✳✵✷✹✹✼✷✺❪ ●✉♠❜❡❧
✧❈❡♥tr❡✧ r❡❣✐♦♥ ✲✵✳✶✸✼✶✺✽✺ ✯ ❬✲✵✳✷✺✶✾✽ ✱ ✲✵✳✵✷✷✸✸✼❪ ❲❡✐❜✉❧❧
✧❙♦✉t❤✧ r❡❣✐♦♥ ✵✳✶✸✽✾✹✽✼ ❬✲✵✳✵✸✽✻✼✺✾ ✱ ✵✳✸✶✻✺✼✸✸❪ ●✉♠❜❡❧
✧■s❧❛♥❞s✧ r❡❣✐♦♥ ✵✳✶✵✾✷✼✽✷ ❬✲✵✳✵✺✺✵✻✶✸ ✱ ✵✳✷✼✸✻✶✼✻❪ ●✉♠❜❡❧

✷✳✹ ●P❉ ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥

✷✳✹✳✶ ●❧♦❜❛❧ ❛♥❛❧②s✐s

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✐✐❞ s❛♠♣❧❡ ❢♦r♠❡❞ ❜② t❤❡ 1728 r❡❝♦r❞s ♦❢ t❤❡ ❝❧❡❛♥❡❞
❞❛t❛s❡t✿ r❡♠❡♠❜❡r t❤❛t t❤♦s❡ ❞❛t❛ r❡❢❡r t♦ ✇❤♦❧❡ ■t❛❧✐❛♥ t❡rr✐t♦r②✳
❚❤❡ ✜rst st❡♣ ❝♦♥s✐sts ✐♥ ♦r❞❡r✐♥❣ t❤❡s❡ ✈❛❧✉❡s ✐♥ ❛♥ ✐♥❝r❡❛s✐♥❣ ♠❛♥♥❡r r❡s♣❡❝t
t♦ t❤❡ ♠❛❣♥✐t✉❞❡ x(1) < ... < x(1728) ❛♥❞ ❞❡✜♥✐♥❣ t❤r❡s❤♦❧❞ ❡①❝❡ss ❛s

yi = x(i) − u, i = 1, ..., 1728

❢♦r ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞ u✳
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❋✐❣✉r❡ ✷✳✷✶✿ ❍✐st♦❣r❛♠ ♦❢ ■t❛❧✐❛♥ r❡❝♦r❞s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ♠❛❣♥✐t✉❞❡✳
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❉❡❢❛✉❧t ♦♣t✐♦♥s ♣✉t t❤r❡s❤♦❧❞ ❛t t❤❡ ♠✐♥✐♠✉♠ r❡❝♦r❞❡❞ ✈❛❧✉❡ ♦❢ ♠❛❣♥✐✲
t✉❞❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ u = 3.95✱ ❧❡❛❞✐♥❣ t♦ t❤❡s❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✿

❋✐❣✉r❡ ✷✳✷✷✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r u = 3.95✳

▲♦❝❛t✐♦♥ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ❞♦❡s♥✬t ❛♣♣❡❛r ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥
µ̃ = 0 ♠❛❞❡ ✐♥ ❙❡❝t✐♦♥ ✶✳✻✳ ❙❝❛❧❡ ❛♥❞ s❤❛♣❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛r❡ ❜♦t❤
s✐❣♥✐✜❝❛♥t✱ ✐♥ ♣❛rt✐❝✉❧❛r ξ̂ = −0.2216549 < 0 ✇✐t❤ ❛ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧
♥♦t ✐♥❝❧✉❞✐♥❣ ③❡r♦✳

❋r♦♠ t❤❡ ❤✐st♦❣r❛♠ ❛❜♦✈❡✱ ✇❡ ❝♦✉❧❞ t❤✐♥❦ t♦ ❝❤♦♦s❡ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢
t❤r❡s❤♦❧❞ ❛s u = 4.5✳ ■♥ ❢❛❝t t❤✐s ❝❤♦✐❝❡ ✇♦✉❧❞ ❧❡❛✈❡ ❛❧♠♦st ❤❛❧❢ ♦❜s❡r✈❛t✐♦♥s
❜❡❧♦✇ ❛♥❞ ❤❛❧❢ ❛❜♦✈❡ u✱ ❛✈♦✐❞✐♥❣ ✈✐♦❧❛t✐♦♥ ♦❢ ♠♦❞❡❧ ❛s②♠♣t♦t✐❝ ❜❛s❡s ✭✐❢ t❤❡
t❤r❡s❤♦❧❞ ✐s t♦♦ ❧♦✇✮ ❛♥❞ ❤✐❣❤ ✈❛r✐❛♥❝❡ ✭✐❢ t❤❡ t❤r❡s❤♦❧❞ ✐s t♦♦ ❤✐❣❤✮✳
▼♦r❡ ❛❝❝✉r❛t❡ ✐♥str✉♠❡♥t ✐♥ t❤r❡s❤♦❧❞ s❡❧❡❝t✐♦♥✱ ✇❤✐❝❤ ✉s❡s t❤r❡s❤♦❧❞ ❡①✲
❝❡ss❡s yi ❢♦r i = 1, ..., 1728✱ ✐s t❤❡ ♠❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t✿ ❛❜♦✈❡ t❤❡ t❤r❡s❤♦❧❞
❛t ✇❤✐❝❤ t❤❡ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ♣r♦✈✐❞❡s ❛ ✈❛❧✐❞ ❛♣♣r♦①✐♠❛t✐♦♥
t♦ t❤❡ ❡①❝❡ss ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ Fu(x)✱ t❤❡ ♠❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t s❤♦✉❧❞
❜❡ ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ✭s❡❡ ♣r♦♣❡rt✐❡s ♦❢ ●P❉ ✐♥ ❙❡❝t✐♦♥ ✶✳✻✮✳
❋♦r u < 4.5 t❤❡ ❣r❛♣❤ ❜❡❧♦✇ ❛♣♣❡❛rs t♦ ❝✉r✈❡✱ ❢♦r 4.5 ≤ u ≤ 5 ✐s ❛♣♣r♦①✲
✐♠❛t❡❧② ❧✐♥❡❛r✱ ❛♥❞ ❢♦r u > 5 ✐t ❞❡❝r❡❛s❡s r❛♣✐❞❧②✳ ❲❡ ❝❛♥ ❜❡ t❡♠♣t❡❞ t♦
❝❤♦♦s❡ ❛s t❤r❡s❤♦❧❞ u = 5✱ ❜✉t ❛❜♦✈❡ t❤✐s ✈❛❧✉❡ t❤❡r❡ ❛r❡ ♦♥❧② 419 r❡❝♦r❞s✳
❚❤✉s ✐s ❜❡tt❡r t♦ ❝❤♦♦s❡ ❛s t❤r❡s❤♦❧❞ u = 4.5✳
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❋✐❣✉r❡ ✷✳✷✸✿ ▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t✳

❙✉♣♣♦rt ❢♦r t❤✐s ❝❤♦✐❝❡ ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♣❤✱ r❡♣r❡s❡♥t✐♥❣
♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛t ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ t❤r❡s❤♦❧❞✳ P❡rt✉r❜❛t✐♦♥s ❢♦r
❤✐❣❤ t❤r❡s❤♦❧❞s ❛r❡ ✈✐s✐❜❧❡ ❜✉t t❤❡② ❛r❡ s♠❛❧❧ r❡❧❛t✐✈❡ t♦ s❛♠♣❧✐♥❣ ❡rr♦rs✱ s♦
u = 4.5 ❛♣♣❡❛rs r❡❛s♦♥❛❜❧❡✳
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❋✐❣✉r❡ ✷✳✷✹✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st t❤r❡s❤♦❧❞ ❢♦r ■t❛❧✐❛♥ ❞❛t❛✳
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▼❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s ✐♥ t❤✐s ❝❛s❡ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ t❛❜❧❡ ❜❡❧♦✇✳

❋✐❣✉r❡ ✷✳✷✺✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r u = 4.5✳

P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛r❡ ❜♦t❤ s✐❣♥✐✜❝❛♥t ❛♥❞ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r
ξ̂ = −0.1068006 < 0 ✐s ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❞♦♠❛✐♥✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐✲
❜✉t✐♦♥ ❢❛♠✐❧②✳

❙❛♠❡ ❞✐❛❣♥♦st✐❝ ♣❧♦ts ♦❢ ●❊❱ ❞✐str✐❜✉t✐♦♥ ❝❛s❡ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❛ss❡ss✐♥❣
♠♦❞❡❧ ❛❞❡q✉❛❝②✳
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❋✐❣✉r❡ ✷✳✷✻✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r
●P❉ ✇✐t❤ u = 4.5✳

❆s ✇❡ ❝❛♥ s❡❡✱ ♣r♦❜❛❜✐❧✐t② ❛♥❞ q✉❛♥t✐❧❡ ♣❧♦t ❛r❡ ♣r❡tt② ♠✉❝❤ ❧✐♥❡❛r✱ ✐♥❞✐✲
❝❛t✐♥❣ ♠♦❞❡❧ ❣♦♦❞ ✜t✳ ❚❤❡ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦t s❤♦✇s t❤❛t t❤❡ ♠♦❞❡❧✲❜❛s❡❞ ❝✉r✈❡

✹✾



❛♥❞ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t❡s ❛r❡ ✐♥ r❡❛s♦♥❛❜❧❡ ❛❣r❡❡♠❡♥t ❛♥❞ t❤❡ ❦❡r♥❡❧ ❞❡♥s✐t②
♣❧♦t✱ ❡✈❡♥ ✐❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❞❡♥s✐t② ✐s ✐♥✐t✐❛❧❧② ❝♦♥❝❛✈❡✱ ❧❡❛✈❡s ♥♦ ❞♦✉❜t ♦♥
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❋✐❣✉r❡ ✷✳✷✼✿ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ❦❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t ✭♦♥ t❤❡ r✐❣❤t✮
❢♦r ●P❉ ✇✐t❤ u = 4.5✳

✷✳✹✳✷ ❩♦♥❡ ❛♥❛❧②s✐s

❆s ❢♦r t❤❡ ●❊❱ ❞✐str✐❜✉t✐♦♥✱ ✇❡ ✇❛♥t t♦ ♣❡r❢♦r♠ ❛ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❛♥❛❧②s✐s
❜② ③♦♥❡s ❛❧s♦ ❢♦r t❤❡ ❣❡♥❡r❛❧✐s❡❞ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥✳
❚❤❡ ✜rst ③♦♥❡ ✇❡ ❛♥❛❧②s❡ ✐s ✧❙❡❛✴❋♦r❡✐❣♥✧ r❡❣✐♦♥ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ 89 ♦❜✲
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❋✐❣✉r❡ ✷✳✷✽✿ ❍✐st♦❣r❛♠ ♦❢ ✧❙❡❛✴❋♦r❡✐❣♥✧ r❡❣✐♦♥ r❡❝♦r❞s✳
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▼✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ♠❛❣♥✐t✉❞❡ r❡❝♦r❞❡❞ ❛r❡ 4 ❛♥❞ 5.92 r❡s♣❡❝t✐✈❡❧②
❛♥❞ t❤❡ ❤✐st♦❣r❛♠ s✉❣❣❡sts t♦ ❝❤♦♦s❡ t❤❡ t❤r❡s❤♦❧❞ ❛t 4.6✳ ❚❤✐s ✈❛❧✉❡ ✐♥ ❢❛❝t
❛❧❧♦✇s t♦ ❧❡❛✈❡ ❛❧♠♦st ❤❛❧❢ ♦❜s❡r✈❛t✐♦♥s ❜❡❧♦✇ ❛♥❞ ❤❛❧❢ ❛❜♦✈❡ u✳
▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✐s ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ❢♦r u ∈ [4.5, 4.75] ❛♥❞ ♣❧♦t✲
t✐♥❣ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st t❤r❡s❤♦❧❞ ✇❡ ❝❛♥ s❡❡ t❤❛t s❛♠♣❧✐♥❣ ❡rr♦rs
✐♥❝r❡❛s❡ ❜❡②♦♥❞ t❤❡ ✈❛❧✉❡ 4.6❀ t❤✉s t❤❡s❡ ❣r❛♣❤s ❣✐✈❡ s✉♣♣♦rt t♦ ♦✉r ❝❤♦✐❝❡✳
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❋✐❣✉r❡ ✷✳✷✾✿ ▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st
t❤r❡s❤♦❧❞ ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r ✧❙❡❛✴❋♦r❡✐❣♥✧ r❡❣✐♦♥✳

❲❡ ❝❛♥ ♥♦✇ ❡st✐♠❛t❡ s❝❛❧❡ ❛♥❞ s❤❛♣❡ ♣❛r❛♠❡t❡r ❢♦r t❤❡ t❤r❡s❤♦❧❞ s❡❧❡❝t❡❞✿

❋✐❣✉r❡ ✷✳✸✵✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r u = 4.6✳

❙❤❛♣❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ξ̂ = −0.3496852 < 0 ✐s♥✬t ♠✉❝❤ s✐❣♥✐✜❝❛♥t✱
❤♦✇❡✈❡r ✐t✬s ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❞♦❡s♥✬t ❝♦♥t❛✐♥ ③❡r♦✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❲❡✐❜✉❧❧
❞✐str✐❜✉t✐♦♥ ❢❛♠✐❧②✳ ❆❧❧ ♠♦❞❡❧ ❞✐❛❣♥♦st✐❝ ♣❧♦ts✱ ❡✈❡♥ ✐❢ ✇✐t❤ s♦♠❡ ❞✐s❝r❡♣❛♥✲
❝✐❡s✱ ❝♦♥✜r♠ ♠♦❞❡❧ ❛❞❡q✉❛❝②✳

✺✶
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❋✐❣✉r❡ ✷✳✸✶✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ t♦♣✮✱ ❑❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t
❛♥❞ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡ ❜♦tt♦♠✮ ❢♦r u = 4.6✳

❋♦r ✧❆❧♣s✧ r❡❣✐♦♥ ✇❡ ❤❛✈❡ 355 ♦❜s❡r✈❛t✐♦♥s✳
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❋✐❣✉r❡ ✷✳✸✷✿ ❍✐st♦❣r❛♠ ♦❢ ✧❆❧♣s✧ r❡❣✐♦♥ r❡❝♦r❞s✳
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❚❤❡ ❤✐st♦❣r❛♠ ❛❜♦✈❡ s❤♦✇s ❤♦✇ t❤❡② ❛r❡ ❞✐str✐❜✉t❡❞✳ ▼✐♥✐♠✉♠ ♠❛❣♥✐✲
t✉❞❡ ✐s 3.95 ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✐s 6.5✳ ❋✉rt❤❡r♠♦r❡ ✐t s✉❣❣❡sts t♦ ❝❤♦♦s❡ ❛s
t❤r❡s❤♦❧❞ u = 4.4✳

❚❤❡ ♠❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✐s ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ❢♦r u ∈ [4.3, 4.6]✿ t❤✐s
✐s♥✬t t❤❡ ✉♥✐q✉❡ ✐♥t❡r✈❛❧ ❜✉t t❤❡ ♦t❤❡rs ❝♦♥❝❡r♥ t♦♦ ❤✐❣❤ ✈❛❧✉❡s ♦❢ t❤r❡s❤♦❧❞✱
✇✐t❤ s❝❛r❝❡ ♥✉♠❜❡r ♦❢ ❡①❝❡ss❡s ✇❤✐❝❤ ❝❛♥ ❧❡❛❞s t♦ ❤✐❣❤ ✈❛r✐❛♥❝❡✳ ■♥ ❢❛❝t s❛♠✲
♣❧✐♥❣ ❡rr♦rs ✐♥ t❤❡ ❣r❛♣❤ ♦❢ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st t❤r❡s❤♦❧❞ ✐♥❝r❡❛s❡
✉♣ t♦ u = 4.5✳
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❋✐❣✉r❡ ✷✳✸✸✿ ▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st
t❤r❡s❤♦❧❞ ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r ✧❆❧♣s✧ r❡❣✐♦♥✳

❚❤✉s ✇❡ ❝❛♥ ❝❤♦♦s❡ t❤❡ t❤r❡s❤♦❧❞ ❧❡✈❡❧ ❛t u = 4.4 ❛♥❞ ❣✐✈❡ ♠❛①✐♠✉♠
❧✐❦❡❧✐❤♦♦❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✿

❋✐❣✉r❡ ✷✳✸✹✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r u = 4.4✳

✺✸



❋r♦♠ t❤❡ t❛❜❧❡ ✇❡ ❝❛♥ s❡❡ t❤❛t s❝❛❧❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ✐s ❤✐❣❤❧② s✐❣♥✐✜✲
❝❛♥t✱ ✉♥❧✐❦❡ t❤❡ s❤❛♣❡ ♦♥❡ ✇❤✐❝❤ ✐s ❧✐tt❧❡ s✐❣♥✐✜❝❛♥t✳ ❍♦✇❡✈❡r ξ̂ = −0.1804924
✐s ♥❡❣❛t✐✈❡ ❛♥❞ ❤❛s ❛ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❝♦♠♣❧❡t❡❧② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♥❡❣❛t✐✈❡
❞♦♠❛✐♥ s♦✱ ❛❧s♦ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❢❛♠✐❧② ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ❲❡✐❜✉❧❧✳

❆s ✉s✉❛❧❧② ✇❡ ✉s❡ ❞✐❛❣♥♦st✐❝ ♣❧♦ts ❢♦r ❛ss❡ss✐♥❣ ♠♦❞❡❧ ❛❞❡q✉❛❝②✱ ✇❤✐❝❤ ✐s
♣r❡tt② ❣♦♦❞ ❡✈❡♥ ✐❢ t❤❡ ❣♦♦❞♥❡ss✲♦❢✲✜t ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♣❧♦t s❡❡♠s ✉♥❝♦♥✲
✈✐♥❝✐♥❣✳
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Return period

❋✐❣✉r❡ ✷✳✸✺✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ✭♦♥ t❤❡ t♦♣ ❧❡❢t✮✱ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ t♦♣ r✐❣❤t✮✱
❑❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t ✭♦♥ t❤❡ ❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡ ❜♦tt♦♠
r✐❣❤t✮ ❢♦r u = 4.4✳

❋♦r ✧P♦ ✈❛❧❧❡②✧ r❡❣✐♦♥ ✇❡ ❤❛✈❡ ✷✹✺ r❡❝♦r❞s✱ ❞✐str✐❜✉t❡❞ ❛s t❤❡ ❤✐st♦❣r❛♠
✐♥ t❤❡ ♥❡①t ♣❛❣❡ s❤♦✇s✳ ❆t ✜rst s✐❣❤t ❛ ❣♦♦❞ t❤r❡s❤♦❧❞ ✐s u = 4.7✳

✺✹
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❋✐❣✉r❡ ✷✳✸✻✿ ❍✐st♦❣r❛♠ ♦❢ ✧P♦ ✈❛❧❧❡②✧ r❡❣✐♦♥ r❡❝♦r❞s✳

▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ❛♥❞ t❤❡ ♦t❤❡r ❣r❛♣❤ ❜❡❧♦✇ ❜♦t❤ s✉❣❣❡st ❝❤♦♦s✐♥❣
❛s t❤r❡s❤♦❧❞ ❛ ✈❛❧✉❡ u ∈ [4.5, 4.6]✳
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❋✐❣✉r❡ ✷✳✸✼✿ ▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st
t❤r❡s❤♦❧❞ ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r ✧P♦ ✈❛❧❧❡②✧ r❡❣✐♦♥✳

❙♦ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s ❢♦r u = 4.6 ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✺✺



❋✐❣✉r❡ ✷✳✸✽✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r u = 4.6✳

❙❤❛♣❡ ♣❛r❛♠❡t❡r ✐s♥✬t ♠✉❝❤ s✐❣♥✐✜❝❛♥t ❜✉t ✐t✬s ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❞♦❡s♥✬t
❝♦♥t❛✐♥ ③❡r♦ s♦✱ ❜❡✐♥❣ ξ̂ = −0.2025167 < 0✱ ✇❡ ❝❛♥ s❛② t❤❛t t❤❡ ❢❛♠✐❧②
❞✐str✐❜✉t✐♦♥ ✐s ❛❣❛✐♥ t❤❡ ❲❡✐❜✉❧❧ ♦♥❡✳
❊✈❡♥ ✐♥ t❤✐s ❝❛s❡ ♠♦❞❡❧ ❞✐❛❣♥♦st✐❝ ♣❧♦ts ❝♦♥✜r♠ ❛ ❣♦♦❞ ✜t ♦❢ t❤❡ ♠♦❞❡❧✳
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❋✐❣✉r❡ ✷✳✸✾✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ t♦♣✮✱ ❑❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t
❛♥❞ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡ ❜♦tt♦♠✮ ❢♦r u = 4.6✳

✺✻



❋♦r ✧❈❡♥tr❡✧ r❡❣✐♦♥ t❤❡r❡ ❛r❡ 555 r❡❝♦r❞s ❞✐str✐❜✉t❡❞ ❛s ❢♦❧❧♦✇✿
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❋✐❣✉r❡ ✷✳✹✵✿ ❍✐st♦❣r❛♠ ♦❢ ✧❈❡♥tr❡✧ r❡❣✐♦♥ r❡❝♦r❞s✳

❚❤❡ ✈❛❧✉❡ ♦❢ t❤r❡s❤♦❧❞ ✇❤✐❝❤ ❧❡❛✈❡s ❤❛❧❢ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ❧❡❢t ❛♥❞ ❤❛❧❢
♦♥ t❤❡ r✐❣❤t ✐s ❛♣♣r♦①✐♠❛t❡❧② u = 4.5✳
❯s✐♥❣ t❤❡ ♠❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✇❡ ❝❛♥ s❡❡ t❤❛t ❛ ❣♦♦❞ ✐♥t❡r✈❛❧ ✐♥ ✇❤✐❝❤
s❡❧❡❝t✐♥❣ t❤❡ t❤r❡s❤♦❧❞ ❝♦✉❧❞ ❜❡ [4.3, 4.8]✱ ❜❡❝❛✉s❡ t❤❡r❡ t❤❡ ❣r❛♣❤ ✐s ❛❧♠♦st
❧✐♥❡❛r✳ ❋✉rt❤❡r♠♦r❡✱ ♣❧♦tt✐♥❣ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st t❤r❡s❤♦❧❞✱ ✇❡ ❝❛♥
s❡❡ ❝❡rt❛✐♥ st❛❜✐❧✐t② ✐♥ ❡st✐♠❛t❡s ❢♦r u ∈ [4.5, 5]✳ ❙✐♥❝❡ s❛♠♣❧✐♥❣ ❡rr♦rs ✐♥✲
❝r❡❛s❡ ✇✐t❤ t❤r❡s❤♦❧❞ ✐♥❝r❡❛s✐♥❣✱ ✇❡ ❝❛♥ ♦♣t ❢♦r u = 4.5✳
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❋✐❣✉r❡ ✷✳✹✶✿ ▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st
t❤r❡s❤♦❧❞ ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r ✧❈❡♥tr❡✧ r❡❣✐♦♥✳

❇♦t❤ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❢♦r t❤❡ s❡❧❡❝t❡❞ t❤r❡s❤♦❧❞ ❛r❡ s✐❣♥✐✜❝❛♥t✿ ✐♥

✺✼



❋✐❣✉r❡ ✷✳✹✷✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r u = 4.5✳

♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ξ̂ = −0.2135829 < 0 ✇✐t❤ ❛ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♥♦t ❝♦♥✲
t❛✐♥✐♥❣ ③❡r♦✳ ❚❤✉s t❤❡ ❢❛♠✐❧② ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ❲❡✐❜✉❧❧✳
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❋✐❣✉r❡ ✷✳✹✸✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ t♦♣✮✱ ❑❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t
❛♥❞ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡ ❜♦tt♦♠✮ ❢♦r u = 4.5✳

■♥ ❡✈❡r② ❞✐❛❣♥♦st✐❝ ♣❧♦t ✇❡ ❝❛♥ s❡❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❡♠♣✐r✐❝❛❧

✺✽



❛♥❞ ✜tt❡❞ ❞❛t❛ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ s❛② t❤❛t ❝❤♦s❡♥ ♠♦❞❡❧ ✐s ❛❞❡q✉❛t❡✳

▲❡t✬s ♥♦✇ ❛♥❛❧②s❡ ✧❙♦✉t❤✧ r❡❣✐♦♥✱ ✇❤♦s❡ ♦❜s❡r✈❛t✐♦♥s ❛♠♦✉♥t t♦ 307✳
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❋✐❣✉r❡ ✷✳✹✹✿ ❍✐st♦❣r❛♠ ♦❢ ✧❙♦✉t❤✧ r❡❣✐♦♥ r❡❝♦r❞s✳

❋r♦♠ t❤❡ ✜rst ❣r❛♣❤ ❜❡❧♦✇ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ t❤r❡s❤♦❧❞ u = 4.5 s✉❣❣❡st❡❞
❜② t❤❡ ❤✐st♦❣r❛♠ ✐s ♥♦t ❣♦♦❞ ❜❡❝❛✉s❡ ♠❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✐s ♥♦t ❧✐♥❡r ✐♥ ❛
♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤✐s ✈❛❧✉❡✱ ❜✉t ✐t ✐s ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ❢♦r u ∈ [4.6, 4.9]✳
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❋✐❣✉r❡ ✷✳✹✺✿ ▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st
t❤r❡s❤♦❧❞ ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r ✧❙♦✉t❤✧ r❡❣✐♦♥✳

❚❤❡ s❡❝♦♥❞ ❣r❛♣❤ s❤♦✇s ❝♦♥st❛♥t s❛♠♣❧✐♥❣ ❡rr♦rs ❢♦r u > 4.5✱ t❤❡♥ ✇❡
❝♦✉❧❞ ❝❤♦♦s❡ u = 4.6 ❛s t❤r❡s❤♦❧❞✳

✺✾



❘❡♠❡♠❜❡r t❤❛t t♦♦ ❤✐❣❤ ✈❛❧✉❡s ♦❢ u ❝❛♥✬t ❜❡ ❝❤♦s❡♥ ❜❡❝❛✉s❡ ♦❢ ❛♥ ✐♥s✉✣❝✐❡♥t
♥✉♠❜❡r ♦❢ ❡①❝❡ss❡s✳

❋♦r u = 4.6 ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s ❛r❡ ❜♦t❤ ♥♦t s✐❣♥✐✜❝❛♥t ❛♥❞
ξ̂ = −0.1068119 < 0 ❤❛s ❛ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥✐♥❣ ③❡r♦ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣
t❛❜❧❡ s❤♦✇s✳

❋✐❣✉r❡ ✷✳✹✻✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r u = 4.6✳

■♥ t❤✐s s✐t✉❛t✐♦♥ ✇❡ ❝❛♥ t❤✐♥❦ t❤❛t ❛ ♠♦❞❡❧ ✇✐t❤ ξ = 0 ✇♦✉❧❞ ❜❡ ❜❡tt❡r✿
✐t ✐s♥✬t s♦✳ ■♥ ❢❛❝t ✐♥ t❤✐s ❝❛s❡ s❝❛❧❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ❤❛s ♣✲✈❛❧✉❡ ❡q✉❛❧
t♦ ♦♥❡✱ t❤❛t ✐s ❡st✐♠❛t❡ ♥♦t s✐❣♥✐✜❝❛♥t ❛t ❛❧❧✱ ❛♥❞ ❛❧s♦ ❆■❈ ❛♥❞ ❇■❈ ✈❛❧✉❡s
s✉❣❣❡st t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✇♦✉❧❞ ❜❡ ❜❡tt❡r✳

❋✐❣✉r❡ ✷✳✹✼✿ ▲✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st ❜❡t✇❡❡♥ t❤❡ ✜tt❡❞ ♠♦❞❡❧ ❛♥❞ t❤❡ ♠♦❞❡❧ ✇✐t❤
ξ = 0✳

❚❤✐s ❧❛❝❦ ♦❢ ✜t ❝❛♥ ❜❡ s❡❡♥ ❛❧s♦ ❢r♦♠ t❤❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞ q✉❛♥t✐❧❡ ♣❧♦t✱ ✐♥
✇❤✐❝❤ ♦♥❧② ❢❡✇ ♣♦✐♥ts ❧✐❡ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ❧✐♥❡✱ ♦r ❢r♦♠ ❞✐s❝r❡♣❛♥❝✐❡s ❜❡t✇❡❡♥

✻✵



✜tt❡❞ ❛♥❞ ❦❡r♥❡❧ ❞❡♥s✐t②✳ ■♥ t❤❡ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ♦❜s❡r✈❛t✐♦♥s ❧✐❡ ❡✈❡♥ ♦✉t ♦❢
❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✳
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10 100
Return period

❋✐❣✉r❡ ✷✳✹✽✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ✭♦♥ t❤❡ t♦♣ ❧❡❢t✮ ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ t♦♣
r✐❣❤t✮✱ ❑❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t ✭♦♥ t❤❡ ❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡
❜♦tt♦♠ r✐❣❤t✮ ❢♦r u = 4.6✳

❋✐♥❛❧❧② t❤❡ ❧❛st r❡❣✐♦♥ ✐s ✧■s❧❛♥❞s✧✱ ✇✐t❤ 177 r❡❝♦r❞s✳
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❋✐❣✉r❡ ✷✳✹✾✿ ❍✐st♦❣r❛♠ ♦❢ ✧■s❧❛♥❞s✧ r❡❣✐♦♥ r❡❝♦r❞s✳

✻✶



❙✉❣❣❡st❡❞ t❤r❡s❤♦❧❞ ✐s u = 4.5✳ ▲❡t✬s s❡❡ ✐❢ ♠❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ❛♥❞
♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st t❤r❡s❤♦❧❞ ❣r❛♣❤ ❝♦♥✜r♠ t❤✐s ❝❤♦✐❝❡✳

-4
-2

0
2

4
M

e
a
n
 e

x
c
e
s
s

4 5 6 7 8
Threshold

-1
.5

-1
-.

5
0

ln
s
ig

-.
4

-.
2

0
.2

.4
x
i

4 4.2 4.4 4.6 4.8 5
Threshold

❋✐❣✉r❡ ✷✳✺✵✿ ▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❣❛✐♥st
t❤r❡s❤♦❧❞ ✭♦♥ t❤❡ r✐❣❤t✮ ❢♦r ✧■s❧❛♥❞s✧ r❡❣✐♦♥✳

▼❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡ ♣❧♦t ✐s ❡ss❡♥t✐❛❧❧② ❧✐♥❡❛r ✉♥t✐❧ u = 5.2✱ ❜✉t ❛❜♦✈❡ t❤✐s
✈❛❧✉❡ t❤❡r❡ ❛r❡ t♦♦ ❢❡✇ ♦❜s❡r✈❛t✐♦♥s t♦ ♣❡r❢♦r♠ ❛ ♠♦❞❡❧✳ ■♥st❡❛❞ t❤❡ ♦t❤❡r
❣r❛♣❤ s❤♦✇s ❛ ❜✐❣ ✐♥❝r❡❛s❡ ✐♥ s❛♠♣❧✐♥❣ ❡rr♦r ♦✈❡r u = 4.5✱ t❤✉s t❤✐s ✈❛❧✉❡
❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s t❤r❡s❤♦❧❞✳
❙❤❛♣❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ❢♦r u = 4.5 ✐s♥✬t s✐❣♥✐✜❝❛♥t ❛s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡
❢♦❧❧♦✇✐♥❣ t❛❜❧❡✳

❋✐❣✉r❡ ✷✳✺✶✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r u = 4.5✳

❆s t❤❡ ✧❙♦✉t❤✧ r❡❣✐♦♥ ❝❛s❡✱ ✐❢ ✇❡ tr② t♦ ✜t ❛ ♠♦❞❡❧ ✇✐t❤ ξ = 0 t❤❡ ♣✲✈❛❧✉❡
♦❜t❛✐♥❡❞ ❢♦r s❝❛❧❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ✐s ♦♥❡ ❛♥❞ ❆■❈ ❛♥❞ ❇■❈ ✈❛❧✉❡s ❢♦r t❤❡
✉♥r❡str✐❝t❡❞ ♠♦❞❡❧ ❛r❡ ♠✉❝❤ ❧♦✇❡r✱ ✐♥❞✐❝❛t✐♥❣ ❛ ❜❡tt❡r ✜t✳
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❍♦✇❡✈❡r ♠♦❞❡❧ ❞✐❛❣♥♦st✐❝ ♣❧♦ts s✉❣❣❡st ♠♦❞❡❧ ❛❞❡q✉❛❝②✳
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10 100
Return period

❋✐❣✉r❡ ✷✳✺✷✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ✭♦♥ t❤❡ t♦♣ ❧❡❢t✮ ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ t♦♣
r✐❣❤t✮✱ ❑❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t ✭♦♥ t❤❡ ❜♦tt♦♠ ❧❡❢t✮ ❛♥❞ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡
❜♦tt♦♠ r✐❣❤t✮ ❢♦r u = 4.5✳

✷✳✹✳✸ ❘❡s✉❧ts ❝♦♠♣❛r✐s♦♥

❲✐t❤ t❤❡ ❛✐♠ t♦ s✉♠♠❛r✐③❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s✱ ✇❡ r❡❝❛❧❧
t❤❡♠ ✐♥ ❛ t❛❜❧❡✸✳

❩♦♥❡ ✉ ξ̂ ✾✺✪ ❈✳■✳ ❉✐st✳❋❛♠✳

■t❛❧② ✹✳✺ ✲✵✳✶✵✻✽✵✵✻ ✯✯ ❬ ✲✵✳✶✼✹✺✼✶✶ ✱ ✲✵✳✵✸✾✵✸❪ ❲❡✐❜✉❧❧
✧❙❡❛✴❋♦r❡✐❣♥✧ r❡❣✐♦♥ ✹✳✻ ✲✵✳✸✹✾✻✽✺✷ ✯ ❬✲✳✻✷✻✾✾✸✹ ✱ ✲✳✵✼✷✸✼✼❪ ❲❡✐❜✉❧❧
✧❆❧♣s✧ r❡❣✐♦♥ ✹✳✹ ✲✵✳✶✽✵✹✾✷✹ ✯ ❬✲✵✳✸✷✵✸✸✺✾ ✱ ✲✵✳✵✹✵✻✹✽✾❪ ❲❡✐❜✉❧❧
✧P♦ ✈❛❧❧❡②✧ r❡❣✐♦♥ ✹✳✻ ✲✵✳✷✵✷✺✶✻✼ ✯ ❬✲✵✳✸✺✽✶✸✶✶ ✱ ✲✵✳✵✹✻✾✵✷✸❪ ❲❡✐❜✉❧❧
✧❈❡♥tr❡✧ r❡❣✐♦♥ ✹✳✺ ✲✵✳✷✶✸✺✽✷✾ ✯✯✯ ❬✲✵✳✸✷✸✾✹✷✷ ✱ ✲✵✳✶✵✸✷✷✸✻❪ ❲❡✐❜✉❧❧
✧❙♦✉t❤✧ r❡❣✐♦♥ ✹✳✻ ✲✵✳✶✵✻✽✶✶✾ ❬✲✵✳✸✼✶✻✶✵✸ ✱ ✵✳✶✺✼✾✽✻✻❪ ❲❡✐❜✉❧❧
✧■s❧❛♥❞s✧ r❡❣✐♦♥ ✹✳✺ ✲✵✳✵✷✾✹✹✻✷ ❬✲✵✳✷✹✶✶✷✸✶ ✱ ✵✳✶✽✷✷✸✵✻❪ ❲❡✐❜✉❧❧

✸♦♥❡ st❛r ✭✯✮ ✐❢ ♣❁✵✳✵✺✱ t✇♦ st❛rs ✭✯✯✮ ✐❢ ♣❁✵✳✵✶✱ ❛♥❞ t❤r❡❡ st❛rs ✭✯✯✯✮ ✐❢ ♣❁✵✳✵✵✶✳

✻✸



❈❍❆P❚❊❘ ✸

❆❈❚❯❆❘■❆▲ ❊❱❆▲❯❆❚■❖◆❙

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

◆❛t✉r❛❧ ❞✐s❛st❡rs ❛s ❡❛rt❤q✉❛❦❡s ♣♦s❡ s❡✈❡r❛❧ ❝❤❛❧❧❡♥❣❡s t♦ ✐♥s✉r❡rs ❜❡❝❛✉s❡
t❤❡② ✐♥✈♦❧✈❡ ♣♦t❡♥t✐❛❧❧② ❤✐❣❤ ❧♦♦s❡s t❤❛t ❛r❡ ❡①tr❡♠❡❧② ✉♥❝❡rt❛✐♥✳ ❇❡❢♦r❡
✐♥s✉r❛♥❝❡ ♣r♦✈✐❞❡rs ❛r❡ ✇✐❧❧✐♥❣ t♦ ♦✛❡r ❝♦✈❡r❛❣❡ ❛❣❛✐♥st ❛♥ ✉♥❝❡rt❛✐♥ ❡✈❡♥t
t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ t♦ ❜❡ s❛t✐s✜❡❞✿

✶✳ ❜❡✐♥❣ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② ❛♥❞ q✉❛♥t✐❢②✱ ♦r ❡st✐♠❛t❡ ♣❛rt✐❛❧❧②✱ t❤❡ ♣r♦❜❛❜✐❧✲
✐t✐❡s t❤❛t ❛♥ ❡✈❡♥t ♦❝❝✉rs ❛♥❞ t❤❡ ❡①t❡♥t ♦❢ ❧♦ss❡s ❧✐❦❡❧② t♦ ❜❡ ✐♥❝✉rr❡❞❀

✷✳ ❜❡✐♥❣ ❛❜❧❡ t♦ s❡t ♣r❡♠✐✉♠s ❢♦r ❡❛❝❤ ♣♦t❡♥t✐❛❧ ❝✉st♦♠❡r✳

❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ s❛t✐s✜❡❞ ❡st✐♠❛t✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ s♣❡❝✐✜❝
❡✈❡♥ts ❛♥❞ t❤❡ ❧✐❦❡❧② ❡①t❡♥t ♦❢ ❧♦♦s❡s ✉s✐♥❣ ♣❛st ❞❛t❛ ❛♥❞ ❝❛t❛str♦♣❤❡ ♠♦❞❡❧s
✭✐✳❡✳ t❤♦s❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t ❙♦❧✉t✐♦♥s s♦❢t✇❛r❡✮❀ t❤❡ s❡❝♦♥❞
♦♥❡ ❝❛♥ ❜❡ s❛t✐s✜❡❞ ❝❤❛r❣✐♥❣ ♣r❡♠✐✉♠s ✉♥t✐❧ ❜❡tt❡r ❡st✐♠❛t❡s ♦❢ t❤❡ r✐s❦ ❛r❡
❛✈❛✐❧❛❜❧❡✳

✸✳✷ ❘❡❝❡♥t ❝❛t❛str♦♣❤✐❝ ❡❛rt❤q✉❛❦❡s

❊✈❡r② ②❡❛r ■t❛❧✐❛♥ s❡✐s♠♦❣r❛♣❤s ❞❡t❡❝t t❤♦✉s❛♥❞s ❡❛rt❤q✉❛❦❡s✱ ❢♦rt✉♥❛t❡❧②
♦♥❧② ❢❡✇ ♦❢ t❤❡♠ ❛r❡ ❝❛t❛str♦♣❤✐❝✳
❋r♦♠ ✶✾✵✵ t♦ ✷✵✶✹ ✐♥ t❤❡ ❝❛t❛❧♦❣✉❡ ❈P❚■✶✺ t❤❡r❡ ❛r❡ ✸✻ ❡❛rt❤q✉❛❦❡s ✇✐t❤
♠❛❣♥✐t✉❞❡ ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ ✺✳✻✹✱ t❡♥ ♦❢ ✇❤✐❝❤ s♦ ❞✐s❛str♦✉s ❛s t♦ ❜❡ ✐♥✲
❝❧✉❞❡❞ ✐♥ t❤❡ ❧✐st ♦❢ ✧❡♠❡r❣❡♥❝✐❡s✧ ❜② t❤❡ ■t❛❧✐❛♥ ❈✐✈✐❧ Pr♦t❡❝t✐♦♥✳
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❨❡❛r P❧❛❝❡ ▼✇❉❡❢ ❱✐❝t✐♠s ❊✈❛❝✉❡❡s

✶✾✵✽ ▼❡ss✐♥❛ ✼✳✶ ✽✻✵✵✵ ♠✐ss✐♥❣ ✈❛❧✉❡
✶✾✶✺ ❆✈❡③③❛♥♦ ✼✳✵✽ ✸✵✵✵✵ ♠✐ss✐♥❣ ✈❛❧✉❡
✶✾✸✵ ❱✉❧t✉r❡ ✻✳✻✼ ✶✹✵✹ ♠✐ss✐♥❣ ✈❛❧✉❡
✶✾✻✽ ❇❡❧✐❝❡ ✻✳✹✶ ✷✾✻ ✾✵✵✵✵
✶✾✼✻ ❋r✐✉❧✐ ✻✳✹✺ ✾✻✺ ✹✺✵✵✵
✶✾✽✵ ■r♣✐♥✐❛ ✻✳✽✶ ✷✼✸✹ ✼✵✵✵✵
✶✾✾✼ ❯♠❜r✐❛✲▼❛r❝❤❡ ✺✳✾✼ ✶✶ ✽✵✵✵✵
✷✵✵✷ ▼♦❧✐s❡ ✺✳✾✷ ✸✵ ✸✵✵✵
✷✵✵✾ ❆❜r✉③③♦ ✻✳✷✾ ✸✵✽ ✽✵✵✵✵
✷✵✶✷ ❊♠✐❧✐❛ ✻✳✵✾ ✷✼ ✶✺✵✵✵
✷✵✶✻ ❆♠❛tr✐❝❡ ✻✳✵✵ ✷✾✺ ✭❛t ❧❡❛st✮ ✹✼✵✵ ✭❛t ❧❡❛st✮

❘❡♠❛r❦ ✸✳✷✳✶✳ ❚❤❡ r❡❞ r♦✇ r❡❢❡rs t♦ t❤❡ r❡❝❡♥t ❡❛rt❤q✉❛❦❡ ✇✐t❤ ❡♣✐❝❡♥tr❡
✐♥ ❆❝❝✉♠✉❧✐ ✭❘✐❡t✐✮ ❛♥❞ ❞❛t❛ ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝❛t❛❧♦❣✉❡ ❈P❚■✶✺ ❜✉t
✇❡r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ■◆●❱ s✐t❡ ✭s❡❡ ■◆● ❬✶✾❪✮✳

■t❛❧✐❛♥ ❤✐❣❤ s❡✐s♠✐❝ ❧❡❛❞s ❡①♣❡rts ❞❡✈❡❧♦♣✐♥❣ ♠❡t❤♦❞s ❢♦r ❡✈❛❧✉❛t✐♥❣ ❞❛♠✲
❛❣❡s ❛♥❞ t❤❡✐r ❝♦sts✿ ❈✐✈✐❧ Pr♦t❡❝t✐♦♥ r❡❧❡❛s❡s t♦ ❤✐❣❤❧② q✉❛❧✐✜❡❞ ♣❡rs♦♥ ❢♦r♠s
✇❤✐❝❤ ❛❧❧♦✇ t♦ ❝❛rr② ♦✉t ❛ ❞❛♠❛❣❡ s✉r✈❡② ♦♥ t❤❡ ✇❤♦❧❡ ❜✉✐❧❞✐♥❣ ❤❡r✐t❛❣❡ ❤✐t
❜② t❤❡ s❡✐s♠ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❛♥♥❡r✳ ❖❢t❡♥✱ ❤♦✇❡✈❡r✱ ❝♦sts ❡st✐♠❛t❡s
r❡❢❡r ♦♥❧② t♦ str✉❝t✉r❛❧ ❞❛♠❛❣❡s ❛♥❞ ♥♦t t♦ t❤♦s❡ r❡❧❛t❡❞ t♦ t❤❡ ✐♥t❡rr✉♣t✐♦♥
♦❢ ❛❝t✐✈✐t✐❡s❀ s♦ t❤❡ ■t❛❧✐❛♥ s②st❡♠ ✐s ♥♦t ❝♦♠♣❧❡t❡❧② ❛❞❡q✉❛t❡✳
❋♦r ✼ ♦❢ t❤❡ ✶✵ ❡✈❡♥ts ❧✐st❡❞ ❛❜♦✈❡✱ ❜❡✐♥❣ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❛ ❧✐tt❧❡ ♣❡r✐♦❞ ♦❢
t✐♠❡ ✭✶✾✻✽✲✷✵✶✹✮✱ ✐s ♣♦ss✐❜❧❡ ♦❜t❛✐♥✐♥❣ ❞❛t❛ ❡❝♦♥♦♠✐❝❛❧❧② ❝♦♠♣❛r❛❜❧❡✳ ❙❡❡
❈◆■ ❬✷✶❪✳

❨❡❛r P❧❛❝❡ ▼✇❉❡❢ ❈♦st

✭❜✐❧❧✐♦♥ ❊✉r♦✮
✶✾✻✽ ❇❡❧✐❝❡ ✻✳✹✶ ✾✳✶✼✾✭✯✮
✶✾✼✻ ❋r✐✉❧✐ ✻✳✹✺ ✶✽✳✺✹✭✯✮
✶✾✽✵ ■r♣✐♥✐❛ ✻✳✽✶ ✺✷✳✵✷✻✭✯✯✮
✶✾✾✼ ❯♠❜r✐❛✲▼❛r❝❤❡ ✺✳✾✼ ✶✸✳✹✻✸✭✯✮
✷✵✵✷ ▼♦❧✐s❡ ✺✳✾✷ ✶✳✹✭✯✮
✷✵✵✾ ❆❜r✉③③♦ ✻✳✷✾ ✶✸✳✼
✷✵✶✷ ❊♠✐❧✐❛ ✻✳✵✾ ✶✸✳✸

❉✐s❝♦✉♥t❡❞ ❝♦st ✭✯✮ ✷✵✶✹ ✭✯✯✮ ✷✵✵✽✳ ❈♦sts ❛r❡ ❜❛s❡❞ ♦♥ ♣✉❜❧✐❝ ❢✉♥❞✐♥❣
❡①❝❡♣t ❢♦r ❆❜r✉③③♦ ❛♥❞ ❊♠✐❧✐❛✱ ✇❤✐❝❤ ❝♦sts ❛r❡ ❡①♣❡♥❞✐t✉r❡ ❢♦r❡❝❛sts✳

✻✺



✸✳✸ ■♥s✉r❡r✬s ❧♦ss ❞✉❡ t♦ ❝❛t❛str♦♣❤✐❝ ❡✈❡♥ts

▲❡t ✉s ❛ss✉♠❡ t❤❛t ❛♥ ✐♥s✉r❡r ✐♥s✉r❡s ❢♦r s❡✐s♠✐❝ r✐s❦ t❤❡ t♦t❛❧✐t② ♦❢ ■t❛❧✐❛♥
r❡s✐❞❡♥t✐❛❧ ❜✉✐❧❞✐♥❣s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❤❡ ✐♥s✉r❡s ♦♥❧② t❤❡ ♠❛①✐♠✉♠ ❡✈❡♥t
r❡❝♦r❞❡❞ ✐♥ ❛ ②❡❛r✳

❆s ✇❡ ❦♥♦✇ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ t❤❡ ▼♦♠❡♥t ▼❛❣♥✐t✉❞❡ s❝❛❧❡ ✐s
❞❡✜♥❡❞ ❜②

Mw =
2

3
(log10M0 − 6.03)

✇❤❡r❡ M0 ✐s t❤❡ s❡✐s♠✐❝ ♠♦♠❡♥t ❛t t❤❡ ❢♦❝✉s ♠❡❛s✉r❡❞ ✐♥ N ·m✱ ✐♥ ♣r❛❝t✐❝❡
❛♥ ❡♥❡r❣②❀ t❤✉s ✇❡ ✇✐❧❧ ✉s❡ t❤❡ s②♠❜♦❧ E t♦ ❞❡♥♦t❡ ✐t ✐♥st❡❛❞ ♦❢ M0✳
❚❤❡ ❡♥❡r❣② r❡❧❡❛s❡❞ ❢r♦♠ ❛♥ ❡❛rt❤q✉❛❦❡ ✐s str✐❝t❧② r❡❧❛t❡❞ ✇✐t❤ ✐ts ❞❡str♦②✐♥❣
♣♦✇❡r✱ s♦ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❡♥❡r❣② ✐s ❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❛♠❛❣❡
❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t♦ t❤❡ ❡①t❡♥t ♦❢ ❧♦ss✱ t❤❛t ✐s

L = kE = k10
3
2
Mw+6.03. ✭✸✳✶✮

❚❤❡ ♠❛❣♥✐t✉❞❡ ✭mw✮ ❛♥❞ ❝♦st ✭l✮ ✈❛❧✉❡s ♦❢ t❤❡ 7 r❡❝❡♥t ❝❛t❛str♦♣❤✐❝ ❡❛rt❤✲
q✉❛❦❡s ❝❛♥ ❜❡ ✉s❡❞ t♦ ✜♥❞ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡ ❢♦r t❤❡ ♣r♦♣♦rt✐♦♥❛❧✐t②
❝♦♥st❛♥t k✿

k =
1

7

7
∑

i=1

li

10
3
2
mwi+6.03

= 5.449 · 10−6 ≈ 10−6.

❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✮✱ ✇❡ ✐♥❢❡r t❤❡ ❡①t❡♥t ♦❢ ❧♦ss ❢♦r ❛❧❧ ❛♥♥✉❛❧ ❜❧♦❝❦ ♠❛①✐♠❛✳

0
2
0
0
0
0

4
0
0
0
0

6
0
0
0
0

8
0
0
0
0

1
0
0
0
0
0

lm
a
x
m

ill
io

n

4 5 6 7 8
blockmaxima

❋✐❣✉r❡ ✸✳✶✿ ▲♦ss ✭♠✐❧❧✐♦♥ ❊✉r♦✮ ❛❣❛✐♥st ♠❛❣♥✐t✉❞❡ ❢♦r ❛❧❧ ❜❧♦❝❦ ♠❛①✐♠❛✳
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❙♦ ✐♥ ♦✉r ❝♦♥t❡①t L ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ✈❛❧✉❡ ♦❢ ❛♥♥✉❛❧
❜❧♦❝❦ ♠❛①✐♠❛ Mw✳

■♥ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ✭❙❡❝t✐♦♥ ✷✳✸✳✶✮ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
■t❛❧✐❛♥ ❛♥♥✉❛❧ ❜❧♦❝❦ ♠❛①✐♠❛ ✐s ✇❡❧❧ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥✱
✇❤✐❝❤ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❋✐❣✉r❡ ✸✳✷✿ P❛r❛♠❡t❡r ❡st✐♠❛t❡s ❢♦r ❛♥♥✉❛❧ ❜❧♦❝❦ ♠❛①✐♠❛ ✇✐t❤ ❝♦♥str❛✐♥t ξ = 0✳

❙✉❜st✐t✉t✐♥❣ ❡st✐♠❛t❡s ✐♥ t❤❡ ●❊❱ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r♠✉❧❛

H0;µ,σ(x) = exp
{

−e−(
x−µ
σ

)
}

❛♥❞ s✉❜tr❛❝t✐♥❣ t❤❡ ❢♦✉♥❞ ✈❛❧✉❡ ❢r♦♠ 1✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✲
✐t② ❢♦r ❛ s♣❡❝✐✜❡❞ ✈❛❧✉❡ ♦❢ ♠❛❣♥✐t✉❞❡✳ ■ts ✐♥✈❡rs❡ ✐s t❤❡ r❡❧❛t✐✈❡ r❡t✉r♥ ♣❡r✐♦❞✳

❚❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r t❤❡ ❡st✐♠❛t❡❞
●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥ ✐s

E[X] = µ̂+ γσ̂ = 5.362347 + 0.57722 · 0.4964123 = 5.6488861

❛♥❞ ✐ts st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✐s

StDev =
√

V ar(X) =
πσ̂√
6
= π

0.4964123√
6

= 0.63635074

❧❡❛❞✐♥❣ t♦ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✈❛❧✉❡ E[X] + 1 · StDev = 6.2852367✳
❋♦r ❞❡✜♥✐t✐♦♥s ❛♥❞ ❢♦r♠✉❧❛s s❡❡ ❙❡❝t✐♦♥ ✶✳✹✳
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❋♦r t❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦✉♥❞ ❛❜♦✈❡✱ t❤❛t
✐s 5.6488861✱ ✇❡ ❤❛✈❡ ❧♦ss ❡q✉❛❧ t♦ 318.66117 ♠✐❧❧✐♦♥ ❊✉r♦✱ ❡①❝❡❡❞❛♥❝❡ ♣r♦❜✲
❛❜✐❧✐t② ❡q✉❛❧ t♦ 0.42962268 ❛♥❞ r❡t✉r♥ ♣❡r✐♦❞ ♦❢ 2.3276239 ②❡❛rs✱ ✇❤✐❝❤ ❤❛s
t♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♠✐♥✐♠✉♠ ❛♠♦✉♥t ♦❢ t✐♠❡ ♥❡❝❡ss❛r② ❢♦r ❡①❝❡❡❞✐♥❣
t❤❡ ♠❛❣♥✐t✉❞❡ ✈❛❧✉❡ 5.6488861✳
❚❤❡s❡ ✈❛❧✉❡s ❛r❡ ❝♦❤❡r❡♥t ✇✐t❤ t❤♦s❡ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ s♦❢t✇❛r❡ ❢♦r ❛ ♠❛❣✲
♥✐t✉❞❡ ✈❛❧✉❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ♠❛①✐♠✉♠✿

❋✐❣✉r❡ ✸✳✸✿ Pr♦❜❛❜✐❧✐t② ❞❡♥s✐t②✱ ❧♦ss ✭♠✐❧❧✐♦♥ ❊✉r♦✮✱ ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞
r❡t✉r♥ ♣❡r✐♦❞ ✭②❡❛rs✮ ❢♦r ♠❛❣♥✐t✉❞❡ ✺✳✻✺✳

❚❤❡ ♠❡❞✐❛♥ ❝❛♥ ❜❡ ❢♦✉♥❞ s✉❜st✐t✉t✐♥❣ p = 0.5 ✐♥ t❤❡ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥
❢♦r ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥ ✭❡q✉❛t✐♦♥ ✭✶✳✹✮✮

x̂0.5 = µ̂− σ̂ ln(− ln(0.5)) = 5.5442885

✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✈❛❧✉❡ 0.69815674 ❛♥❞ ❧♦ss 222.04078 ♠✐❧❧✐♦♥ ❊✉r♦✳

❚❤❡ ♠♦❞❛❧ ✈❛❧✉❡ ✐♥st❡❛❞ ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❡q✉❛t✐♥❣ t♦ ③❡r♦ t❤❡ ❡st✐♠❛t❡❞
●✉♠❜❡❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❞❡r✐✈❛t✐✈❡

h′0;µ̂,σ̂(x) =
H0;µ̂,σ̂(x)e

−x−µ̂
σ̂ [−1 + e−

x−µ̂
σ̂ ]

σ̂2
,

♦❜t❛✐♥✐♥❣
x̂modal = µ̂ = 5.362347

❛ss♦❝✐❛t❡❞ t♦ ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ✈❛❧✉❡ 0.7410764✱ ❛ ❧♦ss ♦❢ 117.4898 ♠✐❧✲
❧✐♦♥ ❊✉r♦✱ ❛♥ ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ♦❢ 0.63212056 ❛♥❞ ❛ r❡t✉r♥ ♣❡r✐♦❞ ♦❢
1.5819767 ②❡❛rs✱ ❛❧❧ ❝♦❤❡r❡♥t ✇✐t❤ ✈❛❧✉❡s ❝♦♠♣✉t❡❞ ❜② t❤❡ s♦❢t✇❛r❡

❋✐❣✉r❡ ✸✳✹✿ Pr♦❜❛❜✐❧✐t② ❞❡♥s✐t②✱ ❧♦ss ✭♠✐❧❧✐♦♥ ❊✉r♦✮✱ ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞
r❡t✉r♥ ♣❡r✐♦❞ ✭②❡❛rs✮ ❢♦r ♠❛❣♥✐t✉❞❡ ✺✳✸✻✳

❖❜✈✐♦✉s❧②✱ r❡t✉r♥ ♣❡r✐♦❞ ✐♥❝r❡❛s❡s ✐♥❝r❡❛s✐♥❣ t❤❡ ♠❛❣♥✐t✉❞❡✿

✻✽
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❋✐❣✉r❡ ✸✳✺✿ ❊st✐♠❛t❡❞ r❡t✉r♥ ♣❡r✐♦❞s ❛❣❛✐♥st ♠❛❣♥✐t✉❞❡ ❢♦r ❛❧❧ ❜❧♦❝❦ ♠❛①✐♠❛✳

P❧❛❝❡ ▼✇❉❡❢ ❊①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❘❡t✉r♥ ♣❡r✐♦❞

✭♠❛❣♥✐t✉❞❡✮ 1− p 1/(1− p) ✭②❡❛rs✮
▼❡ss✐♥❛ ✼✳✶ ✵✳✵✷✾✼✸✸✻ ✸✸✳✻✸✶✾✺
❆✈❡③③❛♥♦ ✼✳✵✽ ✵✳✵✸✵✾✸✻✾ ✸✷✳✸✷✸✽✸
■r♣✐♥✐❛ ✻✳✽✶ ✵✳✵✺✷✻✾✽ ✶✽✳✾✼✻✵✸
❱✉❧t✉r❡ ✻✳✻✼ ✵✳✵✻✾✷✻✵✺ ✶✹✳✹✸✽✷✹
❋r✐✉❧✐ ✻✳✹✺ ✵✳✶✵✺✼✼✽✻ ✾✳✹✺✸✼✵✹
❇❡❧✐❝❡ ✻✳✹✶ ✵✳✶✶✹✶✷✽✼ ✽✳✼✻✷✵✸✺
❆❜r✉③③♦ ✻✳✷✾ ✵✳✶✹✸✵✵✹ ✻✳✾✾✷✽✶✸
❊♠✐❧✐❛ ✻✳✵✾ ✵✳✷✵✻✶✼✶✺ ✹✳✽✺✵✸✸✷
❯♠❜r✐❛✲▼❛r❝❤❡ ✺✳✾✼ ✵✳✷✺✹✼✹✷✼ ✸✳✾✷✺✺✸
▼♦❧✐s❡ ✺✳✾✷ ✵✳✷✼✼✻✵✺✶ ✸✳✻✵✷✷✸✾

■s ✐♠♣♦rt❛♥t ✉♥❞❡r❧②✐♥❣ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ L ✐s♥✬t t❤❡ s❛♠❡ ♦❢ t❤❡
❛♥♥✉❛❧ ♠❛①✐♠✉♠ ♠❛❣♥✐t✉❞❡✱ ❜✉t ✐ts tr❛♥s❢♦r♠❛t✐♦♥✳
■♥ ❢❛❝t✱ ❤❛✈✐♥❣ t❤❡ ❛♥♥✉❛❧ ❜❧♦❝❦ ♠❛①✐♠❛Mw ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥H0;5.362347,0.4964123✱
L ❤❛s ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

P(L ≤ λ) = P(k10
3
2
Mw+6.03 ≤ λ)

✻✾



= P

(

10
3
2
Mw ≤ λ

k106.03

)

= P

(

3

2
Mw ≤ log10

λ

k106.03

)

= P

(

Mw ≤ 2

3
log10

λ

k106.03

)

= H0;5.362347,0.4964123

(

2

3
log10

λ

k106.03

)

.

▲♦♦❦✐♥❣ t♦ ❢r❡q✉❡♥❝✐❡s ✇❡ ❝❛♥ t❤✐♥❦ t❤❛t L✬s ❞✐str✐❜✉t✐♦♥ ✐s ✇❡❧❧ r❡♣r❡✲
s❡♥t❡❞ ❜② t❤❡ ❋ré❝❤❡t ❞✐str✐❜✉t✐♦♥✳
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❋✐❣✉r❡ ✸✳✻✿ ❋r❡q✉❡♥❝✐❡s ♦❢ ❧♦ss L ✭♠✐❧❧✐♦♥ ❊✉r♦✮✳

❚r②✐♥❣ t♦ ✜t ❛ ●❊❱ ♠♦❞❡❧ ✇❡ ♦❜t❛✐♥ t❤❡ t❛❜❧❡ ❜❡❧♦✇✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡
t❤❛t ❡st✐♠❛t❡s ❛r❡ ❛❧❧ ❤✐❣❤❧② s✐❣♥✐✜❝❛♥t ❛♥❞ ξ̂ = 1.678477 > 0✱ ❝♦♥✜r♠✐♥❣
t❤❛t ❋ré❝❤❡t ❞✐str✐❜✉t✐♦♥ r❡♣r❡s❡♥ts ❞❛t❛ ✇❡❧❧✳
❘❡♠❡♠❜❡r t❤❛t ❢♦r ξ ≥ 1 t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢♦r t❤❡ ●❊❱ ❞✐str✐❜✉t✐♦♥ ✐s
✐♥✜♥✐t②✱ ❛♥❞ ❢♦r ξ ≥ 1/2 ❛❧s♦ ✐ts ✈❛r✐❛♥❝❡✳
❆♥②✇❛② ✐♥ ♣r❛❝t✐❝❡ t❤❡ ❧♦ss ❤❛s ❛♥ ✉♣✇❛r❞ ❧✐♠✐t✿ ✐♥ ❢❛❝t r❡❝♦♥str✉❝t✐♦♥ ❝♦sts
♦❢ t❤❡ ✇❤♦❧❡ ■t❛❧✐❛♥ ❜✉✐❧❞✐♥❣ ❤❡r✐t❛❣❡✱ ❝♦♠♣♦s❡❞ ❜② ✷✼ ♠✐❧❧✐♦♥ ❤♦✉s✐♥❣ ✉♥✐ts✱
❛♠♦✉♥t ♦❢ ✸✾✵✵ ❜✐❧❧✐♦♥ ❊✉r♦ ✭s❡❡ ❆◆■ ❬✷✷❪ ✮✳
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❋✐❣✉r❡ ✸✳✽✿ Pr♦❜❛❜✐❧✐t② ♣❧♦t ❛♥❞ ◗✉❛♥t✐❧❡ ♣❧♦t ✭♦♥ t❤❡ t♦♣✮✱ ❑❡r♥❡❧ ❞❡♥s✐t② ♣❧♦t
❛♥❞ ❘❡t✉r♥ ❧❡✈❡❧ ♣❧♦t ✭♦♥ t❤❡ ❜♦tt♦♠✮ ❢♦r t❤❡ ✜tt❡❞ ♠♦❞❡❧✳

❉✐❛❣♥♦st✐❝ ♣❧♦ts s❡❡♠s t♦ ❝♦♥✜r♠ ♠♦❞❡❧ ❛❞❡q✉❛❝②✳
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❙✐♥❝❡ t❤❡ ❧♦ss ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❋ré❝❤❡t✱ ❣✐✈❡♥ ❜②

Hξ;µ,σ(λ) = exp

{

−
[

1 + ξ

(

λ− µ

σ

)]−1/ξ
}

✇❤❡r❡ ξ = 1.678477✱ µ = 120.508 ❛♥❞ σ = 204.2805✱ ✇❡ ❝❛♥ ♥♦✇ ❝❛❧❝✉❧❛t❡
❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞ r❡t✉r♥ ♣❡r✐♦❞ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ ❧♦ss✳
❆❢t❡r t❤❛t ✇❡ ❝❛♥ ♣❧♦t ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛❣❛✐♥st t❤❡✐r ❧♦ss ✈❛❧✉❡s ♦❜✲
t❛✐♥✐♥❣ ❛ ❣r❛♣❤ ❝❛❧❧❡❞ ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❝✉r✈❡✳
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❋✐❣✉r❡ ✸✳✾✿ ❊①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❝✉r✈❡✳

❚❤❡ ✐♥s✉r❡r ❝❛♥ ✉s❡ t❤✐s ❣r❛♣❤ t♦ ❞❡t❡r♠✐♥❡ ❤♦✇ ❧❛r❣❡ ❛ ❧♦ss ✇✐❧❧ ♦❝❝✉r
❛t ❛ ❣✐✈❡♥ ♣r♦❜❛❜✐❧✐t② ❧❡✈❡❧✿ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐s ❝❛❧❧❡❞ ♣r♦❜❛❜❧❡ ♠❛①✐✲

♠✉♠ ❧♦ss✳ ❖❢t❡♥ t❤❡ P▼▲ ✐s ❛ss♦❝✐❛t❡❞ t♦ ✐ts r❡t✉r♥ ♣❡r✐♦❞ ✐♥st❡❛❞ ♦❢ ✐ts
❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t②✳

❚❤❡ ❡①❝❡❡❞❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❝✉r✈❡ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❞✐str✐❜✉t❡ ❧♦ss✿ ❛♥
❡①❛♠♣❧❡ ✐s ❛♥ ❤♦♠❡♦✇♥❡r ❤❛✈✐♥❣ ❞❡❞✉❝t✐❜❧❡ ♦♥ ❤✐s ✐♥s✉r❛♥❝❡ ♣♦❧✐❝② s✉❝❤ t❤❛t
❤❡ ❤❛❞ t♦ ❝♦✈❡r t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❧♦ss✱ ❛♥ ✐♥s✉r❡r ❝♦✈❡rs t❤❡ ♠✐❞❞❧❡ ♣♦rt✐♦♥
❛♥❞ ❛ r❡✐♥s✉r❡r ❤❛♥❞❧❡s t❤❡ ❧♦ss ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t✳

✸✳✹ Pr❡♠✐✉♠ ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ r❡s❡r✈❡

■♥ t❤❡ ♣❛st s❡❝t✐♦♥ ✇❡ s❛✇ t❤❛t ❛♥♥✉❛❧ ♠❛①✐♠✉♠ ♠❛❣♥✐t✉❞❡ Mw ❛♥❞ ❧♦ss
L ❞✐str✐❜✉t✐♦♥ ❛r❡ r❡❧❛t❡❞ t❤✉s✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ r❡❢❡r t♦
Mw✬s ❞✐str✐❜✉t✐♦♥✳

✼✷



❚♦ ❜❡❣✐♥ ❝❛♥ ❜❡ ✉s❡❢✉❧ ❣✐✈❡ ❛ ❧♦♦❦ t♦ ❛♥♥✉❛❧ ♠❛①✐♠✉♠ ♠❛❣♥✐t✉❞❡ q✉❛♥✲
t✐❧❡s✱ ❣✐✈❡♥ ❜②

x̂p = µ̂− σ̂ ln(− ln p) if ξ̂ = 0

✇❤❡r❡ µ̂ = 5.362347 ❛♥❞ σ̂ = 0.4964123✱ ❛♥❞ t❤❡✐r r❡t✉r♥ ♣❡r✐♦❞s ✭✐♥ ②❡❛rs✮✳
❚❤✉s ✇❡ ❤❛✈❡

x̂0.01 = µ̂− σ̂ ln(− ln 0.01) = 4.6042362 return period = 1.010101

x̂0.05 = µ̂− σ̂ ln(− ln 0.05) = 4.817689 return period = 1.0526316

x̂0.10 = µ̂− σ̂ ln(− ln 0.10) = 4.948323 return period = 1.1111111

x̂0.25 = µ̂− σ̂ ln(− ln 0.25) = 5.2002017 return period = 1.3333333

x̂0.50 = µ̂− σ̂ ln(− ln 0.50) = 5.5442885 return period = 2

x̂0.75 = µ̂− σ̂ ln(− ln 0.75) = 5.9808267 return period = 4

x̂0.90 = µ̂− σ̂ ln(− ln 0.90) = 6.479457 return period = 10

x̂0.95 = µ̂− σ̂ ln(− ln 0.95) = 6.8367885 return period = 20

x̂0.99 = µ̂− σ̂ ln(− ln 0.99) = 7.6459177 return period = 100

✇❤✐❝❤ ❛r❡ ♣r❡tt② ❝❧♦s❡ t♦ ❡♠♣✐r✐❝❛❧ q✉❛♥t✐❧❡s✱ ❝♦♥✜r♠✐♥❣ ❛♥♦t❤❡r t✐♠❡
❛♣♣r♦♣r✐❛t❡♥❡ss ♦❢ t❤❡ ❡st✐♠❛t❡❞ ●✉♠❜❡❧ ❞✐str✐❜✉t✐♦♥✳
❆❧s♦ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ♠❛①✐♠✉♠
✈❛❧✉❡ ❡st✐♠❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳

❋✐❣✉r❡ ✸✳✶✵✿ ❊♠♣✐r✐❝❛❧ q✉❛♥t✐❧❡s ❢♦r ❛♥♥✉❛❧ ♠❛①✐♠✉♠ ♠❛❣♥✐t✉❞❡ ✈❛❧✉❡✳

✼✸



❋✉rt❤❡r♠♦r❡✱ t♦ ❡❛❝❤ q✉❛♥t✐❧❡ ✈❛❧✉❡ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ✐ts ❧♦ss

▼✇❉❡❢ ❊♥❡r❣② ▲♦ss ❊①❡❡❞❛♥❝❡ Pr♦❜✳ ❘❡t✉r♥ P❡r✐♦❞

✭♠❛❣♥✐t✉❞❡✮ ✭N ·m✮ ✭♠✐❧❧✐♦♥ ❊✉r♦✮ ✭1− p✮ ✭②❡❛rs✮
✹✳✻✵✹✷✸✻✷ ✽✳✻✸✼❡✰✶✷ ✽✳✻✸✻✽✷✽✻ ✵✳✾✾ ✶✳✵✶✵✶✵✶
✹✳✽✶✼✻✽✾ ✶✳✽✵✺❡✰✶✸ ✶✽✳✵✺✷✸✹ ✵✳✾✺ ✶✳✵✺✷✻✸✶✻
✹✳✾✹✽✸✷✸ ✷✳✽✸✺❡✰✶✸ ✷✽✳✸✹✺✺✷✺ ✵✳✾✵ ✶✳✶✶✶✶✶✶✶
✺✳✷✵✵✷✵✶✼ ✻✳✼✻✻❡✰✶✸ ✻✼✳✻✺✺✹✶✸ ✵✳✼✺ ✶✳✸✸✸✸✸✸✸
✺✳✺✹✹✷✽✽✺ ✷✳✷✷✵❡✰✶✹ ✷✷✷✳✵✹✵✼✽ ✵✳✺✵ ✷
✺✳✾✽✵✽✷✻✼ ✶✳✵✵✸❡✰✶✺ ✶✵✵✷✳✽✺✾✹ ✵✳✷✺ ✹
✻✳✹✼✾✹✺✼ ✺✳✻✶✸❡✰✶✺ ✺✻✶✷✳✽✼✻✼ ✵✳✶✵ ✶✵
✻✳✽✸✻✼✽✽✺ ✶✳✾✷✽❡✰✶✻ ✶✾✷✽✸✳✸✻✷ ✵✳✵✺ ✷✵
✼✳✻✹✺✾✶✼✼ ✸✳✶✺✹❡✰✶✼ ✸✶✺✹✶✵✳✼✾ ✵✳✵✶ ✶✵✵

❛♥ t❤❡♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ❧♦ss

EAL =
9

∑

i=1

(1− pi)Li = 5143.2516 million Euro.

❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t ✐♥ t❤❡ ✇❤♦❧❡ ■t❛❧✐❛♥ t❡rr✐t♦r② t❤❡r❡ ❛r❡ ✷✼ ♠✐❧❧✐♦♥
❤♦✉s✐♥❣ ✉♥✐ts ✇✐t❤ ❛♥ ♦✈❡r❛❧❧ r❡❝♦♥str✉❝t✐♦♥ ❝♦st ♦❢ ✸✾✵✵ ❜✐❧❧✐♦♥ ❊✉r♦✱ ✇❡
❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r❡♠✐✉♠ ❛ss✉♠✐♥❣ ❛♥ ♦❜❧✐❣❛t♦r② ❛♥❞ s♦❧✐❞❛r✐t② ✐♥s✉r❛♥❝❡
s②st❡♠✿

EAL

num. of housing units
=

5143.2516 · 106
27 · 106 = 190.49 Euro

❢♦r ❛ ❤♦✉s❡ ♦❢ 3900 · 109/27 · 106 ≈ 144444 ❊✉r♦✳
❚❤✉s✱ ❢♦r ❛♥ ❤♦✉s✐♥❣ ✉♥✐t ✇✐t❤ ❛ r❡❝♦♥str✉❝t✐♦♥ ✈❛❧✉❡ ♦❢ 100000 ❊✉r♦ ✇❡
♦❜t❛✐♥

premium ≈ 131.88 Euro.

Pr❡♠✐✉♠s ❝♦❧❧❡❝t❡❞ ❡✈❡r② ②❡❛r ❜② t❤❡ ✐♥s✉r❡r ❛r❡ ♥❡❡❞❡❞ ❢♦r ❝♦✈❡r✐♥❣ t❤❡
❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ❧♦ss❀ ♦❜✈✐♦✉s❧② t❤❡ r❡❛❧ ❛♥♥✉❛❧ ❧♦ss ✐s ❛ ♣r✐♦r✐ ✉♥❦♥♦✇♥ ❛♥❞
✐ts ❡①t❡♥t ❝♦✉❧❞ ❜❡ ❣r❡❛t❡r ♦r ❧❡ss t❤❛♥ t❤❡ ❡①♣❡❝t❡❞✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ✐♥ ②❡❛rs ✐♥ ✇❤✐❝❤ t❤❡ r❡❛❧ ❧♦ss ✐s ❧❡ss t❤❛♥ t❤❡ ❡①♣❡❝t❡❞
♦♥❡✱ t❤❡ ✐♥s✉r❡r s❡ts ❛s✐❞❡ ♣❛rt ♦❢ ❝♦❧❧❡❝t❡❞ ♣r❡♠✐✉♠s ❡❛r♠❛r❦✐♥❣ t❤❡♠ t♦ t❤❡
❝♦✈❡r❛❣❡ ♦❢ ❢✉t✉r❡ ❧♦ss❡s ❣r❡❛t❡r t❤❛♥ t❤❡ ❡①♣❡❝t❡❞ ♦♥❡✳ ❚❤✐s r❡s❡r✈❡ ✐s ❝❛❧❧❡❞

✼✹



❡q✉✐❧✐❜r✐✉♠ r❡s❡r✈❡✿ ✐t ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ✇❤❡♥ t❤❡ ❧♦ss r❛t✐♦✱ ❣✐✈❡♥ ❜②
t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ r❡❛❧ ❧♦ss ❛♥❞ ❝♦❧❧❡❝t❡❞ ♣r❡♠✐✉♠s✱ ✐s ♠✉❝❤ ❧❡ss t❤❡♥ 1 ❛♥❞
❝❛♥ ❜❡ ✉s❡❞ ✇❤❡♥ t❤❡ r❛t✐♦ ✐s ❣r❡❛t❡r t❤❡♥ 1✳
❇❡✐♥❣ ❛ r❡s❡r✈❡ ❛♥❞ ♥♦t ❛ ♣r♦✜t ❢♦r t❤❡ ✐♥s✉r❡r✱ t❤✐s ❛♠♦✉♥t ♦❢ ♠♦♥❡② s❤♦✉❧❞
❜❡ ♥♦t t❛①❡❞✳

❘❡♠❛r❦ ✸✳✹✳✶✳ ❈♦✉♥tr✐❡s ✇❤✐❝❤ ❛❞♦♣t❡❞ t❤✐s ♠❡❛s✉r❡ ✜rst ❛r❡ ●❡r♠❛♥② ✭✶✾✺✷✮
❛♥❞ ❋✐♥❧❛♥❞ ✭✶✾✺✸✮❀ ✐♥ ■t❛❧② t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡s❡r✈❡ ❢♦r ♥❛t✉r❛❧ ❞✐s❛st❡rs
s❤♦✉❧❞ ❜❡ ❡st❛❜❧✐s❤❡❞ ❢♦r ❛❧❧ ♥♦♥✲❧✐❢❡ ❜r❛♥❝❤❡s✱ ❡①❝❧✉❞✐♥❣ t❤❡ ❈r❡❞✐t ❛♥❞ ❇❛✐❧
❜r❛♥❝❤ ✇❤✐❝❤ ❤❛s ❛ ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢ r❡s❡r✈❡ ✭s❡❡ ❉♦♥❛t✐ ❛♥❞ P✉t③♦❧✉ ❬✷✸❪✮✳

✸✳✺ Pr❡♠✐✉♠ ❞✐✈❡rs✐✜❝❛t✐♦♥ ❛♠♦♥❣ ③♦♥❡s

▲❡t ✉s s✉♣♣♦s❡ ♥♦✇ t❤❛t ❤♦✉s✐♥❣ ✉♥✐ts ❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ ■t❛❧✐❛♥ t❡rr✐t♦r②
✐s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✇❡ t❛❦❡ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥ ♦♥❧② ♣♦♣✉❧❛t❡❞ ③♦♥❡s✱ t❤❛t ✐s
❡①❝❧✉❞✐♥❣ t❤❡ ❙❡❛✴❋♦r❡✐❣♥ r❡❣✐♦♥✳
❯♥❞❡r t❤✐s ❤②♣♦t❤❡s✐s t❤❡r❡ ❛r❡ 5 ③♦♥❡s ❡❛❝❤ ✇✐t❤ 5.4 ♠✐❧❧✐♦♥ ❤♦✉s✐♥❣ ✉♥✐ts
✇✐t❤ ❛♥ ♦✈❡r❛❧❧ r❡❝♦♥str✉❝t✐♦♥ ✈❛❧✉❡ ♦❢ 780 ❜✐❧❧✐♦♥ ❊✉r♦✳

❯s✐♥❣ t❤❡ q✉❛♥t✐❧❡ ❢♦r♠✉❧❛ ✭✶✳✹✮

x̂p =

{

µ̂+ [(− ln p)−ξ̂ − 1]σ̂/ξ̂ ✐❢ ξ̂ 6= 0

µ̂− σ̂ ln(− ln p) ✐❢ ξ̂= 0

✇❡ ❝❛❧❝✉❧❛t❡ q✉❛♥t✐❧❡s ❛♥❞ ❧♦ss❡s ❢♦r ❡❛❝❤ ③♦♥❡ ❛♥❞ t❤❡♥ t❤❡✐r r❡s♣❡❝t✐✈❡
♣r❡♠✐✉♠s✶✳

• ❆❧♣s r❡❣✐♦♥✿ ξ̂ = 0✱ µ̂ = 4.592146✱ σ̂ = 0.4222104

▼✇❉❡❢ ▲♦ss ❊①❡❡❞❛♥❝❡ Pr♦❜✳ ❘❡t✉r♥ P❡r✐♦❞

✭♠❛❣♥✐t✉❞❡✮ ✭♠✐❧❧✐♦♥ ❊✉r♦✮ ✭1− p✮ ✭②❡❛rs✮
✸✳✾✹✼✸✺✹✾ ✵✳✽✾✸✸✼✷✵✸ ✵✳✾✾ ✶✳✵✶✵✶✵✶
✹✳✶✷✽✾✵✶✺ ✶✳✻✼✷✹✹✻✻ ✵✳✾✺ ✶✳✵✺✷✻✸✶✻
✹✳✷✹✵✵✵✽✽ ✷✳✹✺✹✼✽✸✺ ✵✳✾✵ ✶✳✶✶✶✶✶✶✶
✹✳✹✺✹✷✸✼✻ ✺✳✶✹✹✻✺✻✼ ✵✳✼✺ ✶✳✸✸✸✸✸✸✸
✹✳✼✹✻✽✾✶✻ ✶✹✳✶✸✻✸✺✹ ✵✳✺✵ ✷
✺✳✶✶✽✶✼✼✼ ✺✵✳✾✻✹✸✺✼ ✵✳✷✺ ✹
✺✳✺✹✷✷✼✹✺ ✷✷✵✳✺✵✶✻ ✵✳✶✵ ✶✵
✺✳✽✹✻✶✾✸✸ ✻✷✾✳✾✷✻✻ ✵✳✵✺ ✷✵
✻✳✺✸✹✸✼✻✽ ✻✼✽✺✳✷✸✾✽ ✵✳✵✶ ✶✵✵

✶P❛r❛♠❡t❡r ✈❛❧✉❡s ✉s❡❞ ❛r❡ ♦❜t❛✐♥❡❞ ✜tt✐♥❣ ❛ ●❊❱ ♠♦❞❡❧ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t ξ = 0✱
❡①❝❡♣t ❢♦r t❤❡ ❈❡♥tr❡ r❡❣✐♦♥ ✇❤♦s❡ ❡st✐♠❛t❡s ❛r❡ t❤♦s❡ ❢♦✉♥❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✹✳

✼✺



❚❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ❧♦ss ✐s

EAL =
9

∑

i=1

(1− pi)Li = 149.74921 million Euro.

❉✐✈✐❞✐♥❣ t❤✐s ✈❛❧✉❡ ❢♦r t❤❡ ✺✳✹ ♠✐❧❧✐♦♥ ❤♦✉s✐♥❣ ✉♥✐ts ✐♥ t❤❡ r❡❣✐♦♥ ❛♥❞
r❡❧❛t✐♥❣ ✐t t♦ ❛♥ ❤♦✉s❡ ✈❛❧✉❡ ♦❢ 100000 ❊✉r♦ ✇❡ ♦❜t❛✐♥

premium ≈ 19.20 Euro

• P♦ ✈❛❧❧❡② r❡❣✐♦♥✿ ξ̂ = 0✱ µ̂ = 4.760912✱ σ̂ = 0.4672812

▼✇❉❡❢ ▲♦ss ❊①❡❡❞❛♥❝❡ Pr♦❜✳ ❘❡t✉r♥ P❡r✐♦❞

✭♠❛❣♥✐t✉❞❡✮ ✭♠✐❧❧✐♦♥ ❊✉r♦✮ ✭1− p✮ ✭②❡❛rs✮
✹✳✵✹✼✷✽✾✼ ✶✳✷✻✶✻✸✼✹ ✵✳✾✾ ✶✳✵✶✵✶✵✶
✹✳✷✹✽✷✶✻✸ ✷✳✺✷✺✸✻✻✼ ✵✳✾✺ ✶✳✵✺✷✻✸✶✻
✹✳✸✼✶✶✽✹✸ ✸✳✽✻✶✻✽✶✺ ✵✳✾✵ ✶✳✶✶✶✶✶✶✶
✹✳✻✵✽✷✽✷ ✽✳✼✺✽✸✻✹✷ ✵✳✼✺ ✶✳✸✸✸✸✸✸✸
✹✳✾✸✷✶✼✻✻ ✷✻✳✽✵✽✵✸ ✵✳✺✵ ✷
✺✳✸✹✸✵✾✼✸ ✶✶✵✳✽✷✼✶ ✵✳✷✺ ✹
✺✳✽✶✷✹✻✻✸ ✺✻✵✳✻✺✾✽✹ ✵✳✶✵ ✶✵
✻✳✶✹✽✽✷✽✹ ✶✼✾✶✳✻✵✻✹ ✵✳✵✺ ✷✵
✻✳✾✶✵✹✼✺✸ ✷✹✽✼✷✳✶✷✽ ✵✳✵✶ ✶✵✵

❚❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ❧♦ss ✐s

EAL =
9

∑

i=1

(1− pi)Li = 449.17078 million Euro.

❉✐✈✐❞✐♥❣ t❤✐s ✈❛❧✉❡ ❢♦r t❤❡ ✺✳✹ ♠✐❧❧✐♦♥ ❤♦✉s✐♥❣ ✉♥✐ts ✐♥ t❤❡ r❡❣✐♦♥ ❛♥❞
r❡❧❛t✐♥❣ ✐t t♦ ❛♥ ❤♦✉s❡ ✈❛❧✉❡ ♦❢ 100000 ❊✉r♦ ✇❡ ♦❜t❛✐♥

premium ≈ 57.59 Euro

• ❈❡♥tr❡ r❡❣✐♦♥✿ ξ̂ = −0.1371585✱ µ̂ = 4.966685✱ σ̂ = 0.5771983

✼✻



▼✇❉❡❢ ▲♦ss ❊①❡❡❞❛♥❝❡ Pr♦❜✳ ❘❡t✉r♥ P❡r✐♦❞

✭♠❛❣♥✐t✉❞❡✮ ✭♠✐❧❧✐♦♥ ❊✉r♦✮ ✭1− p✮ ✭②❡❛rs✮
✸✳✾✽✻✵✽✵✾ ✶✳✵✷✶✷✷✹✽ ✵✳✾✾ ✶✳✵✶✵✶✵✶
✹✳✷✽✸✷✺✹✻ ✷✳✽✺✵✷✹✸✶ ✵✳✾✺ ✶✳✵✺✷✻✸✶✻
✹✳✹✺✻✻✻✼✸ ✺✳✶✽✽✵✶✶✼ ✵✳✾✵ ✶✳✶✶✶✶✶✶✶
✹✳✼✼✸✽✻✺✸ ✶✺✳✺✶✻✻✹✾ ✵✳✼✺ ✶✳✸✸✸✸✸✸✸
✺✳✶✼✸✵✵✻✸ ✻✶✳✺✽✾✽✾✸ ✵✳✺✵ ✷
✺✳✻✷✼✼✷✻✽ ✷✾✻✳✷✵✸✺✶ ✵✳✷✺ ✹
✻✳✵✽✹✷✻✵✾ ✶✹✸✸✳✹✼✾ ✵✳✶✵ ✶✵
✻✳✸✼✹✽✷✺✼ ✸✾✶✵✳✺✺✻✹ ✵✳✵✺ ✷✵
✻✳✾✸✺✼✽✻✸ ✷✼✶✹✹✳✸✺ ✵✳✵✶ ✶✵✵

❚❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ❧♦ss ✐s

EAL =
9

∑

i=1

(1− pi)Li = 735.19049 million Euro.

❉✐✈✐❞✐♥❣ t❤✐s ✈❛❧✉❡ ❢♦r t❤❡ ✺✳✹ ♠✐❧❧✐♦♥ ❤♦✉s✐♥❣ ✉♥✐ts ✐♥ t❤❡ r❡❣✐♦♥ ❛♥❞
r❡❧❛t✐♥❣ ✐t t♦ ❛♥ ❤♦✉s❡ ✈❛❧✉❡ ♦❢ 100000 ❊✉r♦ ✇❡ ♦❜t❛✐♥

premium ≈ 94.26 Euro

• ❙♦✉t❤ r❡❣✐♦♥✿ ξ̂ = 0✱ µ̂ = 4.889862✱ σ̂ = 0.6290228

▼✇❉❡❢ ▲♦ss ❊①❡❡❞❛♥❝❡ Pr♦❜✳ ❘❡t✉r♥ P❡r✐♦❞

✭♠❛❣♥✐t✉❞❡✮ ✭♠✐❧❧✐♦♥ ❊✉r♦✮ ✭1− p✮ ✭②❡❛rs✮
✸✳✾✷✾✷✸✶✷ ✵✳✽✸✾✶✻✸✾✶ ✵✳✾✾ ✶✳✵✶✵✶✵✶
✹✳✶✾✾✼✵✺✸ ✷✳✶✸✺✼✽✼✶ ✵✳✾✺ ✶✳✵✺✷✻✸✶✻
✹✳✸✻✺✷✸✻✻ ✸✳✼✽✸✶✻✶✼ ✵✳✾✵ ✶✳✶✶✶✶✶✶✶
✹✳✻✽✹✹✵✶✻ ✶✶✳✸✾✷✵✻✹ ✵✳✼✺ ✶✳✸✸✸✸✸✸✸
✺✳✶✷✵✹✵✼ ✺✶✳✸✺✽✷✽✸ ✵✳✺✵ ✷
✺✳✻✼✸✺✻✶✶ ✸✹✼✳✵✵✾✼✸ ✵✳✷✺ ✹
✻✳✸✵✺✸✾✹✹ ✸✵✼✻✳✼✹✺✼ ✵✳✶✵ ✶✵
✻✳✼✺✽✶✽✷✺ ✶✹✻✾✽✳✺✷✺ ✵✳✵✺ ✷✵
✼✳✼✽✸✹✻✵✼ ✺✵✼✷✶✸✳✼✾ ✵✳✵✶ ✶✵✵

❚❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ❧♦ss ✐s

EAL =
9

∑

i=1

(1− pi)Li = 6241.9789 million Euro.

✼✼



❉✐✈✐❞✐♥❣ t❤✐s ✈❛❧✉❡ ❢♦r t❤❡ ✺✳✹ ♠✐❧❧✐♦♥ ❤♦✉s✐♥❣ ✉♥✐ts ✐♥ t❤❡ r❡❣✐♦♥ ❛♥❞
r❡❧❛t✐♥❣ ✐t t♦ ❛♥ ❤♦✉s❡ ✈❛❧✉❡ ♦❢ 100000 ❊✉r♦ ✇❡ ♦❜t❛✐♥

premium ≈ 800.26 Euro

• ■s❧❛♥❞s r❡❣✐♦♥✿ ξ̂ = 0✱ µ̂ = 4.66749✱ σ̂ = 0.4133187

▼✇❉❡❢ ▲♦ss ❊①❡❡❞❛♥❝❡ Pr♦❜✳ ❘❡t✉r♥ P❡r✐♦❞

✭♠❛❣♥✐t✉❞❡✮ ✭♠✐❧❧✐♦♥ ❊✉r♦✮ ✭1− p✮ ✭②❡❛rs✮
✹✳✵✸✻✷✼✽✶ ✶✳✷✶✹✺✺✹✾ ✵✳✾✾ ✶✳✵✶✵✶✵✶
✹✳✷✶✹✵✵✶✹ ✷✳✷✹✸✽✾✷✽ ✵✳✾✺ ✶✳✵✺✷✻✸✶✻
✹✳✸✷✷✼✻✽✽ ✸✳✷✻✼✵✸✵✻ ✵✳✾✵ ✶✳✶✶✶✶✶✶✶
✹✳✺✸✷✹✽✻ ✻✳✼✹✶✵✼✷✺ ✵✳✼✺ ✶✳✸✸✸✸✸✸✸
✹✳✽✶✽✾✼✻✻ ✶✽✳✶✸✷✽✵✶ ✵✳✺✵ ✷
✺✳✶✽✷✹✹✸✺ ✻✸✳✻✸✵✹✽✼ ✵✳✷✺ ✹
✺✳✺✾✼✻✵✽✾ ✷✻✻✳✾✸✾✽✶ ✵✳✶✵ ✶✵
✺✳✽✾✺✶✷✼✷ ✼✹✺✳✾✶✼✺✶ ✵✳✵✺ ✷✵
✻✳✺✻✽✽✶✼✼ ✼✻✹✷✳✸✹✸✹ ✵✳✵✶ ✶✵✵

❚❤❡ ❡①♣❡❝t❡❞ ❛♥♥✉❛❧ ❧♦ss ✐s

EAL =
9

∑

i=1

(1− pi)Li = 176.71755 million Euro.

❉✐✈✐❞✐♥❣ t❤✐s ✈❛❧✉❡ ❢♦r t❤❡ ✺✳✹ ♠✐❧❧✐♦♥ ❤♦✉s✐♥❣ ✉♥✐ts ✐♥ t❤❡ r❡❣✐♦♥ ❛♥❞
r❡❧❛t✐♥❣ ✐t t♦ ❛♥ ❤♦✉s❡ ✈❛❧✉❡ ♦❢ 100000 ❊✉r♦ ✇❡ ♦❜t❛✐♥

premium ≈ 22.66 Euro.

❆❧s♦ ✐♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ t❤❡ ❡①t❡♥t ♦❢ t❤❡ r❡❛❧ ❛♥♥✉❛❧ ❧♦ss ❝♦✉❧❞ ❜❡ ❣r❡❛t❡r
♦r ❧❡ss t❤❛♥ t❤❡ ❡①♣❡❝t❡❞✱ ✇❡ ❝❛♥ ❡st❛❜❧✐s❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ r❡s❡r✈❡ ✇✐t❤ t❤❡
♣✉r♣♦s❡ ♦❢ ❝♦♠♣❡♥s❛t✐♥❣ t❤❡ ✢✉❝t✉❛t✐♦♥s ✐♥ t✐♠❡ ♦❢ t❤❡ ❧♦ss✳

✼✽



❈❖◆❈▲❯❙■❖◆❙

■♥ t❤✐s t❤❡s✐s ✇❡ ❛❞❞r❡ss❡❞ t❤❡ ❡①tr❡♠❡ ✈❛❧✉❡ t❤❡♦r② ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ❞✐str✐✲
❜✉t✐♦♥ ♦❢ ♠❛①✐♠❛✳
❚❤❡ ♠♦st ✐♠♣♦rt❛♥t r❡s✉❧t ✐s t❤❡ ❋✐s❤❡r✲❚✐♣♣❡t t❤❡♦r❡♠✱ ✇❤✐❝❤ ✐❞❡♥t✐✜❡s
t❤r❡❡ ♣♦ss✐❜❧❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❢❛♠✐❧✐❡s ❢♦r t❤❡ ♥♦r♠❛❧✐s❡❞ ♠❛①✐♠❛✱ t❤❛t
✐s t❤❡ ●✉♠❜❡❧✱ t❤❡ ❋ré❝❤❡t ❛♥❞ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳
❚❤❡ t❤❡♦r② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✜rst ❝❤❛♣t❡r ✇❛s t❤❡♥ ❛♣♣❧✐❡❞ t♦ ■t❛❧✐❛♥ ❡❛rt❤✲
q✉❛❦❡s ❞❛t❛ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ P❛r❛♠❡tr✐❝ ❈❛t❛❧♦❣✉❡ ♦❢ ■t❛❧✐❛♥ ❊❛rt❤q✉❛❦❡s
✭❈P❚■✶✺✮✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♠❛①✐♠❛ ✈❛❧✉❡s ♦❢ t❤❡ r❡❝♦r❞❡❞ ♠♦♠❡♥t ♠❛❣✲
♥✐t✉❞❡✳
❋r♦♠ t❤❡ ❛♥❛❧②s✐s ✇❡ ♦❜t❛✐♥❡❞ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s ♦❢ t❤❡ ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♣❛r❛♠❡t❡rs✱ ✜rst ❢♦r t❤❡ ✇❤♦❧❡ ■t❛❧✐❛♥ t❡rr✐t♦r② ❛♥❞ t❤❡♥ ❢♦r
❡❛❝❤ s❡✐s♠✐❝ ♠❛❝r♦✲③♦♥❡❀ t❤❡ ❛❞❡q✉❛❝② ♦❢ ❡❛❝❤ ✜tt❡❞ ♠♦❞❡❧ ✇❛s t❤❛♥ ❝❤❡❝❦❡❞
✉s✐♥❣ ♣r♦❜❛❜✐❧✐t② ♣❧♦ts✱ q✉❛♥t✐❧❡ ♣❧♦ts✱ r❡t✉r♥ ❧❡✈❡❧ ♣❧♦ts ❛♥❞ ❦❡r♥❡❧ ❞❡♥s✐t②
♣❧♦ts✳
■♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♠♦st s✉✐t❛❜❧❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ♠❛①✐♠❛ ❧❡t
✉s ❞♦✐♥❣ s♦♠❡ ❛❝t✉❛r✐❛❧ ❡✈❛❧✉❛t✐♦♥s✿ ✇❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✐♥s✉r❡r✬s ❡①♣❡❝t❡❞
❛♥♥✉❛❧ ❧♦ss ❛♥❞ t❤❡♥ t❤❡ ♣r❡♠✐✉♠ t❤❛t ♣❡♦♣❧❡ ❤❛✈❡ t♦ ♣❛② ✐❢ t❤❡② ✇❛♥t t♦
✐♥s✉r❡ ❤♦♠❡s ❢r♦♠ s❡✐s♠✐❝ r✐s❦✳
■♥ ♣❛rt✐❝✉❧❛r ✇❡ s❛✇ t❤❛t t❤❡ ❡①t❡♥t ♦❢ ♣r❡♠✐✉♠ ❞✐✛❡rs r❡❣✐♦♥ ❜② r❡❣✐♦♥ ❞❡✲
♣❡♥❞✐♥❣ ♦♥ ③♦♥❡ s❡✐s♠✐❝✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ♦♣❡♥ t❤❡ ✇❛② ❢♦r t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿
s❡t ❛ s✐♥❣❧❡ ♣r❡♠✐✉♠ ❢♦r ❛❧❧ ③♦♥❡s ♦r ❞✐✛❡r❡♥t✐❛t❡ ✐t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t❛❦❡♥
r✐s❦✳
❆❝t✉❛❧❧② ✐♥ ■t❛❧② t❤❡r❡ ✐s♥✬t t❤❡ ♦❜❧✐❣❛t✐♦♥ ♦❢ ✐♥s✉r❛♥❝❡ ❝♦✈❡r❛❣❡ ❛❣❛✐♥st ♥❛t✉✲
r❛❧ ❞✐s❛st❡rs✱ ❡✈❡♥ ✐❢ t❤❡r❡✬s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❡①t❡♥❞✐♥❣ ✜r❡ ♣♦❧✐❝✐❡s t♦ ♥❛t✉r❛❧
❞✐s❛st❡r ❞❛♠❛❣❡s✳ ❚❤✐s ❢❛❝t ❧❡❛❞s t♦ ❛♥ ❤✐❣❤ ❛♥t✐✲s❡❧❡❝t❡❞ r❡q✉❡st t❤❛t ❞♦❡s
♥♦t ❛❧❧♦✇ ✐♥s✉r❡rs t♦ ♦✛❡r t❤❡ s❛♠❡ ♣r✐❝❡ ♦♥ t❤❡ ✇❤♦❧❡ ■t❛❧✐❛♥ t❡rr✐t♦r②✿ ✐♥
❢❛❝t ❝✐t✐③❡♥s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ✐♥s✉r❛♥❝❡ ❝♦✈❡r❛❣❡ ❛r❡ ♣r♦❜❛❜❧② t❤♦s❡ ✇❤♦

✼✾



❧✐✈❡ ✐♥ ♠♦st r✐s❦② ③♦♥❡s✳
■♥ t❤✐s ❝❛s❡ t❤❡ ♦♥❧② ✇❛② ❝♦✉❧❞ ❜❡ ♠❛❦✐♥❣ ❝♦♠♣✉❧s♦r② t❤❡ ❝♦✈❡r❛❣❡✱ r❛✐s✐♥❣
❤♦✇❡✈❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❤✐❣❤ ❝❛♣✐t❛❧ r❡q✉✐r❡♠❡♥ts ♥❡❡❞❡❞ t♦ ❡♥s✉r❡ t❤❡
s♦❧✈❡♥❝② ♦❢ t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✳ ■♥ s✉❝❤ s✐t✉❛t✐♦♥ ❜❡❝♦♠❡s ♥❡❝❡ss❛r② ✐♥✲
tr♦❞✉❝✐♥❣ ♦✈❡r❞r❛✇♥ ❛♥❞✴♦r ❞❡❞✉❝t✐❜❧❡s ♦r ❛ ♣✉❜❧✐❝ r❡✐♥s✉r❡r✳
■♥st❡❛❞✱ ✐❢ t❤❡ ✐♥s✉r❡r ♣r♦✈✐❞❡s ❛ ③♦♥❡ ❞✐✛❡r❡♥t✐❛t❡❞ ♣r❡♠✐✉♠ ♣r♦❜❛❜❧② ♠❛♥②
♠♦r❡ ❝✐t✐③❡♥s ✐♥s✉r❡ t❤❡✐r ❤♦♠❡s✱ ❜✉t t❤♦s❡ ✇❤♦ ♥❡❡❞ ✐t ♠♦st s❤♦✉❧❞ ♣❛② ❛
t♦♦ ❤✐❣❤ ♣r❡♠✐✉♠✿ ✐♥ t❤✐s ❝❛s❡ ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ ✐♥tr♦❞✉❝✐♥❣ t❛① ✐♥❝❡♥t✐✈❡s ❛♥❞
❡①❡♠♣t✐♥❣ ❢r♦♠ t❛① ♣❛②♠❡♥t ✭✐♥ ■t❛❧② ❡q✉❛❧ t♦ 22.25%✱ ♦♥❡ ♦❢ t❤❡ ❤✐❣❤❡st ✐♥
❊✉r♦♣❡✮✱ ❡s♣❡❝✐❛❧❧② ✐❢ t❤❡ ❝♦✈❡r❛❣❡ ✐s ♥♦t ❝♦♠♣✉❧s♦r②✳
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