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Abstract

This academic work contributes to the theory of dynamic risk measures. As bounded
random variables and bounded discrete-time processes serve to model the discounted value
of random future payments, it stands to reason that dynamic risk measures are commonly
defined as families of certain functionals on the space of either one of them.

Such risk measures play a decisive role in the quantification of target capital as it is
discussed within the Swiss Solvency Test. On the assessment of target capital, we provide
some useful results which seem to advise against the current proposal. For this reason, we
attempt an alternative approach towards the task of quantifying target capital by means
of dynamic expected shortfall.

We introduce a notion of a conditional quantile and define conditional value at risk as
the largest such quantile. Dynamic value at risk and dynamic expected shortfall then are
constructed by iteration of conditional value at risk and conditional expected shortfall.
This construction principle is advisable for dynamic consistency reasons. We provide
characterizations of conditional expected shortfall by means of conditional quantiles and
present similar results in the dynamic case.






Chapter 1

Introduction

In Europe’s struggle for a risk-based solvency standard by means of Solvency II, the sys-
tematic treatment and discussion of risk measurement experiences not only a mathematical
but also now a political and economical right of existence. Dating the latter on Herbert
Liithy’s starting signal for the Swiss Solvency Test project in the spring of 2003, already
six years prior to this did Artzner et al. in [1, 2] successfully attempt from a mathematical
perspective the alteration of existing dogmas. In the arising dispute between many insti-
tutions and the insurance industry the academia’s influence is increasing, as is the need
for a theoretical view on this discussion.

A prominent concept of the current discussion surrounding minimum solvency require-
ments is target capital. Target capital is understood as the amount needed for an insurance
company to be sure (in a sense to be specified) that the assets at the end of a year are
sufficient to cover the liabilities. Sure means that even in an unlikely situation (say of a
1% probability) there is on average enough capital to allow the assets and liabilities to
be transferred to a third party and in addition to this, to provide a capital endowment
for that third party to cover its liabilities and future capital costs. Consequently, target
capital (T'C') is given by the sum of 1-year risk capital (ES) which is the capital necessary
for the risks emanating within a one year time horizon and the risk margin (M) which is
defined as the minimal amount that allows a healthy insurer to take over the portfolio at
no additional cost. In mathematical terms,

TC = ES+ M.

Within the White Paper of the Swiss Solvency Test [21] the Swiss Federal Office of Private
Insurance comes forward with a proposal of how to substantiate 1-year risk capital and
risk margin in terms of risk-bearing capital. As risk-bearing capital (C) is given by the
difference between a market consistent value of assets and a best estimate of liabilities a
reasonable definition of 1-year risk capital is

ES = EST(Cl—Co) = Co—{—EST(Cl),



where ES, denotes the expected shortfall at level r € (0,1). The confidence level 1 — r is
to be specified by the supervisor. The risk margin as well is quantified using the expected

shortfall at level r .

M = a Y ES(Cs—Cs1),
s=2
where T' > 2 is a finite time horizon and o > 0 designates the spread between interest
rates at which money can be borrowed and reinvested at no risk. As for the target capital,
we arrive at

T
TC = Co+ES,(C1) +a > ES(Cs—Cs1) = Co+T,(C),
s=2
where
T
I (C) = ES(C1)+a Y ES.(Ci—Cs).
s=2

We may view I', as a risk measure on the discrete-time process C' of risk-bearing capital
and should inspect whether I, satisfies some natural consistency properties: For instance,
it seems reasonable to ask that C; > C} with a 100% probability for all ¢t € {0,...,T'}
implies I, (C) < I',.(C*) for two processes C' and C* of risk-bearing capital between which
an insurer is free to choose. Unfortunately, it turns out that I';. fails to satisfy this inverse
monotonicity property in general. Here is a counter-example.

Let T'= 2 and consider a probabilistic model that consists only of two random future
states w1 and wy which both realize themselves with a 50% probability. The trajectories
of C* are zero irrespectively of what scenario occurs and the trajectory of C' is zero if
scenario wy occurs. Cp(wz) = Ca(w2) = 0, whereas Cj(w2) = 1. We have Ci(w;) > Cf (w;)
for i € {1,2} and t € {0,1,2}. For arbitrary level r € (0,1) we have I',(C*) = 0 since
ES,(0) = 0. For all 7 € (0,1) we have g¢,(r) = 0 and g¢,—¢, (r) = —1, where g¢, and
qc,—c, respectively designate quantile functions of the random variables C; and Cy — (.
The expected shortfall at level r = % of ' is given by

1
1 1
ES.(Cy) = —1/ qgo,(s) ds = 0
1 1 Jo
and of Uy — (1 it is given by
1 i
ES%(CQ—Cl) = —1/ qo,—cy(s) ds = 1.
1 J0

Thus, Fi(C) =a>0= F%(C*).

This drawback motivated more detailed research on the risk measure I', and on al-
ternative approaches towards a quantification of target capital. It is the objective of the
present thesis to provide a summary of the results we have collected so far and to point



out possible directions of further research we suspect to be likely to contribute to a better
handling of this complex on a day-to-day basis.

Outline. This thesis contributes to the theory of dynamic monetary risk measures
in a discrete-time setup. As information is modeled by terms of filtration, such risk
measures should no longer be static in the sense that only the information available at
a single date is taken into account. Since risk assessments should be updated as new
information is released, we should rather demand that the output of a dynamic monetary
risk measure is to be a discrete-time process which is adapted to the underlying filtration.
This is achieved by introducing dynamic monetary risk measures as families of conditional
monetary risk measures at different times. A conditional monetary risk measure, say
at time ¢, consequently is a mapping which assigns to a risky object a random variable
(interpreted as the associated risk) which is measurable with respect to the information
available up to time t. For this reason, the present thesis is roughly divided into two parts.
Chapters 2, 3 and 4 discuss conditional monetary risk measures, whereas chapters 5 and
6 are devoted to dynamic monetary risk measures.

Throughout recent literature on dynamic monetary risk measures mainly two ideas
of risky objects are taken into account. On the one hand, there are bounded random
variables describing random future payments that materialize at a single future date and
on the other hand, we have bounded discrete-time processes that are meant to display the
entire evolution of an arbitrary financial position across time. Mathematically, monetary
risk measures that deal with bounded discrete-time processes are more challenging and as
such processes are capable of carrying more information about a risky object than a single
bounded random variable is, a systematic treatment of this complex seems desirable from a
sophisticated risk management viewpoint as well. This thesis contributes to both aspects,
however the focus is on conditional and dynamic monetary risk measures for bounded
random variables. It seems tempting to explore an extension of our results from bounded
random variables to bounded discrete-time processes, yet the required technical effort of
displaying this complex seems to lie beyond the scope of this thesis.

As this thesis is mainly based on literature which considers utility rather than its
negative (utility = —risk), we set forth this convention as well as the preferred use of
working with conditional and dynamic monetary utility functionals over conditional and
dynamic monetary risk measures.

In chapter 2 we provide the setup, as well as the notation and we introduce conditional
monetary utility functionals for bounded random variables and for bounded discrete-time
processes. Chapter 3 is devoted to a discussion of the above introduced risk measure I',
on an axiomatic level. We consider functionals that satisfy the same set of axioms as I',.
does and approximate such functionals by means of conditional coherent risk measures.
We give necessary and sufficient conditions for the existence of a best (in a sense to be
specified) approximation in terms of what we call monotone hulls. As a main result we
explicitly construct the best approximation to I'.. Unfortunately, it turns out that this
approximation is not capable of assessing the riskiness evolving from inter-temporal cash-
flow streams. As we assume that this is not desirable, chapter 4 introduces the building



blocks for our proposal of an alternative quantification of target capital in the spirit of
expected shortfall. We present our notion of a distribution invariant conditional mone-
tary utility functional and introduce conditional value at risk and conditional expected
shortfall in terms of conditional quantiles. We provide some useful results on conditional
quantiles and a generalization of the static case interaction between value at risk and ex-
pected shortfall. Chapter 5 then enters into the discussion of dynamic monetary utility
functionals. We introduce basic definitions and in particular we define what we mean by
time-consistency. We show how time-consistency relates to an iteration condition which
yields a powerful construction principle: By backwards induction an arbitrary family of
conditional monetary utility functionals serves as a construction kit for time-consistent
dynamic monetary utility functionals. A recent duality result for time-consistent dynamic
monetary utility functionals which are continuous in a mild sense is given. We introduce
a concatenation operation for probability measures that are absolutely continuous with
respect to some reference probability measure. This allows us to prove a modified ver-
sion of this recent representation result by means of concatenated probability densities.
In chapter 6 we are finally able to present dynamic value at risk and dynamic expected
shortfall as time-consistent dynamic monetary utility functionals respectively constructed
via iteration of conditional value at risk and conditional expected shortfall. We discuss
time-consistency properties and present a characterization theorem of dynamic expected
shortfall by combining the results of chapters 4 and 5.

The core of this thesis accumulates in the chapters 4 and 6. Although these chapters
are a product of collective work, the key results are the earnings of Damir Filipovi¢ and
Michael Kupper. The outlining and composition of chapter 4 mainly follows Michael
Kupper’s ideas. As apostle Paul, addressing the Romans, reminds us:

amédore TaoLY TAS OPELAGS, [...] TO THY TLuny THY TLumv. IPOX POMAIOYS 13,71
L

TRender therefore to all their dues: [...] honour to whom honour. Romans 13,7



Chapter 2

Conditional Monetary Utility
Functionals

The two main objectives of this chapter are on the one hand, to present the setup and
the notation as it is used throughout this thesis and on the other hand, to provide an
axiomatic setup for risk measurement within a multi-period framework. We start off with
a short reprise on the most striking features of stopping times and pass on to introduc-
ing one of the key notions of this thesis: a conditional monetary utility functional. In
accordance with the introduction, conditional monetary utility functionals are separately
introduced as functionals on the space of bounded random variables and on the space
of bounded discrete-time processes. We translate the Swiss Solvency Test risk measure
into our dynamic framework. By the end of this chapter we will have provided a sound
foundation to start doing the mathematics.

2.1 Introduction

As evolving financial markets constantly provide more and more information, a prudent
risk management should be equipped with a dynamic machinery that is capable of updating
risk assessments across time. On this account, the recent literature on risk measurement
comes forward with a variety of proposals to an extension of the celebrated static case
axiomatics first presented in Artzner et al. [1, 2] to a dynamic temporal setting.

In this thesis we work in a discrete-time setup with finite time horizon 7. Bounded
discrete-time processes are meant to describe the evolution of discounted financial posi-
tions as time approaches T', whereas bounded random variables are to be understood as
discounted future payoffs that are realized at the final date T. We simply call the former
value processes and the latter final values. It is the aim of the present chapter to provide a
sound axiomatic setup which ensures an adequate assessment of the riskiness arising from
value processes as well as from final values.

Here and in the following, we order value processes and final values by almost sure
dominance as it is done in Artzner et al. [4], Cheridito et al. [6, 7, 8], Cheridito and



Kupper [9] as well as in Kupper [19]. In a discrete-time setting we my always pass to
increment processes and arrive at risk measurement of cash-flow streams, yet the order of
almost sure dominance is not preserved under this transition. Riedel [20], Detlefsen and
Scandolo [13] as well as Weber [23] for instance, order cash-flow streams by almost sure
dominance and consequently propose a notion of a dynamic monetary risk measure that
is monotone in terms of cash-flow streams.

Already in the static case Follmer and Schied [15, 16] as well as Frittelli and Rosazza
Gianin [14] established, by means of convex monetary risk measures, a more general ax-
iomatic setting than the one originally presented in the seminal works Artzner et al. [1, 2]
for finite and Delbaen [10, 11] for general probability spaces. For an excellent summary
of the static case results we recommend the textbook Follmer and Schied [17]. The miti-
gation of merely imposing convexity rather than coherence remains just as tempting in a
dynamic temporal setting. Indeed, within a discrete-time setup it turns out that, under
adequate adjustments, the static case duality results on convex monetary risk measures
are still valid in a multi-period setting and can be proved by essentially the same tech-
niques. Such conditional representation results in the case of convexity are first given in
Detlefsen and Scandolo [13], whereas Riedel [20] follows Artzner et. al by studying dy-
namic coherent monetary risk measures. Within this thesis however we do not focus on
any one of the two concepts as our main results are in fact valid in the case of convexity
but are demonstrated by means of coherent risk measures.

The structure of this chapter is as follows: In the first section we present the setup
and notation we choose to work with throughout this thesis. We present a short collection
of some basic properties of stopping times and the associated o-algebras. The main focus
is on measurability. As information is modeled in terms of a filtration we then introduce
in section 2.3 monetary utility functionals for bounded random variables conditioned on
the information available up to stopping times. We present a few basic properties as well.
The third section introduces our notion of a conditional monetary utility functional for
bounded discrete-time processes. We conclude with a first discussion of the Swiss Solvency
Test risk measure I', which was introduced in chapter 1.

2.2 The Setup, Notation and Stopping Times

For the rest of this chapter, we fix a finite time horizon T' € N and shorten T = [0,7] N N.
The stochastic basis is given by a probability space (2, F, P) endowed with a filtration
(F)ter such that Fy = {Q,0} and F = Fp. One should think of F; as the information
available up to time t¢.

For t € T we denote by L°(F;) = L°(, F;, P) the space of (equivalence classes of)
Fi-measurable random variables. For X,Y € L°(Fr), X = Y, ass. P, by convention
means that X’ =Y’  a.s. P, for all pairings (X', Y') € X x Y. L®(F,) = L>®(Q, F, P)
denotes the subspace of P-almost surely bounded random variables, i.e.

L¥(Fy) = A{X € L(F) | [|X||z= < o0},



where
|| X ||z :=1inf {m € R| |X| < m, as. P}.
For t = T we set L° = LO(F) = L°(Fr) as well as L™ = L®(F) = L>®(Fr).

By RY we denote the space of (equivalence classes® of) all adapted stochastic processes
(Ci)ter on the filtered probability space (Q, F, (Ft)ier, P). Furthermore, the subspace
R> of RY is given by

R*:={C € R" | ||C|r= < oo},
where
||C||re :=inf {m € R | sup |C¢| < m, a.s. P}.
teT

Recall that an F-measurable function 7: Q — T U {400} is called (F;)-stopping time
if for all ¢ € T the event {7 < t} is observable by time ¢. In other words, {7 < t} € F;
for all ¢ € T. Throughout this thesis we only consider finite (F;)-stopping times, i.e. an
(Ft)-stopping time 7 is always assumed to satisfy 7(w) < T, for all w € Q. For two (F)-
stopping times 7 and € such that 7(w) < 6(w), for all w € Q, we define the projection
Trg - RO — RO,
C 7T7—79(C)t = 1{7.95}0,5/\9, te .

Furthermore, we introduce the subspace
R = mr9(R™)

of R*>.
For an (F;)-stopping time 7 we denote by F, the o-algebra of events determined prior
to the stopping time 7, i.e.

Fri=c{Ae Fr|An{r <t} e FforalteT}

L>(F;) = L>®(Q, F;, P) is given as above.
Here is a collection of a few basic properties of stopping times and their associated
o-algebras:

e Since
An{r<tt=(AU{r>th)n{r<t}=An{r <) n{r <t}

as well as

{r<tinlJ A= J{r<t}n4,),

neN neN

for A, A,, € Fr,n € N and an (F;)-stopping time 7, we deduce that

Fr={AecFr|An{r<t} e FforalteT} (2.2.1)

By C = D, as. P, for two stochastic processes C, D € R® we mean that for P-almost all w € €,
Ci(w) = D¢(w) for all t € T.



e If 7(w)+n < T, for all w € Q, for an (F;)-stopping time 7 and n € T, then
T+n:Q—T, w— 7(w) 4+ n is again an (F;)-stopping time. To see this first note
that {7 +n <t} =0 € F; for n > t. Then observe that for n < ¢ we have

{T+n§t}:{7§t—n} € Fi_n C F,
which verifies the statement.

e Consider an (F;)-stopping time 7, a process C € R* and t € T.

We have {7 =t} € F;. Hence, 7 =, .3 tl{,—y is Fr-measurable.
The Fi-measurable functions 1¢,_Cy and 1(;5,Ct are Fr-measurable. To prove
this, it suffices to show that the events {1 (>)t}0t € B} n{r < s} belong to the

T =
o-algebra Fy for any Borel-set B € B(R), for all s € T. To this end, observe that
these events can also be written in the form

(>) ()
(((creByn{r D hu(foe BYn{r # 1)) n{r <s}. (2.2.2)
Note that all of these sets belong to either F; or F;. Thus, we are done if s > t.

Now let s < ¢t and consider the case where 0 ¢ B first. Then (2.2.2) reduces to
{Cy e B}n{r > t} N {7 < s} which in both cases is the empty set and therefore

)
both events belong to Fs. For 0 € B (2.2.2) reads {7 # t}N{r < s} ={r <s} € F;
and we are done for s < t also.
We now derive that the F;-measurable functions

C;r = Z 1{7‘:t}0t7

teT

as well as

t
Cinr =1y Cr + Z L=y Cs,
s=0

are F,-measurable.

e Assume that an (F;)-stopping time 7 satisfies 7(w) = s, for all w € Q and some
constant s € T. In this case AN{r <t} = AN {s <t} is either the empty set or A
itself. From (2.2.1) we thus deduce that F; and Fs coincide.

e Consider two (F;)-stopping times 7 and 6, such that 7(w) < §(w), for all w € Q. We
then have {§ <t} C {r <t}, t € T and hence

An{ <t} =An{r <t}n{o <t}

Thus, Fr C Fy and in turn L*°(F;) C L™ (Fy).



The above statements are still valid if equalities and inequalities between (F)-stopping
times as well as equalities and inclusions between sets are understood in the P-almost sure
sense. For instance, if 7,0 is a pair of (F;)-stopping times such that 7 < 6, a.s. P, then
Fr C Fy up to null-sets. However, in this case an F,-measurable function no longer has to
be Fyp-measurable in turn. One may fix this problem by assuming that Fg already contains
all null-sets in F, yet such an approach is not attempted here.

2.3 Conditional Monetary Utility Functionals for Random
Variables

The risky objects considered in this section are random variables of the vector space
L>*(Fr). 7 and 0 are two (F)-stopping times such that 7(w) < f(w) for all w € Q.

Definition 2.3.1 We call a functional ¢ g : L°(Fg) — L*°(F;) a conditional monetary
utility functional (on L™ (Fy)) if it satisfies the following properties:

(n) Normalization: ¢,4(0) =0, a.s. P

(m) Monotonicity: ¢,¢(X) < ¢,9(Y), as. P, for all XY € L>*(Fy) such that
X <Y, as P

(Fr-ti) Fr-Translation Invariance: ¢,¢(X +m) = ¢, 9(X) +m, a.s. P, for all X €
L>(Fy) and m € L>(F,).

We call a conditional monetary utility functional ¢rg a conditional concave utility func-
tional if it satisfies

(Fr-c) Fr-Concavity: ¢.9(AX + (1 =AN)Y) > Apr9(X) + (1 = N)gr9(Y), a.s. P, for all
X, Y € L*®(Fp) and X € L>®(F;) such that 0 < A <1, a.s. P.

We call a conditional concave utility functional ¢r¢ a conditional coherent utility func-
tional if it satisfies

(Fr-ph) F,-Positive Homogeneity: ¢, ¢(AX) = A, 9(X), a.s. P, for all X € L*>(Fp)
and X\ € LY (Fr) :={f € L®(F:)| f>0, as. P}.

pro : L(Fp) — L°(F;) is a conditional monetary risk measure on L*(Fy) if —pr g is
a conditional monetary utility functional on L*°(Fy). prg is a conditional convex risk mea-
sure if —prg 1s a conditional concave utility functional and prg is a conditional coherent
risk measure if —prg is a conditional coherent utility functional.

Note that a conditional monetary utility functional (on L% (Fy)) is defined on equiva-
lence classes of random variables that are equal P-almost surely. In this sense, conditional
monetary utility functionals assign the same utility to random variables that coincide
P-almost surely.

Here is a standard remark:



Remark 2.3.2 A functional ¢rg : L>(Fy) — L*¥(F;) is a conditional coherent utility
functional if and only if it satisfies (m), (Fr-ti) and (F-ph) of the preceding definition
together with

(sa) Superadditivity: ¢, g(X +Y) > ¢ 9(X)+ ¢ 9(Y), a.s. P, for all X, Y € L>®(Fy).

Any functional ¢rg : L°(Fy) — L>°(F;) that satisfies (Fr-ph) is normalized. Thus,
necessity follows from

Br0OX + (1= NY) 2 6r0(AX) + 6r0((1 - N)Y)
= A¢7’,9(AX) + (1 - )\)¢T,9(Y)7 a.s. P,

for all X, Y € L*(Fy) and X € L*=°(F;) such that 0 < XA <1, a.s. P.
Conversely, let ¢, ¢ be a conditional coherent utility functional. We then have

bra(X +Y) > Abro Gx) (1 Néro (1_1A )

= ¢T,6(X) + ¢T,0(Y)a a.s. P,

for all X, Y € L*(Fy) and A € L*™°(F;) such that 0 < XA <1, a.s. P.

Suppose that we are given a conditional monetary utility functional ¢, : L>(Fp)
— L*(F;) and an (F;)-stopping time o such that 7(w) < o(w) < O(w), for all w €
Q. Recall that L*(F,) C L*(Fp). Hence, ¢,p induces a conditional monetary utility
functional ¢, (on L*°(F,)) via

¢T,U(X) = ¢T,9(X)7 X e Loo(fa) (233)

Example 2.3.3 Fiz a discrete-time process C' € Ry a conditional monetary utility
functional ¢r9 and t € T\ {0}. The Fi-measurable increment ACy; := Cy — Cy—q =
Cing — Ci—1)ne 8 Fop-measurable as the previous section tells us. Let us assume that
T(w) + 1 < O(w), for allw € Q. Again in reference to the previous section we know that
T+1 is an (Fy)-stopping time and that Cr1q is Fri1-measurable. Keeping (2.3.3) in mind
we may thus define

Up(C)i=¢rri1(Crin) o Y ¢r0(ACY), (2.3.4)

T+1<s<T

where a > 0 is some positive constant. From

Z ¢T,9(ACS) = Z 1{T:t} Z ¢T,9(ACS) )

T4+1<s<T teT t+1<s<T

we derive that V. o(C) € L>(F;).

10



If T(w) =0 and O(w) =T for all w € Q we may choose —¢o T as the expected shortfall
ES, at some level r € (0,1). After switching signs, (2.3.4) then reads

~Uyr(C) = ES,(C1) +a Y ES.(AC).
1<s<T
This is precisely the Swiss Solvency Test risk measure I', which was introduced in chapter
1 already.

2.4 Conditional Monetary Utility Functionals for Discrete-
Time Processes

The risky objects considered in this section are stochastic processes of the vector space
R2S. As in the previous section 7 and 6 are two (F;)-stopping times such that 7(w) < (w)
for all w € Q.

Definition 2.4.1 We call a functional ®;9 : R, — L*(F:) a conditional monetary
utility functional (on RS) if it satisfies the following properties:

(N) Normalization: ®,4(0) =0, a.s. P

(M) Monotonicity: ®,4(C) < ®,4(D), a.s. P, for all C,D € R such that C <
D, as. P

(F7-TT) F--Translation Invariance: ®,4(C + ml 1) = ®,;4(C) +m, a.s. P, for all
C € Ry and m € L>(F~).

We call a conditional monetary utility functional ®;¢9 a conditional concave utility func-
tional if it satisfies

(F;-C) F;-Concavity: ©,9(AC + (1 — A\)D) > X®,4(C) + (1 — \)®@,4(D), a.s. P, for
allC,D ¢ Ri?e and X\ € L*>°(F;) such that 0 < X <1, a.s. P.

We call a conditional concave utility functional ®;9 a conditional coherent utility func-
tional if it satisfies

(F--PH) F,-Positive Homogeneity: ®.4(A\C) = A\, 4(C), a.s. P, for all C € R
and A € LY (Fr)={fe€ L>®(F:)| f>0, as. P}.

I Rif@ — L*°(F;) is a conditional monetary risk measure on Rif’g if =I'z9 is a
conditional monetary utility functional on R>. I'rg is a conditional conver risk measure
if =179 is a conditional concave utility functéonal and L'z g is a conditional coherent risk
measure if —I'7¢ is a conditional coherent utility functional.

Note again that a conditional monetary utility functional (on R>)) agrees in the P-
almost sure sense on stochastic processes that are equal P-almost surély. Here and in the
following, the difference between conditional monetary utility functionals on L (Fy) and
on R, is respectively indicated by lowercase and capital letters.

We may recast remark 2.3.2 as follows:
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Remark 2.4.2 A mapping @, : Ry — L™ (Fr) is a conditional coherent utility func-
tional if and only if it satisfies (M), (F--TI) and (F-PH) of the preceding definition
together with

(SA) Superadditivity: ®,4(X +Y) > O, 4(X)+ P, 9(Y), a.s. P, forall XY € RY%Y

This follows as in remark 2.3.2.

Again it is worth mentioning that a conditional monetary utility functional ®, 4 :
o0 — L% (Fr) can be viewed as a conditional monetary utility functional ®,, (on R2%,)
via

(I)T,a< )_q)‘l'9< ) C e RY,

T,0)

(2.4.5)
for an (F)-stopping time o such that 7(w) < o(w) < §(w), for all w € Q.

Example 2.4.3 Let us continue the discussion of the functional ¥ g introduced in exam-
ple 2.3.3. In addition we assume that ¢, g is a conditional coherent utility functional (on
L>(Fp)).

Chapter 1 presented an example which clarified that the Swiss Solvency Test risk mea-
sure I lacks monotonicity in general and so does the functional ¥ g : Ry — L>(F;),

Crs Urg(C) = ¢rr1(Crpr) +a > drp(ACY)
T+1<s<T

in turn. W, g does however satisfy (Fr-PH) since the conditional coherent utility func-
tional ¢r¢ is Fr-positive homogeneous. Furthermore, from

Voo(C+mlpq) = ¢rrr1(Cryn+m) +a Z br.0(AC)
T4+1<s<T

= m4 o1 (Cri)+a Y dr9(ACK)
T+1<s<T

= m-++ \I/Tyg(C)
and

\I]T,Q(C + D) = ¢T,‘r+1 (CT+1 + DT+1) +a Z ¢T,9(ACS + ADs)

T+1<s<T
2 ¢T77‘+1 7'+1 Z ¢T€ AC
TH+1<s<T
+¢T,T+1(DT+1) + « Z ¢T,9(ADS>
T+1<s<T

= U, 4(C)+ ¥, 4(D)
for all C, D € R, and m € L*(F;) it follows that ¥+ g satisfies (Fr-TI) and (SA).

Section 3.4 is devoted to a further discussion of the functional ¥, g.
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Chapter 3

Monotone Hulls

In this chapter we provide some results on functionals ¥ : R — L°(F;) which satisfy
the axioms of a conditional coherent utility functional on Ri‘sg except for (the economi-
cally highly reasonable) monotonicity. As a main result we give necessary and sufficient
conditions for the existence of a smallest conditional monetary utility functional which
majorizes such a ¥ in terms of monotone hulls. We then explicitly construct the greatest
conditional coherent risk measure which is dominated by the Swiss Solvency Test risk
measure ['..

3.1 Introduction

Consider an insurance company which is enforced by the supervisor to determine its capital
requirements by means of a certain risk measure, say I'. Since I' is exogenously specified,
it may not appropriately reflect the actual risks run by the company. Moreover, I' may not
even satisfy the natural consistency axioms of definitions 2.3.1 and 2.4.1 of the preceding
chapter. Such a situation is existent in the case of the Swiss Solvency Test risk measure
I, as the discussion of the two preceding chapters illustrates. There seems to be not much
sense in applying I', and it suggests itself to rather use a reasonable substitute of the
mandatory risk measure even if it is of an in-house benefit only. As a first attempt, one
may try to construct the largest conditional monetary risk measure which is majorized by
I',. This is precisely the objective of the present chapter.

In general, this task seems to be best approached by considering acceptance sets as
the primary object. Therefore, section 3.2 starts with a brief repetition on acceptance sets
and their beneficial features. We show how a conditional monetary utility functional can
be recovered from its acceptance set and how such a set on its part may serve already as a
notion of a conditional monetary utility functional. In section 3.3 we study the general case
of approximating functionals ¥ : R — L°°(F,) which satisfy the same set of axioms as
U, g of example 2.3.3 does. The appfoximation is by means of conditional monetary utility
functionals which majorize the given functional ¥. We clarify what almost sure dominance
means in terms of acceptance sets and define monotone hulls of certain sets as well as of
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certain functionals. The main result of this section is more or less a combination of the
properties of acceptance sets. It states that there exists a smallest conditional monetary
utility functional majorizing ¥ if and only if the monotone hull of ¥ is normalized. In this
case, it is given by the monotone hull itself which automatically is conditional coherent. On
the contrary, there is no (not necessarily smallest) conditional monetary utility functional
majorizing W at all, if the monotone hull is not normalized. In fact, normalization of the
monotone hull is equivalent to the existence of any conditional monetary utility functional
which majorizes W. The last section of this chapter is devoted to the functional ¥,y of
example 2.3.3. We explicitly construct the monotone hull of the functional W g.

Throughout this chapter we consider the setup of section 2.2 and let 7 and 6 be two
(Fi)-stopping times such that 7(w) < #(w) for all w € Q.
3.2 Acceptance Sets

For all of this section ¢, g : L>(Fg) — L*°(F;) and O, : R — L*°(F;) are conditional
monetary utility functionals on L*°(Fy) and on R

Definition 3.2.1 The acceptance sets of ¢rp and ®. g are respectively given by

A2y = {X € L®(Fp)| ¢r9(X) 20, as. P} and
ALy = {CeRY|®.0(C) >0, as. P}.

Remark 3.2.2 Via the conventions (2.3.3) and (2.4.5) the sets

A2 = (X € L™®F,) | ¢pro(X) >0, as. P} and
A, = {CeRE,|D.,(C) >0, as. P}

are well defined for all (Fy)-stopping times o with 7(w) < o(w) < O(w) for allw € Q. We
have

Afvg C .Afﬂ and
A2, C A3,

Definition 3.2.3 For arbitrary L C L*(Fy) and R C Ry and for all X € L*>(Fy) and
C € RY we define

¢c(X) = esssup {me L>®(F;) | X —me L} and
PR(C) = esssup {m € L>(F;) | C —mlpqm € R}

with the convention
ess.sup ) ;== —o0.
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The next three propositions demonstrate the usefulness of the concept of acceptance
sets.

Proposition 3.2.4 We have

¢Af79 = d)ﬂ',@ and

(b‘A;{—),Q == @7—’9.
Proof. For all X € Fy,

(bAfg(X) = esssup {me L(F)| X —me Afﬁ}

= ess.sup {m € L(F;) | ¢,9(X —m) >0, as. P}
= ess.sup {m € L°(F;) | ¢-9(X) > m, as. P}
= ¢;0(X), as. P

And for all C' € R
<I>A¢9(C) = esssup {m € L™(F;) |C —mlq € Af’@}
= ess.sup {m € L(F;) | @,9(C —mlq)) 20, as. P}

ess.sup {m € L¥(F;) | ®;9(C) > m, as. P}
= &, 9(C), as. P

Proposition 3.2.5 The acceptance sets Afg and -’433,0 have the following properties:

(n) Normalization: ess.inf {f € L>(F;) | f € Af’e} =0, as. P

(N) Normalization: ess.inf {f € L*(F;) | flj, 1] € A?e} =0, a.s. P
as well as

(m) Monotonicity: X € A%, Y € L®(F), X <Y, as. P=Y € A?,
(M) Monotonicity: C € Af’g, DeRS, C<D, as. P=D € A?e.

T,07
If ¢r9 and ®. ¢ are conditional concave utility functionals, then Afﬁ and Afﬁ satisfy
(Fr-c) Fr-Convexity: AX + (1 — \)Y € A%, for all X,Y € A?, and A € L®(F,) such
that 0 < A <1, a.s. P
(F7-C) Fr-Convexity: \C + (1 —\)D € AY, for all C,D € A%, and A € L®(F;) such
that 0 < A <1, a.s. P.

If ¢r 9 and @, ¢ are conditional coherent utility functionals, then Afg and .Af’@ satisfy

(Fr-ph) F,-Positive Homogeneity: \X € Aig for all X € Afﬁ and \ € LY (F7)
(F--PH) F,-Positive Homogeneity: \C € Af’g for all C € Afﬂ and X € LY (F;)

as well as
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(sa) Superadditivity: X +Y € Af,o for all X,Y € .Af,@
(SA) Superadditivity: C + D € A, for all C,D € A3,

Proof. (n) and (N): From the definition of Aie, (F+-TI) and (N) of definition 2.4.1 it
follows that

ess.inf {f € L™
= essinf {f € L™
= essinf {f € L™
= essinf {f € L™

o
.
.
.

| flrm € A?,e}

| <I>T79(f1[T7T}) >0, a.s. P}

| ©,0(0)+ f >0, as. P}

| f>0, as. P} =0, as. P.

AA/_\/_\
~— — — —

In the same way we derive from the definition of Af_’g, (Fr-ti) and (n) of definition 2.3.1
that

ess.inf {f € L™(F;) | f € Afﬁ}
= ess.inf {f € L(F;) | f >0, as. P} =0, as. P

(m) and (M) follow from (m) of definition 2.3.1 and (M) of definition 2.4.1. The
remaining statements of the proposition also follow from the corresponding properties of
¢T,9 and (I)T,H' u

Proposition 3.2.6 Let L C L>®(Fy) and R C R If £ and R respectively satisfy (n),
(m) and (N), (M) of proposition 3.2.5 then ¢ and Pr are conditional monetary utility
functionals (on L*(Fy) and on RY).

If £ and R respectively satisfy (n), (m), (Fr-c) and (N), (M), (F--C) of proposition
3.2.5 then ¢ and ®r are conditional concave utility functionals.

If L and R respectively satisfy (n), (m), (Fr-c), (Fr-ph) and (N), (M), (F-C),
(Fr-PH) of proposition 3.2.5 then ¢ and ®r are conditional coherent utility functionals.

Proof. (n), (m) of definition 2.3.1 and (IN), (M) of definition 2.4.1 respectively follow
from (n), (m) and (N), (M) of proposition 3.2.5. Normalization of £ and R in particular
guarantees that ¢, and ®x only take values in L>°(F;). F,-translation invariance of ¢,
and ®5 in both cases follows from their definitions.

(Fr-c) and (F,-C): Take X!, X2 € L>®(Fp), Ct,C? € R and mb,m2 MY, M? € L®(F,)
such that X* —m' € £ and C* — M1, 1) € R. From (F:-c) and (F,-C) of £ and R it
then follows that A(X' —m!') + (1 - X)(X? —m?) € £ and \(C' — M1}, 77) + (1= X)(C? -
M?1;,77) € R for all A € L>°(F;) such that 0 < A <1, as. P. By (Fr-ti) we get
0 < ¢do(MX=mb)+ (1= (X —m?))
= ¢c(AX'+(1-NX?) - (Mt +(1-Mm?), as. P,

and by (F-TI)
0 < PR(AC'—M'q)+ (1= A)(C? = M1, 1))
= dr(AC'+(1-NC?) — (AM'+ (1 —A)M?), as. P.
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Taking the essential supremum yields (F,-c) and (F,-C).

(Fr-ph) and (F--PH): As in the proof of concavity we derive that ¢ (X) < ¢r(AX),
as. P, and that \bR(C) < @r(A\C), as. P, for X € L®(Fp), C € R and A € L (F,).
To prove the reverse inequality, let m, M € L*°(F;) such that m > ¢,(X), a.s. P, and
M > ox(C), as. P,ie. X —m ¢ Land C — M1 7 ¢ R. It follows from (F,-ph) of £
and (F-PH) of R that AX —Am ¢ £ and A\C — AM1; 1 ¢ R and in turn Am > ¢ (AX),
a.s. P, and AM > ®r(AC), as. P, for X € LY(F;). Hence, the assertion follows. O

Remark 3.2.7 In view of remarks 2.3.2 and 2.4.2 we may recast the last statement of
proposition 3.2.6 as follows: If L and R respectively satisfy (n), (m), (sa), (Fr--ph) and
(N), (M), (SA), (F--PH) of proposition 3.2.5 then ¢, and ®r are conditional coherent
utility functionals.

Only (sa) and (SA) remain to be proved. To this end, take X', X? € L*>(Fy),
Ccl,C? ¢ RY%Y and m*,m?, M*', M? € L>(F,) such that X*—m® € L and Ci—l[T7T]Mi eER
fori € {0,1}. From (sa) and (SA) of £ and R it then follows that (X' —m!)4+(X2—m?) €
L and (C* =1, M) 4 (C* — 1, /M?) € R. By (Fr-ti) we get

0 < or((X'—m')+(X*—m?)
oo (X + X2 — (m! +m?), as. P,

and by (F--TI)

0 < PR((C'=1pM") + (C* = 1 M?))
dp(C +C* — (M' 4+ M?), a.s. P.

Taking the essential supremum yields (sa) and (SA).

3.3 The General Case

For all of this section ¥ : R — L°(F:) denotes a functional that satisfies (F--TI),
(Fr-PH) and (SA) of definition 2.4.1. As in remark 2.4.2 we derive that ¥ is normalized
and Fr-concave. Thus, the proofs of proposition 3.2.5 and remark 3.2.7 in particular tell
us that the set

A= A) :={C eR|¥(C) >0, as. P}

satisfies (N), (F;-C), (F--PH) and (SA) of proposition 3.2.5. Moreover, A contains the
origin.

Lemma 3.3.1 For a conditional monetary utility functional ®9 (on R,) we have

V(C) < @,9(C), as. P, for all C € RY & AC A?o
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Proof. To prove ”<=", note that in the proof of proposition 3.2.4 a conditional monetary
utility functional only needed to satisfy (F,-TI) to be recovered from its acceptance set.
Thus, we may as well recover ¥ from A by

U(C) =ess.sup {m € L™(F;) | C —mlj; ) € A}, as. P, for all C € R7.
It follows that for all C' € R

U(C) = esssup {m € L™(F;) | C —ml 1 € A}
< esssup {m € L>(F;) [ C —mlq) € A%}
= ¢,.4(C), as. P

Since 0 < ¥(C) < @, 4(C), as. P, for all C € A the reverse implication follows from the
definition of acceptance sets. O

Remark 3.3.2 As in the above lemma we derive that for two conditional monetary utility
functionals ®L , and ®2, (on R>,) we have

1

®Ly(C) < 82y(0), as. P, forallCeRY, & A2, C A%, (3.3.1)

Under adequate adjustments (3.3.1) is also valid for conditional monetary utility func-
tionals on L>(Fy).

Definition 3.3.3 The monotone hull of the subset A of Rif’o s given by
A" ={DeRX|3CeA:D>C, as. P}.

Note that AC A”. In particular, A" contains the origin and is thus nonempty.
The monotone hull of the functional ¥ : R, — L*(F;) is given by the functional
Dn 1 Ry — L(F7),

C— & (C) :=ess.sup {m € L™(F7) | € —mlp; ) € Ay

Lemma 3.3.4 The monotone hull A" of A = A(V) is the smallest subset of Ry that

contains A and satisfies (M). Moreover, A" satisfies (SA) and (F--PH) of proposition
3.2.5.

Proof. First, observe that any subset of R that contains A and satisfies (M) has to

contain A" From the definition of A" it follows that A" satisfies (M) which proves the
first statement.

(SA): Let C,D € A", Then we can find C,D € A such that ¢ < C, as. P, and
D < D, as. P, which in turn yields C + D < C + D, a.s. P. But since C + D € A due
0 (SA) of A we deduce that A" satisfies (SA) as well.

(F--PH): For C € A" take C' € A such that C < C, a.s. P. Since A satisfies (F,-PH)
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we have \C' € A for all A € L®(F7). For such A we also have AC < AC, as. P, and
(F--PH) of A" follows. O

The following theorem states that if there exists a conditional monetary utility func-
tional which dominates ¥ then there also exists a smallest such functional. In this case,

this functional is automatically conditional coherent and given by the monotone hull @ZM
of W.

Theorem 3.3.5 Assume that there exists a conditional monetary utility functional ®,¢ :
7o — L=(Fr) such that ¥(C) < ©4(C), a.s. P, for all C' € RYy. Then ®r is a
conditional coherent utility functional and

() < (DZM(C) < @7-79(0),

a.s. P, for all C' € RY%Y-

Proof. By definition A Cc A". From lemma 3.3.1 it follows that A C Aie. Since ®, is a
conditional monetary utility functional its acceptance set A% in particular satisfies (M)
of proposition 3.2.5. Hence, from lemma 3.3.4 it follows that A" C A;{_’,g. Altogether we
have A ¢ A" C .Af,@ and in turn for all C' € Ry

ess.sup {m € L™(F;) | C —ml 1 € A}
< esssup {m € L¥(F;) | C —ml ) € A
< esssup {m € L¥(F;) [ C —ml. ) € Aia}a a.s. P,

ie. ¥(C) < @ZM(C) < ©,9(C), as. P, for all C € RY,. In particular, P takes
only values in L™ (F;) and is thus well defined. Since ¥ and @,y are normalized we have
0< @XM(O) < 0 and hence, CDZM is normalized as well. From the definition of (I)X]\J we

derive that ®— satisfies (F7-TI). With lemma 3.3.4 we know that A" satisfies (M),
(SA) and (F-PH). As in proposition 3.2.6 and remark 3.2.7 we derive the corresponding
properties for (I)ZM. By remark 2.4.2, @zm is a conditional coherent utility functional .0

Remark 3.3.6 From the the proof of the above theorem we derive in particular that the
monotone hull ®—n of V is normalized if there exists a conditional monetary utility func-
tional majorizing W. On the contrary, if the monotone hull ®—n was assumed to be
normalized, then itself would be a conditional coherent (in particular monetary) utility
functional majorizing V. Thus, we have equivalence between normalization of @z]\/l and
the existence of a conditional monetary utility functional majorizing V.

The remarkable consequence is: If (I)XJVI is not normalized, then there exists no condi-
tional monetary utility functional which majorizes ¥ at all since otherwise normalization
of @zM would follow which is impossible.
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3.4 A Constructive Example

In this section we explicitly construct the monotone hull of the functional ¥, 7 of example
2.3.3 in the case where §(w) =T for all w € Q.

Lemma 3.4.1 Let ¢, be a conditional coherent utility functional on L, 7(w) < T —2
for all w € Q (in particular T > 2) and o > 0. If ®. 7 is a conditional coherent utility
functional on R with

(I)T’T(C) > (1 — Q)¢T,T+1(CT+1) + Oé(qZﬁT’T_l(CT_l) + ¢T,T(ACT)), a.s. P, (3.4.2)
for all C € R then

(I)T,T(C) > (1 - a)¢‘r,‘r+1(cﬂ'+1) + a¢T,T(CT)’ a.s. P7

for all C € R Note that the case where T'=2 (and in turn 7(w) =0 for all w € Q) is
included.

Proof. Let C € R3%. The set {r = T — 2} belongs to the o-algebra F,. Therefore,
@, 7(C) can also be written in the form 1¢_7_01®77(C) + 1ircr_0y 7 7(C). We prove
the statement on the sets {7 =T — 2} and {7 < T — 2} separately.

{r =T — 2}: Since ®, 7 is superadditiv we deduce

lper 127 7(C) = ly=r 2y @rr(Clip g + Cr—1lr 1y + Crliry)
> ly—r gy (‘I)T,T(Cl[T,T—Q])

+¢T,T(CT—11{T—1}) + (I)T,T(CTI{T}))y a.s. P. (343)
Applying (3.4.2) to all three summands in (3.4.3) gives

1{T=T—2}(I)T,T(01[T,T—2]> > 0, a.s. P,
lrer 9)®rr(Cr—1lp-1y) > lip—r-2y((1 = @)brry1(Cria))
+lror 9y (a(¢T,T71(CT71) + QZ)T,T(_CTfl)))

L=ty (1 — @)¢rr11(Cri1)), as. P, and
=72y 7(Crliry) 2 lr=r2yadrr(Cr), as. P.

Adding up yields the assertion on {7 =T — 2}.
{r <T —2}: (3.4.3) is valid on {r < T — 2} as well:

1{T<T—2}(I)T,T(C) > 1{T<T—2}<(I)T,T(01[T,T—2])

+®-7(Cr1lyr_13) + ‘I)T,T(CTl{T})), a.s. P (3.4.4)
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This time we apply (3.4.2) to the first and the last summand in (3.4.4):

Ler—oy (1 — )¢rr11(Cri1)), as. P,
Lirer—2ya¢,7(Cr), as. P.

1 {r<T-2} (pT,T (Cl [T, T-2] ) >
Lirer—2y@rr(Crlyry) >

The claim will now follow if we can show that ®,r(Cr_11yr_13) > 0, as. P. To this
end, note that C' € R2% is bounded. Thus, from monotonicity of ®, 7, (3.4.2) and F,-
translation invariance of ¢, 7 we derive

(I)T,T(CT—ll{T—l}) Z @TyT((eSS.inf CT—l)l{T—l})
> ¢rr-1(essinf Cr_1) + ¢ (—ess.inf Cr_q)
= ess.inf Cp_1 —ess.inf Cp_1 =0, a.s. P.
Hence, the assertion follows. O

Theorem 3.4.2 Let ¢, 1 be a conditional coherent utility functional on L*(F;) and o >
0. As in example 2.3.3 we assume that 7(w) +1 < O(w) =T for allw € Q. If @, 7 is a
conditional coherent utility functional on R with

O, 7(C) 2 Urp(C) = drr1(Crit) +a Y ¢r70(ACy), as. P, (3.4.5)
T+1<s<T

Jor all C € R, then

(I)T7T(C) > (1 — a)¢777+1(c7-+1) + aqST,T(C'T), a.s. P, (3.4.6)
for all C € RX%.

Proof. Fix C' € R2%. The proof is by induction on 7.

T = 1: In this Casé, we have 7(w) = 0 for all w € Q. The statement now follows from the
observation that Wg 1 (C) reduces to ¢.1(C1) = (1 — )P 1(C1) + ago1(Ch), a.s. P, which
is the righthand side of (3.4.6).

Now suppose the assertion is true for some T'— 1 > 1. Since {r + 1 =T} € F, we have
(I).,-’T(C) = ‘I)T’T(C)l{TJrl:T} + (I)T,T(C)l{q—+1<T}- By the assumption in (3.4.5),

\Y

¢T,T+1(CT+1) +a Z ¢7—1T(ACS) 1{T+1:T}
T+1<s<T

= ¢T,T+1(CT+1)1{T+1:T}7 a.s. P.

-7 (C) 71121}

Furthermore, since 1¢, 17y is Fr-measurable and ¢ r11 is Fr-positive homogeneous, we
have in view of (2.3.3)

Grr+1(Cri1) 1z p1=1y = rr+1(Cri1lr11=1y) = 7. 7(CTlir11-7)) = G 7(CT) 17 41-1},
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a.s. P. Thus,

(1 = a)¢rr1(Crs1) + adrr(Cr)) 1121y = Grrg1(Crat)lirpiory, as. P,

and hence, the claim follows on {7 +1=T}.
To prove the statement on {7+1 < T'} weset A = {7+1 < T} and consider the probability
space (2, F, P) := (QNA, FNA, P|rn4) endowed with the filtration (F})ier := (FtNA)ter.

We denote by C and 7 the restrictions of C' and 7 to (Q, F, P). Since 7 is an (F;)-stopping
time we may set R2%, = R, (2, F, P). By

X — ¢~)7~',T(X) = ¢T7T(X1{T+1<T})|Q and
D w— ®:7(D):= @ 7(Dlirpiomy)lg

for all X € L™ (.7:'T) and D € 7§‘,$°T we obtain conditional coherent utility functionals qgiT
on L™ (]:"T) and (i)%,T on 7~2$°T We may decompose C = ﬁ;,T_l(C') + AC’Tl{T} and derive
from (SA) of ®; 7

&%ﬁjﬂ(é) > i)f',T o 7~T7~—7T_1(C~’) + i)%,T(AOTl{T})y a.s. P. (347)
We may view é;,Tofr;’T,l : 7§,$°T_1 — L™ (.7:"7) as a conditional coherent utility functional

on ﬁ??T_l. For all D € 7@2‘3_1 we have

S;rofzr (D) = ®:p(D)= O 7(Dliriiery)lg

)

> <¢T,T+1(DT+11{T+1<T}) +a Z ¢r7(ADslry1o1))
T+1<s<T-1

+¢r7((Dr — DT1)1{7+1<T})> g

= <¢T,T+1(Dr+11{7+1<:r})+06 Z ¢T,T(AD51{T+1<T})>|Q

rH1<s<T—1
= Grrn(Drn)+a Y drr(ADy)
F+1<s<T—-1
=: \:‘i/,7~_7f11_1(D)7 a.s. p,

Hence, <i>7~.7Tofr.;7T,1 is a conditional coherent utility functional on 7~€$<’T_1 which dominates
\i/;.,T_l. Moreover, 7(w) +1 < T —1 for all w € Q and thus induction hypotheses applies
to CD;—,T @) 7~T7~—7T_1, i.e

Pzro0fzr-1(C) > (1 —a)ps741(Cry1) + adzr-1(Cr_1), as. P.
Plugging this into (3.4.7) yields

(I)ﬁT(é) Z (1 — Oé)(l’gi-’f-+1(éf-+1) + OégZ;»;,T_l(éT_l) + i);—,T(ACN'Tl{T}), a.s. P (3.4.8)
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We may estimate the last summand in (3.4.8) by

- 1(ACT1ry) = @rr(ACTIrylri1<r)lg
> agrr(ACT1(rp1cmy)lg = 0dz 0(ACT),  as. P,

where the inequality follows from the assumption in (3.4.5). Plugging this into (3.4.8)
yields

Dz 7(C) > (1 — a)dz 741(Cri1) + adz r—1(Cr_1) + agz1(ACT), as. P.
But since 7(w) < T — 2 for all w € Q we may now apply lemma 3.4.1 to &D;,T and hence,
- 7(C) > (1 — )pr741(Cry1) + adz7(Cr), as. P. (3.4.9)
Finally, observe that

o:7(C) = ®rr(Cliprieny)lg
= O, 7(Clgrqieny)lg
= (Prr(O)lri1<m)lg Mg, as. P,
as well as
o:1r(Cr) = r(Crlpiiery)lg
= ¢r7(Crlpriicrylg
= (¢r2(CP)lirir1cmy) g = ¢r7(Cr)lg,  as. P, (3.4.10)

where we have used that~ <I>T,T~and ¢r T are fT—posmve homogeneous. Note that in (3.4.10)
we may as well replace ¢z 7(Cr) (and ¢,.7(Cr)) by ¢z741(Cr11) (and ¢r.r41(Cry1)). We

now conclude

(A4
A~ B

2 1(C)ri1<1y
(1— )¢z 741(Cri1) + a&%,T(éTD Lirgi<T)
= ((1 — a)¢rr41(Cri1) + a¢T,T(CT)>1{T+1<T}7 a.s. P,

where the inequality follows from (3.4.9). Hence, the assertion follows on {r+1 < T} and
hence, on all of €. O

(I)T,T (C) 1{’r—|—1<T}

Remark 3.4.3 Note that
C— (1 - O‘)¢T,T+1(CT+1) + O‘¢T,T(CT)
is a conditional coherent utility functional on RZ7p- Moreover, due to (sa) of ¢- 1 we have

¢T,T+1(CT+1) + o Z ¢T,T(ACS)

T+1<s<T

= (1 -a)prr4+1(Cri1) + aprr41(Cri1) + Z ¢r1(ACS)

T+1<s<T
< (1 - a)¢T,T+1(CT+1) + a¢T,T(CT)a a.s. P,
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M of

for all C € R2%. Thus, the above theorem proves that the monotone hull @m
’ T, T

V.t of example 2.3.3 is of the form

'I)MM(C) =1 - ®)prr+1(Cri1) + 2d-7(Cr),

a.s. P, for all C € RXp.
We may apply this result to the case where T(w) = 0, (w) = T, for all w € Q,
and —por = ES, at some level r € (0, 1). The above theorem states that in this case

I(C) = (1 — a)ES-(C1) + aES,(Cr), C € Roor, is the largest conditional monetary
risk measure (on Rgp) that satisfies

[,"(C) <T.(C) = ES,(C1) +a Y ES.(AC,), as. P,
1<s<T

for all C € Ry, where I, designates the Swiss Solvency Test risk measure. Note, that
LY is coherent and does not depend on Cy at the dates t € {2,...,T —1}.
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Chapter 4

Conditional Value at Risk and
Conditional Expected Shortfall

As the aim of the remaining thesis is to explore the idea of "how bad is bad?” within a
dynamic temporal setting, this chapter is to provide the building blocks for this task. In
fact, we propose a notion of distribution invariant conditional monetary utility functionals
as functionals defined on equivalence classes of regular conditional distributions. We then
provide a discussion of our notion of conditional quantiles which we choose as a vehicle
to enter into the world of conditional value at risk and conditional expected shortfall.
The static case results on these well-understood risk measures are translated into our
conditional framework via conditional quantiles.

4.1 Introduction

Historically, quantile-based risk measures such as value at risk have been among the most
common risk measures for practitioners. However, when Artzner et al. attempted an
axiomatic approach towards the task of risk assessment, the shortcomings of value at risk
experienced a constant increase of presence: It is well known that value at risk rather
penalizes than encourages diversification as it lacks convexity in general. In addition to
this, value at risk does not account for the size of extremely large losses. This is when
expected shortfall grew in prominence, as this risk measure, on the contrary, turns out to
be coherent and gives an idea of "how bad is bad?”. The objective of this chapter is to
enter into a discussion of expected shortfall from a dynamic perspective, that is to present
a notion of conditional expected shortfall and to provide characterizations of it so it may
later serve as the foundation for the construction of a dynamic expected shortfall.

Value at risk and expected shortfall are to be numbered among the most extensively
discussed examples of risk measures. The financial literature provides various character-
izations of expected shortfall inter alia in terms of value at risk. Such characterizations
allow for important interpretations. In fact, only risk measures that admit meaningful in-
terpretations are of practical concern as there is no such thing as a universal risk measure
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that applies to all situations. The textbook Follmer and Schied [17] dedicates the entire
section 4.4 and partly section 4.5 to a discussion of value at risk and expected shortfall.
In Artzner et al. [3, 4] a notion of conditional expected shortfall is introduced, there it is
called tail value at risk. They discuss dynamic consistency properties and advise caution
within the multi-period setting. A study of such properties within the range of this thesis
is postponed to chapters 5 and 6.

In section 4.2 we introduce an equivalence relation on the space of regular conditional
probabilities with respect to P-almost surely bounded random variables on a reference
probability space (2, Fy, P). The corresponding equivalence classes are constructed so that
random variables which coincide P-almost surely induce the same equivalence class. It is
then possible to introduce our notion of distribution invariant conditional monetary utility
functionals as functionals defined on equivalence classes of regular conditional probabilities.
In section 4.3 we present the key notion of this chapter: a conditional quantile. We
start off by investigating certain measurability features of such quantiles and as a main
result, we present the lemmas 4.3.5 and 4.3.7 which will play a crucial role in section 4.4.
The statements of the two lemmas are quite intuitive in the case where we additionally
impose certain structures, yet the general case requires some work. In section 4.4, we then
introduce our notion of conditional value at risk as the largest conditional quantile. Due to
lemma 4.3.7, conditional value at risk turns out to be a conditional monetary risk measure.
As the static counterpart, conditional value at risk is not convex in general. We present
conditional expected shortfall in its well-established form: we take essential supremum
over linear functionals induced by certain probability densities. It turns out that we are
able to characterize the probability measure for which the essential supremum is attained
by explicitly constructing its associated density. The techniques we use are essentially the
same as in the static case however, they require thorough preparatory work as conditional
quantiles turn out to be not as manageable as ”classical” quantile functions. We conclude
the chapter by presenting characterizations of conditional expected shortfall which transfer
the static case interpretations of the static expected shortfall into the dynamic setting.
This chapter clarifies, in particular, how conditional value at risk and conditional expected
shortfall fit into our context of distribution invariant dynamic monetary risk measures.

Throughout this chapter we consider the setup of section 2.2 and let 7 and 6 be two
(F¢)-stopping times such that 7(w) < f(w) for all w € Q. Within this chapter we explicitly
distinguish random variables on (£, Fp, P) and the corresponding equivalence classes in
LY(Fp). Random variables are denoted by X,Y,Z,... and X,Y,Z, ... respectively des-
ignate the corresponding equivalence classes. We denote by B := B(R) the o-algebra of
Borel-sets on the real line. Furthermore, we assume that we are given a mapping

PP Q x Fyp —[0,1]

which satisfies the following properties:
(1) P77 (w,.): Fy — [0,1] is a probability measure for all w € Q
(2) P7(,A): (Q,F;) — [0,1] is F,-measurable for all A € Fp
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(3) Jo P77 (w, A) P(dw) = P(C N A) for all C € F and A € Fy.
Since for all A € Fy

/E[lA]}“T] dP:/lA dP = P(C'1 A)
C C

for all C' € F; we deduce from (2) and (3) that for all A € Fy
P (LA : (L F) —[0,1], wr PP (w,A)

is a version of E[14 | F;]. Note that for A € Fy, P77 (., A) is defined for all w € €2, whereas
E[14 | F;] is only defined up to P-almost sure equality.
Since for a nullset N € Fy we have 15 =0, a.s. P, we derive

0=E[ly|F]=P"(,N), as. P (4.1.1)

In other words, for all nullsets N there exist nullsets N* = N*(N) such that N is a
P77 (w, )-nullset for all w € N*°.

4.2 Definitions and Notation

Theorem 4.2.1 Under the assumption that Q = (Q,7y) is a polish space and that the
o-algebra Fp = o(71y) is generated by the open sets there exists a mapping

PP Q x Fyp —[0,1]
satisfying (1), (2) and (3).

Proof. Indeed, we may view the identity id : (2, Fr) — (Q,Fr), w — id(w) := w as an
Fr-measurable mapping taking values in the polish space Q. Thus, 44.3 Satz in Bauer [5]
yields the existence of a mapping

PP Q x Fr — [0,1]

which, for f(w) =T for all w € Q, satisfies the properties (1), (2) and (3). For general 6
we may take its restriction to £ x Fy. O

Example 4.2.2 Assume that the o-algebra F, is generated by a finite (I ={1,...,n}) or
countable (I = N) partition
Q:U&,

el
with B; € Fy, P(B;) > 0 for alli € I and B;NB; =0 for i # j. The probability measures
Pp, : Fg — [0,1] on Fy are given by

Pg,(A) = P(B.)

3
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for all A € Fyg and i € I. Consider the mapping
Pl:QxFy—[0,1, (w,A)— ) Pp(A)lpw).
i€l

For all A € Fp the mapping P(., A) : (Q, F;) — [0,1] is Fr-measurable . Since B;NB;j = ()
fori # 4, Pl(w,.) : Fy — [0,1] is a probability measure on Fy for all w € 2. Moreover,
for all C € F; we have

1
/C Pl(w, A)P(dw) = ;Pgi(A) /C 1p,(w)P(dw)

=y P(;l(;fi)P(Bi ne)
icl '

= Z P(ANB;)=P(ANC),
B;cC

where the last two equalities follow from the fact that all events C' € F. are of the form
C =Ujey Bj for a subset J of I. Hence, P! satisfies the properties (1), (2) and (3). Since
for alli € I the measures Pp, are absolutely continuous with respect to P all nullsets N are
Pl(w,.)-nullsets as well for all w € Q. Note that this is much stronger than the statement
in (4.1.1).

Definition 4.2.3 For a random variable X on (2, Fy, P) we call the mapping

Pxir, : QxB—[0,1], (w,B)+w Pxr, (w,B):= pPFr (w,{X € B}) (4.2.2)
reqular conditional distribution of X given F,. The mapping

Fxir, : QxR —[0,1], (w,z)— Fx|z, (w,z):= Py, (w,{X <2}) (4.2.3)

s called reqular conditional distribution function of X given Fr.

For two random variables X andY on (2, Fy, P) we say that Px|r, and Py r, coincide
if there exists a nullset N such that Pxr, (w, B) = Py|F, (w, B) for allw € N° and for all
B € B. In this case we write

Px7, ~ PyF,. (4.2.4)

Theorem 4.2.4 For two random variables X andY on (Q, Fy, P) such that X =Y, a.s.
P, we have Px |z, ~ Py|F, .

Proof. The mapping Py |, given in (4.2.2) inherits the properties

(1%) Pxr, (w,.) : B—[0,1] is a probability measure for all w €

(2%) Px7, (., B) : (Q,F;) — [0,1] is Fr-measurable for all B € B

(3%) Jo Px|F, (w, B) P(dw) = P(Cn{X e B}) forall C € F; and B€ B
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from the corresponding ones of P*7. (1*) and (2*) are also satisfied by Py|F,. Moreover,
since for all B € B the sets {X € B} and {Y € B} coincide up to a nullset we have

/ Py |z, (w, B) P(dw) = P(CN{Y € B}) = P(CN{X € B})
C

for all C € F; and B € B and hence, Py |z satisfies (3*) as well. Further, note that R
is polish, that hence its topology has a countable basis and that in turn the o-algebra
of Borel-sets is countably generated. Thus, 44.2 Satz in Bauer [5] applies to the pairing
Px\7,, Py|r, yielding a nullset N such that

Px |7, (w, B) = Py |z, (w, B)
for all w € N¢ and for all B € B. O

Remark 4.2.5 From the properties (2*) and (3*) of the preceding proof we deduce as
above that for a random variable X on (2, Fg, P) and all B € B

Pxir, (- B): (,F7) = [0,1], w— Pxr, (w,B)
is a version of E[lyxepy | Fr| which again is defined for all w € Q.
Consider the set
{Px|r, | X P-almost surely bounded random variable on (Q, Fy, P)} (4.2.5)

of regular conditional distributions with respect to P-almost surely bounded random vari-
ables. For a random variable X on (2, Fy, P) that is bounded P-almost surely there exists
a nullset N such that | X (w)| < ¢ < +oo for all w € N¢. In reference to (4.1.1) there exists
a nullset N* = N*(N) such that N is a Px|z, (w,.)-nullset for all w € N*°. Thus, X is
Px|F, (w,.)-almost surely bounded for all w in the complement of N* and hence, for all
such w the probability measure Px |z (w,.) has compact support on the real line.

~ in (4.2.4) defines an equivalence relation on the space given in (4.2.5). We de-
note the space of corresponding equivalence classes by M (R | ;). For a P-almost
surely bounded random variable X on (2, Fy, P), §X| £, designates the induced element
in Mj (R | ;). Theorem 4.2.4 states that the mapping

L>(Fp) = Mic(R| Fr), X Pxr, (4.2.6)

is well defined with respect to the choice of X € X.
We may now present our notion of distribution invariant conditional monetary utility
functionals (resp. risk measures).

Definition 4.2.6 We call a functional ¢rg : My (R | Fr) — L*®(F;) conditional mon-
etary (concave, coherent) utility functional on My (R | F.) if the induced functional
¢y g+ L(Fy) — L®(F;) given by

X = ¢ o(X) = ¢r0(Px|7,), (4.2.7)
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is a conditional monetary (concave, coherent) utility functional on L™ (F;).

A conditional monetary (convex, coherent) risk measure prg on My (R | Fp) is a func-
tional from My (R | F;) to L(F;) such that —p. g is a conditional monetary (concave,
coherent) utility functional on M (R | Fr).

Note that the functional ¢, given in (4.2.7) of the above definition is well defined
since the mapping given in (4.2.76) is so.

By definition, a conditional monetary utility functional (resp. risk measure) on M (R
| F) induces a conditional monetary utility functional (resp. risk measure) on L (Fp)
which depends on the equivalence classes in M (R | F;) only. In this sense, conditional
monetary utility functionals (resp. risk measures) on M; (R | ;) admit an interpretation
as distribution invariant ”classical” conditional monetary utility functionals (resp. risk
measures).

We introduce a partial order < on Mj (R | F7). ﬁXIFT < ]5y|fT by definition means

that for a pairing (Px|r,, Py|7,) € ﬁX| 7, X Py|F, there exists a nullset IV such that

PX|.7-'7— (w7 (—OO, l’]) > 1DY|.7-'T (w? (—OO,I‘])

for all w € N¢ and for all z € R.
Consider a random variable X on (2, Fp, P) and a real constant ¢ € R such that
X(w) =cfor all w € N¢ with P(N) = 0. Then,

Pxf.(w,B) = P"7 (w,{X € B}) = {(1] i Z ; g (4.2.8)

for all B € B and for all w in the complement of a suitable nullset N* = N*(N) with
P77(w,N) = 0 for all w € N**. Such N* exists due to the statement in (4.1.1). The
equivalence class in M (R | F;) induced by a regular conditional distribution such as in
(4.2.8) is denoted by Se.

Proposition 4.2.7 Consider a functional ¢, : M1 (R | Fr) — L*(F;) which satisfies
the following properties:

(n) Normalization: d%,e(go) =0, as. P

(m) Monotonicity: ‘b‘rﬁ(ﬁXlﬂ) < ¢779(]5X‘]_—T), a.s. P, for all ﬁXIFwﬁYI}'T e M (R
frr) such that PX|.7'—7— S Py|]:_r

(Fr-ti) F,-Translation Invariance: ¢7—’9(ﬁX+m‘].‘T) = ¢T79(ﬁX|].‘7_) +m, a.s. P, for all
Pyir, € M1c(R| F;) and m € m € L=(F,).

Then, ¢ is a conditional monetary utility functional on My (R | F7).

Proof. We have to show that ¢7 ,: L>(Fg) — L>=(F7),

X = ¢t o(X) = 6r0(Px|7,), (4.2.9)
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is a conditional monetary utility functional on L>(F;).

(n): Take X € Fp such that X = 0, a.s. P. As in (4.2.8) we derive ﬁX‘]_‘T = 0y and hence,
79(0) = ¢r0(d0) =0, as. P.

(m): Take )?,}7 € Fy such that X <Y, as. P, for (X,Y) € X xY and let N be a

nullset such that X (w) <Y (w) for all w € N°. Further, let N* = N*(NN) be a nullset such

that P77 (w, N) = 0 for all w € N*¢ which exists due to the statement in (4.1.1). Then,

{Y <z} \NC{X <z} \N for all z € R and hence,

Px7, (w,(—o0,2]) = P77 (w, {X < 2})
PF7(w,{X <z} \N)
P’ (w,{Y <z} \N)

v

Py £, (w, (00, z])
for all z € R and for all w € N*¢, i.e. ﬁx‘fT < ﬁy|f7. Thus,

¢:,0()~() = ¢r,0(ﬁx|};) < ¢r,0(13Y|]-;) = QS;@()?), a.s. P.
(Fp-ti): For all X € X € L>®(Fy) and for all m € m € L>®(F,),

0% (X + 1) = 670(Pxtm7,) = Or0(Px|7,) + = ¢5g(X) +m, as. P.

4.3 Conditional Quantiles

Definition 4.3.1 For a random variable X on (Q, Fy, P) we consider the mapping Fxr,
QxR — [0,1] given in (4.2.3). We call a mapping

ax|F 2% (0,1) = R, (w,r) = ax 7 (w,7),
conditional quantile (of X given F;) if for all w € Q the mapping
ax|F, (w,.) 1 (0,1) = R, reayr (w,7),
is an inverse function of Fx|r, (w,.) : R — [0,1]. That is, x|, (w,.) s a function with
Fx iz, (w, ax7, (w,7)=) <r < Fyir, (0, qx17, (0, 7))
for all w € Q and all r € (0,1), where qx|F, (w,7)— = lim, . gx |7, (W, a).
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For a random variable X on (€, Fp, P) and for all w € € the functions
qj(lff(w’ ):(0,1) = R, 7 qjﬂﬁ(w,r) =inf {x | Pxr, (w, {X < x}) >r}, and
q)_(lﬁ(w7 ) :(0,1) = R, ri— q)_qﬂ(w,r) = sup {r | Px|r, (w, {X < m}) <r},

are right-continuous and left-continuous inverse functions of Fx|z (w,.) : R —[0,1]. As a
good reference on inverse functions we refer to the appendix A.3 of the textbook Féllmer
and Schied [17].

Proposition 4.3.2 Let qx |7, be a conditional quantile of a random variable X on (€2, Fp,
P) given Fr. Forr € (0,1) the mapping

QX\]:T(WT) 1(Q,F7) — R, WHQXU:T(C‘}?T)
is Fr-measurable.

Proof. Let us fix 7 € (0,1). Recall that for a mapping ¥ : @ — R and G C B we have
o(Y1(G)) =Y (0(G)). Thus, it suffices to show that for all n € R

‘JX\fT(wT)_l(—OOW] € fT’ (4310)

since {(—o0,7n] | n € R} generates B. To prove the statement in (4.3.10) let us fix € R.
We have

QX|]:T('aT)71(_OO777] = {w € | qX|.7-—7—(w7T) < 77} = {w €Q ’ FX\TT((’U?n) > 7“}.

By definition, Fx|£ (.,n) : (©,F;) — [0,1] is Fr-measurable and hence, the set {w € (2 |
Fx|F, (w,n) > r} € Fr. Thus, (4.3.10) follows. O

For simplification we introduce the following notation. Consider a conditional quantile
qx|r, of a random variable X on (€2, Fy, P). For r € (0,1) we shorten

ax|7, (1) Q =R, w gxr (r)(w) = ax|7, (W, 7).

We call gx|#,(r) conditional r-quantile (of X given F;). In particular, q)jg| £ (r) denote
the conditional r-quantiles

Q)iq]:T (T) -R, we Q)iq]-;_ (T)(w) = Q)iq]-; (w,r).

Consider two random variables X and Y on (2, Fy, P) such that X =Y, a.s. P. By
theorem 4.2.4 there exists a nullset NV such that Px|r (w, B) = Py, (w, B) for allw € N°
and for all B € B. In turn, this means that Fx|r (w,z) = Fy |z (w,z) for all w € N¢ and
for all x € R. Hence,

qX|7:T(w, ) = qY|.7:7— (w, .), a.s. )\1, (4311)
for all w € N¢, where \! designates the Lebesgue-measure. In particular,
q)i(lﬁ (w,r) = q;ﬁ (w,r) (4.3.12)
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for all w € N€¢ and for all r € (0,1). For a fixed r € (0,1) and the conditional r-quantiles
qf(l £ (r) we denote the corresponding equivalence classes in LO(F,) by (ﬁfl £ (). The

statement in (4.3.12) tells us that for all » € (0,1), qN)i(‘]_.T (r) and q}%'ﬁ (r) are the same
elements in LO(F;).

Proposition 4.3.3 For a random variable X on (2, Fy, P) the mappings

P A{X <)) (QxRF ®B) — (0,1, (w,2)— P (w,{X <z}), and
P A{X <)) (QxRF ®@B)—[0,1], (w,2)~ P (w,{X <a}),

are Fr @ B-measurable.

Proof. Since P77 (w,.) : Fy — [0,1] is a probability measure for all w €  the function
P (w,{X <.}) : R — [0,1] is right-continuous for all w € Q. Thus, for all (w,z) € QxR
we have

> (w{x B 1w — Preaxsa) s

as N tends to +o00. For all N € N the left-hand side of (4.3.13) is F; ® B-measurable
in (w,z) since, by definition, P%~ (., {Y < %}) is Fr-measurable and 1(£ kt1) is B-
N’ N
measurable. Hence, its point wise limit P77 (., {X < .}) is F; ® B-measurable as well.
From the fact that P*7(w,.) : Fy — [0,1] is a probability measure for all w € 2 we
derive that P77 (w,{X < .}) : R — [0,1] is left-continuous for all w € Q. Thus, for all

(w,z) € Q x R we have

as N tends to +o00, and F, ® B-measurability of P*~(.,{X < .}) follows as above. O

Remark 4.3.4 From proposition 4.3.3 it follows that for two random variables X,Y on
(Q, Fy, P) the mappings

P {X <Y} : (UF) =01, w P (w,{X<Y(w)}), and
pFr (AX <Y} : (Q,F) —[0,1], w pPFr (w,{X <Y(w)}),

are Fy-measurable.

In particular, for an F-measurable conditional r-quantile qx|r, (r), » € (0,1), of a
random variable X on (Q, Fy, P) the mapping P* (., {X < qx |, (r)(.)}) is Fr-measurable.
By definition of an inverse function we have

PP (wAX <axi(NW)}) < v < P77 (04X < axiz (n)(@)}),

for all w € Q.
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Lemma 4.3.5 Fizr € (0,1). For a conditional r-quantile qx|r, (r) of a P-almost surely
bounded random variable X on (0, Fy, P) we consider the sets {X < qx|r,(r)}, {X <
ax|F, (7“)} € Fy. For the Fr-measurable mappings
P77 (L AX < axir, () 1 (0 F) = 0,1, we PP (0, {X <qxps, (r)}),  and
P]:T(W {X < qX|~7‘—T(r)}) : (Q7f7') - [07 1]7 w— PPr (w7 {X < QXV:T(T)})’

we have
pFr (AX <aqxiz(n)}) < r < pPFr (AX <axi£(1)}), as. P

Proof. For all of this proof we fix r € (0, 1).

In a first step we assume that X is of the form X = Z?:l aily,, oy € R, A; € Fy such
that A; N A; =0 for i # j and n € N. For such X the set {X < QX|]:T(T)} can also be
written in the form

n

{X <qxi(r)} = U ({ai < axz (r)} N A)

i=1

Thus, we derive from (1) that for all w € Q we have
PP (w, {X < axr, (r ZPTT Aai < axyF (1)} N Ag).

There exists a null-set N7 such that

n

Z p7 (w, {ai < axyr, (1)} N Ai) = ZE [l{aiéqu (myLa; | }-T} @)

i=1 i=1

for all w € NT. Since gx 7, (r) is Fr-measurable so is 1{ai§q>(|f (r)} and hence, we find a
set Ny of P-measure zero such that

ZE[ {os<ax .z, (0} 1A !f} Zl{aqu.ﬂ(m(w)}E[lA | Frl(w)

=1 =1

for all w € N5. And finally, for all w € N§ we have

Z Vai<axr, @} Ea, | Frl Z Vai<ax iz, @) P77 (@, 4)),
=1
where again P(N3) = 0. For all w € (N1 U Ny U N3)¢ it follows that

PP (w, {X < gx7, (r Zl{axqmﬂm(w)}l) "(w, A7)
=1

34



Take wp € (N1 U Na U N3)¢. Then, by definition, gx|z (r)(wo) is an r-quantile of X with
respect to the probability measure P%~ (wo, .) and hence

Fr — Fr
> Hazaxm O P wo, A) = > PT(wo, Ai) = 7
i=1 i:0;<qx |7, (r)(wo)
In the same way as above we find a null-set IV such that
P77 (w,{X < qx|7 (1)}) = Z 1{a¢<qx‘y:_r(r)(w)}P}—T (w, Aj).
i=1
for all w € N¢ and in turn
Fr — Fr
> La<ans, P @A) = > PPw ) < v
i=1 i <gx|F, (1)(w)

for all w € N€¢. Hence, the assertion follows for X = Z?:l aily,.

For general P-almost surely bounded X there exist Fy-measurable step functions
(Xn)nen and a null-set N; such that X, (w) N\, X(w) for all w € Nf. Then {X, <
x}\ N1 C{X <z} \ N for all z € R and for all n € N. By the statement in (4.1.1) there
exists a null set No = No(N7) such that

PP (w,N1) =0
for all w € N5 and hence,

PP (w {X, <z}) = P (0, {X, <2}\Ny)
< Pr(w X <z}\ M)
= pFr (w,{X < :B})

for all w € N3, for all x € R and for all n € N. In turn we get
x5 (W) = axiz (r)(w)
for all w € N5 and for all n € N. From this we derive
{Xn < qX|fT(7')} \ Ny C {Xn < q}nu_}(r)} \ N
for all n € N. Again, by (4.1.1) there exists N3 = N3(N3) with P(N3) = 0 such that
PP (w { X0 < axi7 ()}) = P77 (w0, {Xn < x|z (r)}\ Na)
< P (o {Xn<df 0]\ V)

_ pF (w,{Xn<q}n|fT(r)}> < r o (4.3.14)
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for all w € N§ and for all n € N, where the inequality in (4.3.14) follows from the first
part of the proof. But now we deduce

PP (w AX <axir () = P77 (w A{X < axiz (1)} \ M)

= prr <w’U{Xn<qX_7:T(T)}\N1>

neN
= lim P77 (w,{Xy < qx|z (1)} \ M1)
= lim P7(w,{X, < qxx(1)}) < 7

n—oo

for all w € (NQ @) Ng)c.

To prove the upper inequality we take Fy-measurable step functions (X,,)en and a null-
set Ny such that X, (w) / X(w) for all w € Nf. This time we find a null-set Ny = No(N)
such that

Ax, 7 (NW) < axi7(r)(w)

for all w € N§ and for all n € N. As above there exists N3 = N3(N3) with P(N3) = 0 such
that

r < p¥r (w,{XnS q§n|fT(T)}) < PP (w, {Xn < axi7 ()}),

for all w € N§ and for all n € N. We may let n — oo and obtain

prr (w, X <ax|7 (7“)}) = p’r <w, ﬂ {Xn < ax|7, (7’)}>

neN
= lim P77 (v, {X, <qxiz(1)}) = 7
for all w € (Ny U N3)©. -

An intuition of the above result is given in the following example.

Example 4.3.6 Consider the mapping
PT:QxFy—[0,1, (w,A)—> Pp(A)lp,(w)
i€l

introduced in example 4.2.2 and a P-almost surely bounded random variable X on (2, Fy,
P). In accordance with (4.2.2) and (4.2.3) we introduce the mappings

PX|I:QXB—>[071L (W’B)HZPBz{XGB}le(w)
el

and
Fxj: QxR—[0,1, (w,z)+ ZPBZ.{X < z}lp, (W)
i€l
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for a P-almost surely bounded random variable X on (Q, Fy, P). The conditional quantiles
(of X given F;) are of the form

axr 2 x (0,1) =R, (w,r) = Y gi(r)lp (W),
el
where ¢; : (0,1) — R, r — ¢;i(r) are inverse functions of Pg{X < .} : R — [0,1],
x+— Pp{X <z} foralliel. Forwe B; andr € (0,1) we have
, (<) (<) (<)
P w,{X < qx;(r)}) = Ps{X < qx;(r)} = P,{X < q(r)}

and hence, the statement of lemma 4.3.5 follows from the definition of q¢; as an inverse
function of Pg,{X < .}.

Lemma 4.3.7 For a P-almost surely bounded random variable m on (Q, F-, P) (i.e. m
is Fr-measurable) the mapping P7~(.,{m =m(.)}) : (2, F-) — [0,1],

w— P (w, {m =m(w)})
is Fr-measurable. Moreover,
P ({m=m()}) =1, as P. (4.3.15)

Proof. In remark 4.3.4 we may choose X (w) = Y (w) = m(w) for all w € Q and deduce
that the mappings

P (L {m<m()}) : (2, F) = [0,1], w— P (w,{m <m(w)}), and
P (L {m<m()}) : (Q,F) - [0,1], w— P (w,{m < mw)}),
are F,-measurable. Since for all w € 2 we have
prr (w, {m < m(w)}) — pFr (w, {m <m(w)}) = pPFr (w, {m =m(w)})

the first statement is proved.
We prove the second statement by contradiction. Assume that (4.3.15) is wrong. We
then have

P{Pff(.,{m:m(.)}) < 1} > 0

=N

since P77 takes only values in [0, 1].
Next, we show that

N = {Pff(.,{m7ém(.)}) > 0}. (4.3.16)

To this end, we shorten Z(w) = P77 (w,{m = m(w)}) for all w € Q. Then, 0 < Z(w) <1
for all w € Q and hence, N = {Z < 1} = {1 —Z > 0}. (4.3.16) now follows from the
observation that

1 - Z(w) =P’ (w, {m # m(w)})
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for all w € Q.
For all n € N and for all w € Q2 we have

-2} ofnzmir 1

n

= {m¢ () -1 me)+ 1)

and we may therefore derive that for all n € N the mappings

wis P <w, {mg (me) =1 mw) + jb)})

are Fr-measurable. Thus, for all n € N the events
)} =
Z —
n

Mﬂ:{Pﬁ<w{n¢(mO—jf7M)+

belong to the o-algebra F,. In view of (4.3.16) we have N = (J
Ny 41 we deduce,

3=

neny NV and since N, C

0<P(N)=P (U Nn> = lim P(N,).

n—oo
neN

Thus, there exits ng such that P(N,,,) > 0. For £ := = we now have for all w € N,,,

no

prr (w, {m ¢ (m(w) —e, mw) —l—e)}) > e (4.3.17)

Next we show that there exists w* € Ny, and N;; C Ny, with Nj; € F, and P(N;;) >
0 such that for all w € N, we have

[m(w) —m(w")] <

IS

To this end, recall that m is bounded P-almost surely and hence, |m(w)| < ¢ < 400 for
all w € M¢€ for a suitable nullset M. Since P(N,, \ M¢) = P(Ny,) > 0 and since (4.3.17)
is still valid for all w € Ny, \ M€ we may update Ny, := Ny, \ M€. But now we can find
a finite subset I C NV, such that

Noy = U ({|m—m(w)| <e) mNnO).

wel

Since P(Np,) > 0 there exists w; € I such that the set {|m —m(wi)| < e} N Ny, has
positive P-measure. For this wy we define the following subset of Ny,

€
Ny := {|m—m(w1)\ < Z} N Npy.-
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If P(N1) >0 we set N;; = Ny and w* = w; and we are done. If not, take
wy € <{\m —m(w1)| <e}pn Nm) \ Vq

and define
Ny := {|m m(wg)| < 1} N Npy.-

Since this way we subsequently cover the whole set {|m — m(w1)| < e} N Ny, (which has
positive P-measure) in finitely many steps, we have to end up with some w; and a set

5
N; = {|m—m(wi)| < Z} N Ny,

such that P(N;) > 0. N;: := N; and w* := w; have the desired properties.
Finally, we deduce that

0 < / pr <w,{m¢ (m(w) e, m(w)—l—s)}) P(dw)
< | P (e {m ¢ (mw) = 5 - )+ 5)}) P
— /;0 E {1{m¢(m(‘u*)_% Cm(w)+5)} |7'—} (w) P(dw)

= P<{m 7 (m(w*) —% , m(w*) + g)} N N;()): 0

which is a contradiction. O

Remark 4.3.8 Lemma 4.3.7 yields an alternative proof of lemma 4.3.5 as follows.

For r € (0,1) consider a conditional r-quantile qx|,(r) of a P-almost surely bounded
random variable X on (2, Fp, P). Say N is a null set such that | X (w)| < ¢ < +o0o for
all w € N¢. The statement in (4.1.1) implies the ezistence of a nullset N* = N*(N) such
that N is a P7(w,.)-nullset for all w € N*¢. Thus, X is P77 (w,.)-almost surely bounded
by ¢ for all w € N*¢ where it is to be considered that the constant ¢ is independent from
w. Hence, for x < ¢ we have Fx|r, (w,r) = 0 and for x > ¢ we have Fxr, (w,z) =1 for
all w € N*°. (T)(w)| < ¢ < 4o for allw € N*, i.e. qx|F, () is bounded
P-almost surely. Since qx|r, (r) is Fr-measurable we may replace m in lemma 4.3.7 with
ax|r, (r) and hence, (4.3.15) reads

P (Aaxiz (1) = axi7 ()()}) =1, as. P,

We deduce

PP (w AX < qxi£, (1)})
= PP (w {X <qxiz (n)}N {qu( ) = ax|7 (1) (w)})
= PP (wAX <y (N(w)}) >
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for P-almost all w € Q and

PP (w0, {X < ax 7. (1)})
= PPr(w{X < axi7, (r) N {QX|]-'T( r) = qx|F, (r)(w)})
= PP (w0, {X <axi7 (nW)}) <
for P-almost all w € Q.

Remark 4.3.9 Taking P-conditional expectation (given F;) can be viewed as integrating
with respect to the random measure P7™ in the following sense: For the F,-measurable

mapping
w — / X(w*) P77 (w, dw") (4.3.18)

we have
E[X | F( /X ) P77(,dw*), a.s. P, (4.3.19)

where X is a P-almost surely bounded random variable on (2, Fy, P).

For X =14, A € Fy the Fr-measurability of (4.3.18) follows from (2) and the equality
in (4.3.19) follows from the fact that P77 (., A) = E[14 | F.], a.s. P. Thus, the statements
follow for X =377 a;lya,, oy € R, A; € Fp such that A;NA; =0 fori# j and n € N.
By monotone convergence the statement now follows for general X as well, where once
more we have to use the statement in (4.1.1).

Lemma 4.3.10 Fiz wg € Q. Assume that U is a random variable on (2, Fy, P) which is
P77 (wo, .)-uniformly distributed on [0, 1], i.e. for all v € [0,1] we have

PP (wo, {U <r}) =m.

Then, for a conditional quantile qx|z, of a random variable X on (Q, Fy, P), the Fy-
measurable mapping

ax|7, (w0, U() : (2,F9) = R, w qx|r, (wo,U(w))

has distribution function Fx|r (wo,.).

Proof. The proof of this lemma requires some technical preparation which is why we refer
to lemma A.19 in Follmer and Schied [17]. O

Remark 4.3.11 From remark 4.3.9 and lemma 4.3.10 we derive

1
E[X | F)( /X ) PP (L dw*) = / ax|7 (1) A(dr), as. P,
0

for a conditional quantile qx| 7, of a P-almost surely bounded random wvariable X on
(Q, Fp, P).
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4.4 Examples

4.4.1 Conditional Value at Risk
Definition 4.4.1 Take r € (0,1). We call the mapping VaR, g, : M1 (R | Fr) —
L (F7), B B

PX|.7:7- — VaRﬂg;r(Px‘]:_r) = —(j;u_-q_(?"),

conditional value at risk at level r given Fr.
Due to the statement in (4.3.12), VaR; ., is well defined for all r € (0,1).

Remark 4.4.2 Conditional value at risk at a level r € (0,1) is a conditional monetary
risk measure on My (R | F;). The induced conditional monetary risk measure on L*(Fy)
is denoted by

VaR}y, : L(Fy) — L®(F;), X = VaR: g, (X) = VaR, g, (Px|F,).

7,057 7,05

We have to verify (m), (m) and (Fr-ti) of proposition 4.2.7 for the mapping VaR, ., at
arbitrary level r € (0,1).
(n): Take a P-almost surely bounded random variable X on (2, Fy, P) such that Pxr, €

go. Then there exists a nullset N such that Px|r, (w,.) are Dirac-measures concentrated
in {0} f0r~all w 6~NC. Hence, —q;‘ﬁ (r)(w) =0 [07" all rf (0,1) and for all w € N°€.
(m): Let PX|]—'T7 PY\}—T S MLC(R ‘ .’FT) such that PX|]—'T < Py|f7. Then, fOT“ (PXI}—T?PYU:T)
€ Px|r, X Py|F,, there exists a nullset N such that Fx|r (w,r) > FyF, (w,z) for all
w € N€¢ and for all x € R. But this means that —q;aﬁ(r)(w) > —q;Z|FT (r)(w) for all
r € (0,1) and for all w € N°. B

(Fr-ti): Consider X € L>(Fy), its associated equivalence class Px|r, in My (R | F;)
and m € L*®(F;). Further, take arbitrary m € m and a nullset N such that

pPFr (w,{m =m(w)}) =1
for allw € N¢. Such N exists due to lemma 4.3.7. For X € X we derive,

FX-i-m\fT(wvx) = P’ (w? {X+m< l’})
= PfT(w,{X—i—mgz}ﬂ{m:m(w)})
= PP (w,{X +m(w) < z})

= FX|.7-'T (w’ T = m(w))

for all w € N¢ and for all x € R. Hence,

G i, @) = = (G5, () + M) = a5, (1) (@) — m(w)

for allw € N¢ and for all r € (0,1).
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Recall that F is assumed to be of the form {Q,0}. Now, assume that 7(w) = 0 for all
w € Qandlet A € Fy. Then it follows from property (2) of P70 that P¥0(w, A) = ¢ € [0, 1]
for all w € Q. Since Q € Fy we may further derive from property (3) of P70,

PPo(w, A) = / PPo(w*, A) P(dw*) = P(QN A) = P(A)
Q

for all w € €. Since A was arbitrary we arrive at
PP (w, A) = P(A)

for all w € © and for all A € Fy.

Consider two regular conditional probabilities Px|z, and Py |z, for P-almost surely
bounded random variables X and Y on (Q, Fp, P). Since () is the only nullset in Fy we
have Py|z, ~ Py|r, if and only if Px|r (w, B) = Py|z (w, B) for all w € Q and for all
B € B. In this sense, equivalence classes in Mj (R | Fp) consist of one element only.
Moreover, since regular conditional probabilities given Fy are independent from w € 2,
we may view M (R | F;) as a subset of M -(R), where the latter denotes the set of all
probability measures on the real line with compact support.

Remark 4.4.3 If (Q, Fy, P) is an atomless probability space we may even identify M (R
| Fo) and M ¢(R):

Indeed, if (Q, Fy, P) is atomless there exists a random variable X on (2, Fy, P) with con-
tinuous P-distribution function Fx and hence, Z : Q@ — [0,1], w — Z(w) = Fx (X (w))
is P-uniformly distributed on [0,1]. Thus, for arbitrary p € M (R) the random variable
au(Z) : @ = R, w — qu(Z(w)) has P-distribution p, where q, is an arbitrary inverse
function of the function x — pu(—oo, x| from R to [0,1]. p has compact support and hence,
q.(2) is bounded a.s. P. Further, since P70(w, A) = P(A) for all w € Q and for all
A € Fy, we deduce

Py, (27w, B) = PP (w,{q.(Z) € B}) = P{qu(2) € B} = u(B)

for allw € Q) and for all B € B.

For a P-almost surely bounded random variable X on (Q, Fp, P) and a level r € (0,1)
take q;‘ 7, (1) € VaRog,(Px|7,). In view of the above discussion and by definition of
conditional quantiles we have

q;rqj_.o(r)(w) = —inf {1‘ | (=00, x] > r},

for all w € ), where p is the P-distribution of X. The good definition of the ”classical”
value at risk at level r € (0,1) as a functional from M; .(R) to R reads

p— VaR,(n) := —inf {z | p(—o0,z] > r}.
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In this sense, VaRy ., and VaR, essentially are the same if one identifies their domains
M (R | Fo) and M (R). Due to remark 4.4.3 this is possible if (€2, Fp, P) is atomless.
In particular, we obtain that conditional value at risk is not convex in general.

Let us consider arbitrary 7 again. For a P-almost surely bounded random variable X
on (9, Fp, P) the measures Py, (w,.), w € N° have compact support on the real line,
where N is a suitable nullset whose existence is guaranteed by the statement in (4.1.1).
For such X we have, by definition of conditional quantiles,

_Q;‘]:T (r)(w) = VaR, (PX|.7-'T (wa ))

for all w € N€¢ and for all » € (0,1). In particular, for all » € (0,1) the mapping
wi— VaR, (PX‘ . (w, )) is P-almost everywhere well defined and F--measurable. Hence,
for all r € (0,1), _

w— VaR,(Pxf, (w,.)) € VaR:or(Px ) (4.4.20)

for all Py |z, € Pxjr, € My (R|F;).
The next example demonstrates the statement in (4.4.20)

Example 4.4.4 Given the same situation as in example 4.3.6 we may define the right-
continuous inverse functions

g :(0,1) =R, re g (r):=inf {z|Pg{X <z} >r}
for alli e I. As in example 4.3.6,
Y- ()l € —dxp (r)
el
for allr € (0,1). Hence, for all r € (0,1),
wi Y Vak (P {X € })lp,(w) =Y —¢f (115, ()
iel i€l

is an element of VaRﬂg;,n(ﬁX‘I), where ﬁX\I designates the equivalence class in M (R |
Fr) induced by Px|r.

4.4.2 Conditional Expected Shortfall

Definition 4.4.5 Take r € (0,1). For a conditional r-quantile qx|r, (r) of a P-almost
surely bounded random variable X on (Q, Fy, P) we define the mappings IvF, (r): Q —R,

w = Ix |, (r)(w) = %(1{X<qu(r)}(w) + hx|F, (w)l{xqum(r)}(wn

and kx|F, 1 2 — R,
0 on (PP (X = xi, (1)) = 0)

W — KX|F, (w) := < r—pFr (w,{X<qX\fT(r)}) 3 B , .
Pty L = s 0)) >0}

S
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Note that for r, X and gx|z, () as in the above definition the mappings Ix |z, (7) :
(,Fr) — R and kx |z, : (2, Fr) — R are Fr-measurable.

Lemma 4.4.6 For r € (0,1) take a conditional r-quantile qx |, (r) of a P-almost surely
bounded random variable X on (S, Fy, P). For the associated mapping Ix|F, (r) we have

ElIxF (r)| Fr] =1, as. P.
Moreover, rx|F, takes only values between zero and one P-almost surely.
Proof. The sets { P77 (.,{X = qx|r, (r)}) =0} and { P77 (.,{X = qx£, (r)}) > 0} belong

to the o-algebra F,.. Thus, we may prove the first claim on each of them separately.
On {P7 (.. {X = qx|7 (r)}) > 0} we have

- ():T—P]:T(.,{X<(JX|]_'T(T‘)})
7 PF(AX = axx (1)})

and hence, the claim follows from the fact that P¥7(.,A) = E[l4 | F,], a.s. P, for all
A€ Fy.
For w € {P77 (., {X = qx|7 (r)}) = 0} we have k£, (w) = 0. We deduce

E[IX|.7-'T(T) | Fr] = %E [1{X<qx‘]:7_(r)} | f‘r} = %P]:T(w{X < QX|.7-'T(T)}) <1, as. P,
as well as
EllxF,(r) | Fr] = %(Pff(w{X < axF (M)}) + P77 (L {X = CIX|fT(7“)}))

1
= —p7r (AX <axi£(r)}) =1, as. P,
r

on { P77 (., {X = qx £ (r)}) = 0}, where each of the last inequalities follow from lemma
4.3.5. This proves the first assertion.
The second one follows from the observation

0 < r=Pr({X <axi£(n)})
< PF({X< axr, (r)}) — PP {X < axr, (r)})
= Pff(., {X = qX|].'T(T)}), a.s. P,
where the first two inequalities are again consequences of lemma 4.3.5. O

Definition 4.4.7 Take r € (0,1). We call the mapping ES?,. : L*=(Fs) — L>®(F),

X — ES*,@;r()?) 1= ess.sup EQ[_)? | Fr

T

QEQT(T)
conditional expected shortfall at level r given Fr, where Q.(r) is given by the subset
2 1 dq
(1) = P| ————<—, as. P, p:=—
U G e R R

of all probability measures that are absolutely continuous with respect to P.
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Remark 4.4.8 For X € L™(F), €sS.SUPQeQ, (r) EQ[—)Z' | F;] is understood as the
equivalence class of all Fr-measurable random variables that are P-almost surely equal to
ess.SUPoeg, () EQl—=X | F7| for arbitrary X € X. Therefore, one should inspect that

€ss.SUPOcQ, (1) EQ[—)Z' | Fr| is well defined with respect to the choice of X. To this end,
take Y € X. Then, Eq-X | 7| = Eg[-Y | F+], a.s. P, for all Q € Q-(r). Hence,

ess.sup Eg[—X | Fr]| > Es[—-X | 7] = Eg[-Y | ], a.s. P,
QEQ-(r)

for all S € Q. (r). Thus, by uniqueness of the essential supremum we have

ess.sup Eg[—X | Fr] > esssup Eg[-Y | F7], a.s. P.
QEQ(r) QEQ-(r)

In the same way we derive,

ess.sup Eg[—Y | Fr] > ess.sup Eg[—X | ], a.s. P.
QEQ-(r) QEQ-(r)

Hence, ess.supgeq. () EQ[:Y | Fr] = esssupgeg, () EQ[—X | F+], a.s. P, and it follows
that ess.supgeo, () EQ[—X | 7] is well defined.

For all levels r € (0,1) we deduce from the properties of conditional expectation that
ES*,. : L>(Fy) — L°(F;) is a conditional coherent risk measure on L>(Fp).

T,0;r

Remark 4.4.9 Take r € (0,1) and consider the mapping Ix|F (r) for a conditional r-
quantile qx|7,.(r) of a P-almost surely bounded random variable X on (2, Fy, P). Then

the probability measure P* with density % = ¢ = Ix |7, (r) is an element of set Q. ().
Indeed, from lemma 4.4.6 we derive

Elg] = ElIxF, (r)] = E[Ellxf, (r) | ]| = 1.

Moreover, as a consequence of lemma 4.4.6 and of the definition of Ix|r (r) we have

v <1
o] <., as P.

Theorem 4.4.10 For v € (0,1) take a conditional r-quantile qxz,(r) of a P-almost
surely bounded random variable X on (2, Fg, P) and consider the associated measure P*
of remark 4.4.9. Then,

ess.sup Eq[—X | Fr] = Ep<[=X | ;] = E[-XIx£ (r) | 7], a.s. P. (4.4.21)
QEQ-(r)

In particular, N
El-XIxr,(r) | 5] € ESig (%), (14.22)

where X denotes the equivalence class in L>(Fy) induced by X.
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Proof. We have

El-XIxF (r) | 7+

B =X = = 0 17

= E[_XIXL'FT(T) | ‘FTL a.s. P,

which proves the second equality in (4.4.21). To verify the other one we first deduce from
remark 4.4.9,

ess.sup Eg(—X | Fr] > Ep«[-X | F;], as. P,

QeQ-(r)
and hence, only the reverse inequality ess.supgeg () EQ[—X | Fr] < Ep«[-X | F7], as.
P, remains to be proved. To this end, let @ € Q,(r) and observe that

aQ
E{dgplf} I (1) | Fr| =0, as. P,
dP T

on {E [% | fT} > 0}. Hence, on the same set we have

dQ
Ep[-X | F] = Eo-X | 7] = B || —r 87~ Ixr () | X | F
el 17]
N o
= E C@L —Ixizr) | (X —axiz () | F
T
> 0, as. P

ite)
In the above computation we may replace W with 0 yielding the same result on
dip T

{E [% | fT} = 0}. Since the set {E [% | .7-'7} < 0} has P-measure zero anyway the
reverse inequality is proved for P-almost all w € €. O

Corollary 4.4.11 For r € (0,1) take a conditional r-quantile qx|r,(r) of a P-almost
surely bounded random variable X on (Q, Fp, P). For the Fr-measurable mappings

w = 2B [(axim () - X) 1 F] @) - axi (@) ond

o = =1 [axs @) M
we have
E[-XIys )| 710 = 2B [(axs 0) - X)7 1 5] 0O - 2y (00 (4423
_ _% /Oqu,fT(s)(.) N (ds), a.s. P. (4.4.24)
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In particular,
1 (" . ~
+ [ s (0 N € BS2,(R) (1.4.25)

rJo

for all levels v € (0,1), where X denotes the equivalence class in L>(Fy) induced by X .

Proof. We have

~B |(ax17 (1) = X) | 7| —axz (1)

;(E (axim, () = )y on | 5| = raxis, ()

= %(E [—X Lixcanim 0} |fr} +axF (NE [1{x<qu<7~)} IFT} —Tax|F, (7“))
(2

XU cqnr ) | 7]+ axim 0P (X < iz 00)) = raxi (1),
(4.4.26)

a.s. P. On the set { P77 (., {X = qx£,(r)}) = 0} (4.4.26) can be written in the form

1

(B[ X g o) | F] + @i (0PT (AX < axim (1) = rai s, (1)

1
= ;E |:_X1{X<QX‘]-‘T(7')} | f7:| 9 a.S. P,

where the last equality follows from lemma 4.3.5. This yields the equality in (4.4.23) for P-
almost all w € {P7 (., {X = qx|z (r)}) = 0}. On the set {P7 (., {X = qy|£, (r)}) >0}
we have
axi7, (NP7 (AX < qxiz, (1)}) —raxz, (r)
(axi7, (VPP (AX < ax1z (0}) = raxyz (7)

)E [ Vxmg iy | 7]
P7r (L AX = qx|7. (1)})

7 (

)

B (axi7, (NP7 (AX < axiz, (10}) = raxiz, (0) U xcg o) | 5]
P7r(AX = ax7, (1)}

r— PP (X < qx£(r)})
—4x|F, (r) PF. (.7 (X = ax|7. (T)}) {X=ax7 ("} | ‘7:7']

= B

= F [_XRXLFT]‘{X:qXU:T(T)} ’ fT:| , a.S. P.
Plugging this into (4.4.26) yields the equality in (4.4.23) for P-almost allw € {P7 (., {X =

qx|7, (r)}) > 0}.
By remark 4.3.9 there exists a null-set /Ny such that

E [(qu () —X)" | ff} (w) = / (ax17 (N (@) — X(@)) " P77 (w, d)
Q
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for all w € Ny and in turn

%E [(QXU-'T(T) — X)+ | ]—“T} (W) = axy7, (1) (w)
= (0@ - K@) P ) -0 () (4420

for all w € Ny. Further, by lemma 4.3.7 there exits a null-set /N3 such that

PP (w, {ax7, (r) # axi7, (r)(w)}) =0
for all w € N§. Thus, (4.4.27) reads

1

- /Q (ax17, (1) (w) = X(@))" P77 (w,di) - x|, (1) (@) (4.4.28)

for all w € (N7 U N2). In view of remark 4.3.11, we may write (4.4.28) in the form

1
1 /0 (ax17 (N(@) — ax17 (5) (@) T A (ds) — ax (7 () ()

T

for all w € (N7 U N2)¢ (note that Ny is the null-set of remark 4.3.11). We finally observe
that for all w € © (and in particular for all w € (N7 U N2)©),

1 T
+ [ axm (06) = axi (@) T AWS) — axim, (0) = = [ axiz (5)(w) AL(ds),
0 0
which proves the equality in (4.4.24). O

The statement in (4.4.25) reveals that conditional expected shortfall is a distribution
invariant conditional monetary risk measure on L*>(Fy), i.e. for all X,Y € L*>(Fp) and
for all r € (0,1) we have

ES:,Q;T(X) = ES:,G;T(}A})7 a.s. P7

whenever the corresponding equivalence classes ﬁX‘ £, and ]3y| £, are the same. Thus, for
all r € (0,1) the functional ES; g, from M (R | F;) to L>(F,) given by
PX|.7:7. — ES‘,-’g;T(qurT) = ES*,Q;T(X>7

T

is well defined. By definition, ES; ., induces ESY,. and hence, ES; .. is a conditional
coherent risk measure on M; (R | F;) for all r ‘€ (0,1). We call ES; 4., conditional
expected shortfall at level r € (0,1) as well.
Consider a P-almost surely bounded random variable X on (€2, Fy, P) and a level
€ (0,1). We have

+ [ s @) 2@ € BSoan(Pis)
0

r
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Here 7(w) = 0 for all w € Q. In view of the discussion of the preceding subsection we have

[t @) Xas) = 1 [ Vari ) A,

™ Jo ™ Jo

for all w € €, where p is the P-distribution of X. Since the ”classical” expected shortfall
ES, : Mi.(R) — R at level r € (0,1) is given by

p— ES, () = 71“/(: VaR,() N (ds),

again ESp ., and ES, essentially are the same if one identifies their domains M; (R | Fp)
and M .(R). Recall that remark 4.4.3 clarifies this situation.

We consider general 7 again. For a P-almost surely bounded random variable X on
(Q, Fp, P) there exists a nullset N = N(X) such that Px|z (w,.) € M1 (R) for all w € N°
(i-e. the probability measures Px|r, (w,.), w € N¢, have compact support on the real line).
By definition,

VaR, (Px £, (w,.)) = —q;r(']_.T (r)(w)

for all w € N€¢ and all levels € (0,1). Note that the nullset N indeed depends on X
however it is independent from the levels r € (0,1). We derive

1

ES, (Pyjz.(w..) = % /0 VaR,(Pyr (w,.) \(ds) = ! /O gy () (@) AL (ds)

for all w € N¢ and for all r € (0,1). In particular, the mapping w — ES, (Ple_r (w, )) is
P-almost everywhere well defined, F-measurable and hence,

w — EST(PXU-'T(W’ )) € EST,Q;T(ﬁX‘J‘—T)

for all PX|]—'7- € ﬁxu:T € Ml’c(R | fq—)
Again this statement is illustrated in the next example.

Example 4.4.12 Let us fiz a level r € (0,1) and consider once more the situation as in
example 4.3.6. We have

E[-XIxr (r) | Fl =Y Epl-XIx (r)ls, as. P,
el
where
Ep,[-XIxF,(r)] = /Q —XIx\F,(r) dPp;.
Due to example 4.3.6 we may choose a conditional r-quantile qx |z, (r) (for which Ix F, (r)
is defined) of the form
wi= Y ai(r)1p (W),

i€l
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where g; : (0,1) — R designate suitable inverse functions for all i € I. Then,
Ep, [-XIx £ (r)]
- /Q_X(w)i (1{X<‘1X\J-'T(T)}(w) + x| (w)l{X:qX\fT (T)}(w)> P, (dw)
= /Q_X(w)i<1{X<qi(r)}(w) +Hi(w)1{X:qi(r)}(w)> Pp,(dw),

where k; : 0 — R is given by

r—Pp. {X<q;(r . .
Eom el f Pp{X = gi(r)} >0

{0 if Pp{X=aq(r)}=0

w i Ki(w) =

From remark 4.48 in Féllmer and Schied [17] we can therefore deduce
EBZ.[—XIT(Y’)] = EST(PBZ.{X S })

Hence, by theorem 4.4.10 we have

w ZEST(PBZ{X € .})IBZ.(w) S Esﬂg;r(ﬁxu),
el

where ﬁX\I designates the equivalence class in My (R | Fr) induced by Px|;.
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Chapter 5

Dynamic Monetary Utility
Functionals

This chapter mainly provides a brief collection of a few results on dynamic monetary utility
functionals as they are found throughout the recent literature. We focus on dynamic
consistency properties and its consequences for dynamic monetary utility functionals. In
fact, we discuss a basic construction principle for time-consistent dynamic monetary utility
functionals and provide recent representation results. In the last subsection we present,
as a main result, a representation theorem in terms of concatenated probability densities.

5.1 Introduction

In chapter 2 we introduced conditional monetary utility functionals which depend on
bounded random variables and on bounded discrete-time processes. Here, we present
dynamic monetary utility functionals as families of conditional monetary utility functionals
for bounded random variables at different times. An extension of the results presented in
sections 5.2 and 5.3 to bounded discrete-time processes has already been established in
Cheridito et al. [8] and Cheridito and Kupper [9]. However, a corresponding generalization
of section 5.4 still is subject of ongoing research and therefore, the remainder of this thesis
is devoted to the case of bounded random variables.

When risk assessments of final values are updated as new information is released,
the associated capital requirements should not contradict one another across time. It is
common sense to impose dynamic consistency conditions upon dynamic monetary utility
functionals, cf. Wang [22], Delbaen [12], Artzner et al. [3, 4]. Characterizations and
examples of dynamic monetary risk measures which are dynamic consistent are given in
Riedel [20], Detlefsen and Scandolo [13] as well as in Weber [23]. The two latter address
risk assessment of final values and Weber additionally focuses on distribution invariant
dynamic risk measures. In [8], Cheridito et al. study a notion of dynamic consistency
which can be characterized by means of a decomposition property of acceptance sets. As
to my information, Delbaen first presented this useful characterization in [12] for coher-
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ent dynamic utility functionals that are defined for bounded random variables. In [9],
Cheridito and Kupper work with the same concept of dynamic consistency and provide
dual representations for dynamic consistent dynamic monetary concave utility functionals
which are continuous in a mild sense and are defined for either bounded random variables
or bounded discrete-time processes. As the results of the remaining thesis are strongly
based on the ones given in [8] and [9] we follow their rather strong notion of dynamic
consistency.

In section 5.2 we introduce dynamic monetary utility functionals for bounded random
variables and present the notion of dynamic consistency which we choose to work with.
We call it time-consistency and show how this concept relates to an iteration condition.
More precisely, time-consistency means that the risk of a final value may be calculated
directly, say at time ¢, or iteratively at time £+ 1 and then at time t. We show how this al-
lows us to construct time-consistent dynamic monetary utility functionals out of arbitrary
families of conditional monetary utility functionals. Section 5.3 provides a brief collection
of a few recent duality results in the context of time-consistent dynamic monetary utility
functionals. Time-consistent dynamic concave utility functionals which are continuous in
a mild sense admit a representation in terms of what we call dynamic penalty function,
where we take essential infimum over certain duals. As a main result, we provide in sec-
tion 5.4 a characterization of those elements for which the essential infimum is attained.
More precisely, if a time-consistent dynamic monetary utility functional is constructed via
an arbitrary family of conditional monetary utility functionals and if for each of those
conditional monetary utility functionals we know at which element the essential infimum
is attained then we also know the element at which the essential infimum representing the
time-consistent dynamic monetary utility functional is attained.

Throughout this chapter we consider the setup of section 2.2 and let 7 and 6 be two
(Fi)-stopping times such that 7(w) < f(w) for all w € Q. We denote by P the set of
probability measures that are absolutely continuous with respect to P. For convenience,
we again identify random variables that are equal P-almost surely as it was done in
chapters 2 and 3.

5.2 Definitions and Time Consistency

Definition 5.2.1 Assume that for each t € T we are given a conditional monetary (con-
cave, coherent) utility functional ¢y (on L>(Fr)) with corresponding acceptance set AfT.
We call the family (¢r1)teT o dynamic monetary (concave, coherent) utility functional (70n
L*°(Fr)) and (.Af )teT the family of corresponding acceptance sets.

A dynamic monetary (convezx, coherent) risk measure (on L (Fr)) is given by a family
(pt.7)teT of conditional monetary (convex, coherent) risk measures (on L*°(Fr)).

Remark 5.2.2 For a dynamic monetary utility functional (¢ 1)ier we derive from (n)
and (Fr-ti) of ¢r,r that for all X € L™(Fr),

ng’T(X) :X, a.s. P.
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In particular, A%T = L°(Fr).

For a dynamic monetary (concave, coherent) utility functional (¢¢ )it we define the
mapping ¢rg : L (Fp) — L>(F7),

X = ¢r0(X Z¢tT Nr—py- (5.2.1)

teT

The functional ¢, ¢ inherits the the properties (n), (m) and (sa) from the corresponding
ones of ¢, t € T. To obtain (F--ti), (Fr-c) and (Fr-ph) consider the decomposition

{Mp_yeB} = ({(AeBIn{r=t})u({0eB}n{r #t})
= ({(reBin{r=tn{r<thu({0eBIn{r#t}) e F
valid for all £ € T, for all A € L>°(F;) and for all B € B(R). Thus, Al {;_;) is F;-measurable
for all t € T and for all A € L°(F;) and the remaining properties are as well inherited
from ¢y, t € T.

The notion of dynamic consistency we work with in this thesis is given in the following
definition.

Definition 5.2.3 A dynamic monetary (concave, coherent) utility functional (¢¢1)et
(on L*°(Fr)) is called time-consistent if for all X, Y € L™ (Fr),

¢t+1,T(X) Z ¢t+1,T(Y)a a.S. Pa zmplzes ¢t,T(X) Z ¢t,T(Y)7 a.S. P7

for allt € {0,...,T —1}. We call the family (¢t,1+1)efo,..,7—1} the one-step transitions
of (¢t 17)ter, where 441 denotes the restriction of ¢y to L(Fiq1), t € {0,...,T — 1}.

A dynamic monetary (convex, coherent) risk measure (py1)tct (on L*(Fr)) is time-
consistent if (—pe.1)tet is a time-consistent dynamic monetary (concave, coherent) utility
functional.

Proposition 5.2.4 For a dynamic monetary utility functional (¢r1)tct the following two
conditions are equivalent:

(1) (¢t 1)teT is time-consistent

(2) G1,7(X) = de1(dr41,7(X)), a.s. P, for all X € L=(Fr) and t € {0,...,T — 1}.

Proof. Fixt € {0,...,T — 1}.
(1)=(2): For X € L*®(Fr) define Y := ¢r11,7(X). Then ¢pp1.7(X) = ¢pp1,7(Y), as. P.
Thus, ¢¢7(X) < ¢e7(Y), a.s. P, as well as ¢y 7(X) > ¢ 7(Y), a.s. P, and hence,

dr,0(X) = ¢ (V) = dr0(de41,0(X)), as. P.
(2)=(1): Let X,Y € L*°(Fr) such that ¢y 7(X) > ¢ry17(Y), a.s. P. Then

G1.17(X) = e (d41,0(X)) = e (de41,0(Y)) = 0 (Y), as. P.
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As a consequence of the preceding proposition, a time-consistent dynamic mone-
tary utility functional (¢ 7)ier is already fully determined by its one-step transitions

-----

via

or.7(X) = b (- dr—2 71 (dr—1,7(X)) -+), as. P,

for all X € L>°(Fr) and for all t € {0,...,T — 1}. For t =T we have ¢77(X) = X, a.s.
P.

Moreover, we may even start with arbitrary conditional monetary utility function-
als ¢y 41 on L(Fyyq) for all t € {0,..., T —1}. For X € L°°(Fr) we then define by
backwards induction:

wT,T(X) = X
Yer(X) = drp (Yipr(X)) forallt € {0,...,T -1} (5.2.2)

This yields a time-consistent dynamic monetary utility functional (¢ 7)ser.
Time-consistency of a dynamic monetary utility functional (¢¢7)ier on L>®(Fr) in

particular captures the following intuition. If a position X € L*°(Fr) is accepted at date

t+1,t € {0,...,T—1}, then it will be accepted at time ¢ as well. This statement formalizes

dr1,7(X) >0, a.s. P, implies ¢y 7(X) >0, as. P, (5.2.3)
forall X € L>°(Fr) and for allt € {0,...,T—1}. (5.2.3) is a consequence of the inequality
dr.7(X) = dr.0(d41,7(X)) > dr0(0) >0, as. P,
which is valid for all X € L (Fr) with ¢¢17(X) >0, as. P,t € {0,...,T—1}, provided
that (¢¢7)ter is time-consistent. The discussion of subsection 6.2.1 in particular yields

the insight that acceptance-consistency in the sense of (5.2.3) is indeed a weaker condition
than time-consistency in the sense of definition 5.2.3.

5.3 Duality

For every t € {1,...,T}, we introduce the set of one-step transition densities

Dy = {6 LL(F) | EE| Fia] =1} .

Every sequence (&41,...,&r) € Diy1 X -+ - X Dp induces a P-martingale (Mf),,eqr by
ME = 1 for r € {0,...,t}
St41 - & forre{t+1,...,T}
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and a probability measure Q¢ in P with density

dQs ¢
== — MS.
dP T

Indeed, for r € {0,...,t} we have FE [MfH ].7-}} =1= Mf, a.s.P, and for r € {t +
1,...,T -1},
E |:M7§+1 | fr} =& &G Bl | Frl =& & =ME, as. P.

On the other hand, every probability measure @ in P induces a non-negative martingale

dQ

MtQ =F |:d_P

‘ft:|, tE{O,...,T},
and since for 1 <t < T,

BME o] = BB [ME R 1 0] = B [MP10_0] =0

we have

(M2 =0} c{Mf =0} forani<i<T (5.3.4)

The inclusion in (5.3.4) is understood in the P-almost sure sense. The sequence

Q
0 Mgg on {Mgl > O}
& = M=y fort=1,...,T,
1 on {Mgl = O}
is an element in Dy X --- X Dp that induces the measure (). Indeed, on {M:,Q_l = O} we

have &7+ ¢f = €7+ ¢, = 0= MP, as. P, andon {MF, >0},

For all X € L*>®(Fr) and ¢t € {0,...T — 1},

[ E[gf?.....gj‘%mft}_gg.....thE[ggl ..... €2x | 7
olX |7 = Bl @|7] @ B[, 2|7

9. Ok [gfil ----- ijlet] p (5.3.5)
_ , a.s. I o

Since by (5.3.4) we have {é? ~~~~~ ftQ = O} - {531 ---- chg = O}, (5.3.5) reads
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Thus, we may and will work with the convention
EQlX | Fi] = E[€2, - 9X|F), XelL®(Fr), te{0,..T—1}, (5.3.6)

and E[fg_l ceee §$X | 1] is a version of Eg[X | F;| that is defined up to P-almost sure
equality, whereas Eqg[X | F¢| is only defined up to Q-almost sure equality.
The conditional expectation of a random variable X from Q to [0,00] is, as usual,
understood as
E[X | )= lim BE[X An|F)]. (5.3.7)

Definition 5.3.1 Let t € T. We call a conditional monetary utility functional ¢y (on
L>(Fr)) continuous from above if

be7(Xn) — (X)),  a.s. P,

for every sequence (Xp)nen in L°(Fr) that decreases P-almost surely to X € L™ (Fr).
A dynamic monetary utility functional (¢r1)eeT is called continuous from above if all
¢e7, t €T, are so.

Definition 5.3.2 Let 0 <t < s <T. For a conditional concave utility functional ¢rs (on
L*°(Fy)) that is continuous from above we define for all Q € P,

07 (Q) = esssup {Eq[-X | Fi] + ¢r.s(X)}
X€eL>®(Fs)

and call gpfs the conditional penalty function of ¢y .
For a time-consistent dynamic concave utility functional (¢¢7)ier we call the family

(‘Pf,t+1)te{07...,T—1} the dynamic penalty function of (¢ 1)t

Lemma 5.3.3 Let 0 < t < s < T. A conditional concave utility functional ¢y s (on
L*>°(F;)) that is continuous from above admits a representation

b1,6(X) = ess.inf { Eq[X | Fi] + 07 (@)}, as. P, (5.3.8)
i terms of its conditional penalty function gofjs.
Proof. Let us consider the conditional convex risk measure p; s := —¢; . The statement
in (5.3.8) now reads
po(X) = —essinf {EQ[X | Fi] +¢7,(Q)}
= esasup {Bo[-X | ] - ¢7,(@Q)}, as. P, (5.3.9)

b

t,s

wf,s(Q) = esssup {EQ[—X | ] — prs(X)}, as. P.
XeL>®(Fs)

and the conditional penalty function ¢y . can be written in the form
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Now the statement in (5.3.9) can be viewed as a generalization of the static case duality
result, a proof of which is given in Detlefsen and Scandolo [13], theorem 3.2. O

Lemma 5.3.4 Let t € {0,...,T — 1}. The conditional penalty function gpfjtﬂ of a con-
ditional concave utility functional ¢yi41 (on L*(Fit1)) that is continuous from above
satisfies

o0 (La€ + 1ac€)) = 14?1 (6) + Lacl i1 (), as. P,

for all §,&' € Diyq and A € Fy, with the convention

dq
@Ztﬂ <dP> = @?,t-i—l(@)'
Proof. By convention we have

¢zt+1(1A§+1Acg') = esssup {EQ[(—X) | Fi] + drs(X)},
XeL>(Fit1)

where @ is given by % = 14& + 14c€. Note that E[14£ + 14:£'] = E[E[1A§ + 1408 |
Fi] =1, as. P. Thus,

wf?m(lA& +14e8) = esssup {E[(1a&+ 1) (—X) | ]+ ¢1s(X)},  (5.3.10)
XeL>®(Fit1)

a.s. P, where we have in mind that E[14§ + 14.£’ | Ft] = 1, a.s. P. Since A € F; we may
rewrite (5.3.10) in the form

esssup {1a(BE(—X) | Fi] + 605(X)) + Lac (B¢ (=X) | Fi] + d1,6(X)) }

XeL®(Fii1)
= esssup {1a(BIE-X) | B+ 00s(X)) + Lac (BIE(-Y) | B+ 1Y) }
X, YeEL®(Fiq1)
= la esssup {E[E(=X)|F]+¢s(X)}
XeL>o(Fit1)
+1ac esssup {E[E(=X) | Fi] + ¢r,s(X)}
XEL®(Fyi1)

= 1A90?,t+1(5) + 1A6802t+1(§,), a.s. P.

|

Theorem 5.3.5 Let (¢ 1)ieT be a time-consistent dynamic concave utility functional that
is continuous from above. Then

S
¢t,s(X):est€.i71;1f Eq | X+ Y ¢/, (@QIFA|, as P,
j=t+1

for all0 <t < s<T and X € L>=(Fs).
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Proof. Let 0 <t < s <T and define

S
Vis(X) = e%se.i%lf Eq | X + Z 90?—1,3'(@) | Ft
j=t+1

for all X € L*°(Fs). The proof is by induction over s. If s = ¢+ 1, then we obtain directly
from (5.3.8) that

Pra+1(X) = G%Séi?glf EQ[X +¢141(Q) | o] = Vi1 (X), as. P,
for all X € L>®(Fi41). Now, assume s > t + 2 and ¢y 4(Y) = V;4(Y), as. P, for all

Y € L®(Fs-1). If X € L®(Fy), then ¢s_15(X) € L>®(Fs—1), and we obtain by time
consistency ¢s(X) = ¢ps(¢s—1,5(X)) = Vi,s(¢s-1,5(X)). Further,

Vis(65-1,6(X)) = essinf Eq |d51,5(X) + 3 01 ;(Q) | Fi

j=t+1
s—1
= ess.inf E (&1 s1.5(X) + (e T
(Et415-E7)EDs 41 XX Dy (&1 &r) | ds-1.4(X) j:tz+1 ©i-1,5(&) | | Fe
= ess.inf El(&oq----- .
(&t+150€s—1)EDtp1 X XDs—1 [(ét—H §-1)
s—1
egsse'%)nf E [fs (X + 908—1,5(55)) | fs—l] + Z Soj—l,j(fj) | Fi ) (5'3‘11)
s s el

a.s. P. The family
Bl X | Fs1] + s-1,5(8s), & € Ds

is directed downwards. Indeed, take s, &L € Dy and A € Fs_1 such that
Bl&X | Fomr] + 9s-1,5(&) A EEX | For] + 0s-1,5(€5)
= La(BIEX | For] + 0-1.(6)) + Lae (BIEX | Fot] + 0o-1,6(€0))
= Bl(1ags +1a0)X [ Foor] + Lapa-1,6(8) + Lacps-1.4(80), as. P.

Lemma 5.3.4 now yields the assertion. But from this we derive that there exists a decreas-
ing sequence
(4/7n)neN C {E[ng ‘ ]:sfl] + 803—1,3(58) | gs € Ds}

such that
ess.inf (E[&X | Foo1] + ps-15(&)) = lim ", as. P.

s€Ds n—oo

Therefore, since

E [fS(X + 90571,8(55)) | fsfl] = F [ng | .7:571] + E [gsSosfl,s(fs) | .7:371]
= K [ng | .7'—371] + 90571,3(53)7 a.s. P,
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we can take, by monotone convergence, the essential infimum in (5.3.11) outside the con-
ditional expectation and arrive at

ess.inf ess.inf
(t+41,-2€s—1)EDsy1 X+ xDs_1 §s€Ds
s—1
B (1 am1) | BlE(X +am1,6(6)) | Faomtl + Y wi—15(&) | | A
j=t+1
= ess.inf E [(§t+l """ 55—1) ( [gs(X + ©Ys—1,s 55)) ’ Fs- 1]

(§t415-6s)ED41 XX Dss

s—1
+E (& Y 015(&) | For| | | e
j=t+1

= ess.inf
(§t4+1,--,€s)EDt 41 XX Dss

E (‘St—H """ gs—l)E gs X+ Ps—1,s ‘Ss Z Pj—1,5 5] | Fs—1 ‘ Fi

j=t+1
= ess.inf E|(&q1--- s) | X + (& Fr| = Vis(X),
(€tptr ) €Dyt X x Dy (€t+1 §) j;l Pj l(fj) ’ t t, ( )
a.s. P, which concludes the proof. O

Corollary 5.3.6 Let (¢i7)ier be a time-consistent dynamic concave utility functional
that is continuous from above. Then

S
dr.s(X) = essinf Fq | X + Sl QI A, as P,
j=1

forall0 <t < s<T and X € L>™(F;).

Proof. By theorem 5.3.5 it suffices to show that

e%seglf Eq X—l—thJ 1, (@) | Fe| = essmf Eq X-i—JZt;l‘pJ 1 (@) | Fe|, as. P,

forall0 <t < s <T and X € L*>(F;). To this end, observe that normalization of ¢;_1 j,
je{l,...,T}, implies

0=¢;_1,(0) = e%se.i%lf {EqQl0 | Fj_1] + go?_l’j(Q)} = e%Sé%lf go?_Lj(Q), a.s. P,
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where the second equality follows from the fact that 4,0;?_1 ; represents ¢j—1,; as in lemma

5.3.3. Moreover, for all Q € P we have

90?71’].(@) = Xeesi.oil(ljg) {Eg[—X | Fica] + ¢j—1,;(X)}
J
= ess.sup {E [ng ''''' jQ(—X) | -fj—l} + ¢j—1,j(X)}
XeL>(F;)

= ess.sup) {E {EJQ(—X) ]fj_l] + ¢j_17j(X)}, a.s. P,

X€eL>®(F;

and hence,

essgnf @?fld(f) = e%se.glf gp?fl’j(Q) =0, as. P,

£eD;j

forall j €{1,...,T}. Now,let us fix 0 <t < s <T, X € L®(Fs). We have

inf Eg | X 0
ess.inf Eg +;so]_1,3(62)!ft

S
= ess.inf E ceee X + o (¢ F
eSSy [T ; #iaal&) | 17

t S
= essinf B |Gl [ XD 006+ Y @ 5()
j=1 j=t+1

(é1,.sé17)ED1X XD

t
— anf E &y - - ¢ (€N F
(51,...,5;3?2D1?><---><DT St r ; i1 (éj) | 7

+E S0 Er | X+ Z 90?_1,]‘(5]‘) | Fi

j=t+1

= ess.inf
(&1,-,67)ED1 XX D

t s
ZSD?_Lj(fj) +E &1 §r | X+ Z 90?—14(5]') | Fi
j=1

j=t+1

t
: [
= ess.inf P (€.

(£1,0,6)ED1 X XDy ; Pj—1,j (&)

ess.inf E &1 §r | X+ Z S0;1')—14' &

(&t+1,-6T7)EDt41 % XD
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(5.3.14)
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As a consequence of (5.3.12) the essential infimum in (5.3.14) equals zero and hence,
(5.3.15) reduces to

ess.inf E & - X + <{5_ (e T
(&t+15--87)EDyy1 X XD St &r Z ¥ 173(5]) | Fi

which concludes the proof. O
5.4 Concatenation

Consider the densities ¢ and s of two probability measures () and S in P. For t €
{1,...,T — 1} we define

Els| F| =0
g@ps=14 " on ABls| 7] =0} (5.4.16)
Elq | ft] m} on {El[s|F] >0}
Since
[ s
Elgots] = E _E[q ’ ft]ml{E[sU—}bO} + ql{E[s|}}]:0}]

S
- E E[E[q|]:t]Hj:t]l{E[s|ft]>0}‘ft} +E [qlBsi71-0) |ft]]

= FE|E[q|F] { : }1{E[s|]-'t]>0}+E (a1l 71=0) ’ft}]
= [ [q]| F]] =

and ¢ ®: s > 0, a.s. P, ¢ ®; s induces a probability measure in P. We denote it Q) ®; S
and call it concatenation of the measures () and S.

For all of this section, we assume that we are given a dynamic concave utility functional
(¢t 1)teT that is continuous from above. By lemma 5.3.3, we have for all 0 <t < s < T

O1,6(X) = essinf {Eg[X | ] +4(,(Q)}, as. P, (5.4.17)

for all X € L°°(Fs). The one-step transitions (¢t+1)ieqo,...7—1} Of (1,7)ieT are concave
and continuous from above. Thus, the time-consistent dynamic monetary utility functional
(¢, 1)teT given as in (5.2.2) is concave and continuous from above in turn. By theorem
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5.3.5, (¥1,1)teT admits for all X € Fr a representation

(X)) = essinf Eg | X + Z of Q)| F
QeP
Jj=t+1 ]
= f Bo | X £, as P, 5.4.18
ess.inf Fg +]Zt;1<pj @ F|, as (5.4.18)

in terms of the dynamic penalty function (‘Pftﬂ)te{o,...,T—l} of (¢1)ter. Note that by

construction, the dynamic penalty functions (4,0:5%15+1)t6{07...,T—1} and (@it+1)t€{07...,T—1} co-
incide P-almost surely.

Let us assume that for all t € {0,...,T—1} and X € L (Fr) there exists a probability
measure S; = S¢(¢1+1,7(X)) € P such that the essential infimum in (5.4.17) is attained
for the one-step transitions of (¢¢7)cer, i-e.

Srir1(Gr1,0(X)) = Bs,[ri10(X) | B+ 9741 (S),  as. P, (5.4.19)

for all t € {0,...,T — 1}. From this we derive for all t € {0,...,T — 1},

Ui p11(Ve1,7(X)) = 41 (Yir1,7(X)) = Es, [brr1,10(X) | Fe] + 802t+1(5t)7 a.s. P.

(5.4.20)
For t € {0,...,7 — 1} we will show that, under a technical assumption, the essen-
tial infimum in (5.4.18) is attained by the concatenation of the probability measures
(Ss)seqt,...,r—1y in (5.4.20). To this end, we set s; = dSt for all t € {0,. — 1} and

denote the induced non-negative martingales

MSSt = E[s; | Fs], seT,

for all t € {0,..., T — 1}. As in section 5.3 the corresponding sequences
Mot { S
2 on Mt > 0}
¢St.= ¢ ML ° . se{l,...,T},
1 on { M, =0}

are elements in Dy X --- x Dy for all t € {0,...,T —1}.

Remark 5.4.1 Taket € {0,...,T—1} and assume (this is the above mentioned technical
assumption) that

MSSS = Elss | Fs] >0, a.s. P, forallse{t,..., T —1}. (5.4.21)

Then, by the definition in (5.4.16), the density

St Q41 - Q1—1 ST-1
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is of the form

Els; | Fy 1]E[St+1 | Fevol . Elsr—a| Frol ST—1
" Elsi1 | Fiya] Elsp_o | Fr_s] Elsr—1 | Fr_1]
= Els | Fin] &5 NESRRRRE fT 1 §ST ' as. P (5.4.22)
Thus,
Elst @1 ®r-1s71 | F] = E [ [st | Fra] &5 FESRREER fT 1ér e | Fi

= E[E[si| Fipal | Bl =Els¢ | B}, a.s. P,

where we have in mind that ffj_l is Fsy1-measurable and that E[§§j1 | Fs] =1, a.s. P,
forall s € {t,..., T —1}. From this we derive

S, ST_9 +ST_
E [E[St | Foa] &4 &l & Y’}—t}
Est®t+1"'®T715T71 [Y | }—t] = [st | .7:;5]
S S
= [5t+1€fi§1 ----- Iy Y ft] (5.4.23)

a.s. P, for allY € LY(Fr).

Lemma 5.4.2 Lett < s <T — 1. Given that the assumption in (5.4.21) holds, we have
Sof,sH(St @t1 @1 S7-1) = @f,5+1(55)7 a.s. P,

on the set {§t+1 '55571 > 0} € Fs.

Proof. By the assumption in (5.4.21) we have

{gtﬂ N 0} - { 5| Fopa] €050 - €551 > 0} (5.4.24)

up to a null-set. By the definition of the dynamic penalty function it suffices to show that
for all Y € L*®(Fs11),

Es,0pir0r 1501 [Y | Fs) = Es,[Y | Fs], as. P.

To this end, let Y € L (Fs41). We have

E [E[St | Feqa] - oo §ss 1§s+1 gTT 'Y ‘ }—S]
E5t®t+1'“®T_1ST_1[Y ’ ‘FS] = R ST R
B[Elsi | Foa] oo €575 e | 7|
Elsy | Fopa] - ¢S IE[53+1 ..... &1y | ]:s}
E[St|ft+1] éss 1E|:€s+1 ..... ST 1|fi|
(5.4.25)
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a.s. P, where the first equality follows from (5.4.22). In view of (5.4.24), (5.4.25) reads

E[5§i1 ..... 5§T*1 Y | }‘S}
BleS &7 | F|

_ E[gfil Y | ;fs} = Eg[Y | F), as. P,

where the first equality follows from the fact that Y is Fs;1-measurable and that E [{f_h |
Fl=1,as. P, forallre{s,..., T —1}. O

Theorem 5.4.3 Lett € {0,...,T — 1}. Given that the assumption in (5.4.21) holds, we
have

T
ess.inf Fg | X + Z C,O?_lj(Q) | Fi
QeP =t

T
Esiur-or1sr 1 | X+ D @5 105 @1 @01 Sra) | Fe|,  as. P,
j=t+1

for all X € L>®(Fr), where the Sy = Ss(Vs1,7(X)) € P are given as in (5.4.19) for all

se{t,..., T —1}.

Proof. Take X € L*(Fr) and let us compute:

T
Es,®11-@7_187_1 X+ Z CP?_M(St ®t41 - Qr—1 S7-1) \ Fi

j=t+1
T
— E|& - 5{*12 fT* X + Z @?_Lj(st ®py1 - @71 S7-1) | | Fi
j=t+1
- E git_l ;”:2
T
E :;T—l X + Z 4,0;5,1’]'(515 Q41 Qr—1S7—1) | | Fr—1| | Fr| ., (5.4.26)
j=t+1
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a.s. P, where the first equality follows from (5.4.23). Further,

T
St
E & | X+ Z ‘P?fl,j(st ®ep1 - @11 57-1) | [ Fra

j=t+1

s
= E|& (X+<PT 17(St g1 -+ @11 5T—1)>

T-1
St
HETT Y T 0l (S @i @11 Sro1) | fT—l]
j=t+1
Sr_
= Fk [ﬁTT ! (X + 80?_1,T(5t @41 Q11 STfl)) \ fTﬂ}
T-1

+ 2 07 1 (St ®ug1 - @71 Sp_1),  as.P,
Jj=t+1

where the last equality follows from the fact that £ f;T_l | ]:T—l} =1, a.s. P. Plugging
this into (5.4.26) yields

|:£t+1 e ;T_f (E [ St—1 (X + SDT 17 (St ®41 -+ @11 ST—l)) | _7-"T_1]
T-1
+ Z 90?—1,j(5t Qp+1 o Qr—1 S7—1) | | Fe|, (5.4.27)
Jj=t+1

a.s. P. We have

SRR &I E [ o (X +h (5t ®py1 - @11 5T—1)> | fT—l}
= §t+1 """ ST ? (EST X Froa] +%0T 17 (St ®pp1 -+ @11 ST—l))
Sp
= £t+1 """ TT 12 <EST—1 (X | Froa] + (PT,LT(ST—1>> (5.4.28)

S
= §t+1 """ &7 droar(X), as. P,

where the equality in (5.4.28) is evident on the set {§t+1 ----- ;T 1= 0} € Fr_; and on
{§t+1 ----- ST 2> 0} it follows from lemma 5.4.2. Thus, we may write (5.4.27) in the
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form

T-1
Sr_
E &k 7 | o n(X) + Y @) (S @ - @11 Sra) | | F
j=t+1
- E [ftsfrl e
T-1
B |G | droar(X) + Z Soj)fl,j(st @t41 0 @7—1 S7—-1) | | Fr—2| | Fe
Jj=t+1
— E [gfjrl .
S T2
G | dr2ra (fror (X)) + Z (pj'Ll,j(St @p1 - @71 87-1) | | F
j=t+1

- (o drora(prar(X) ), as P
But now we conclude
¢t,t+1( o pr_ar(brar(X)) e )
= Y Yrara@rarX) o ) =6r(X), as P

where the last equality follows from time-consistency of (v 1)tet.
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Chapter 6

Dynamic Value at Risk and
Dynamic Expected Shortfall

This chapter is understood as an application of the results of chapter 5 to conditional
value at risk and conditional expected shortfall: We define dynamic value at risk and
dynamic expected shortfall by backwards induction, where conditional value at risk and
conditional expected shortfall serve as corresponding one step transitions. We discuss
time-consistency properties and present a characterization theorem of dynamic expected
shortfall in terms of concatenated probability densities.

6.1 Introduction

In this chapter we finally propose a notion of dynamic value at risk and dynamic expected
shortfall. The construction of these two dynamic monetary risk measures is performed
by backwards induction as in (5.2.2) and therefore, dynamic value at risk and dynamic
expected shortfall will be time-consistent. As a test of conditional value at risk and condi-
tional expected shortfall at different times on time-consistency reveals severe drawbacks,
such a construction seems advisable. To my information, this idea was first brought up in
Cheridito and Kupper [9] in the context of expected shortfall, as Artzner et al. cautioned
against the use of conditional expected shortfall at different times already in [3, 4].

In the following section we observe a useful martingale property. We then directly
enter into the discussion of conditional value at risk at different times in subsection 6.2.1.
This dynamic monetary risk measure turns out to be not time-consistent as counter-
example 6.2.3 indicates. However, we are still able prove a weaker dynamic consistency
property via the above mentioned martingale property. On the contrary, conditional
expected shortfall at different times does not even satisfy this weaker dynamic consistency
condition as the discussion in subsection 6.2.2 exemplifies. We therefore present a notion
of a time-consistent dynamic expected shortfall by iterating one-step conditional expected
shortfalls. A combination of the two theorems 5.3.5 and 5.4.3 yields a characterization of
dynamic expected shortfall: As in the conditional case, we are able to explicitly construct
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the probability density for which the essential supremum which represents the dynamic
expected shortfall is attained. Further, we compute the representing dynamic penalty
function and arrive at a characterization of dynamic expected shortfall as an essential
supremum over certain probability densities, similar to the definition 4.4.7 of conditional
expected shortfall.

Throughout this chapter, we consider the setup of section 2.2 and let 7 and 6 be two
(F¢)-stopping times such that 7(w) < f(w) for all w € Q. We denote by P the set of all
probability measures that are absolutely continuous with respect to P. Within this chap-
ter we again explicitly distinguish random variables on (€2, Fy, P) and the corresponding
equivalence classes in L°(Fy). As in chapter 4 random variables are denoted by X,Y, Z, . ..
and X , }7, Z , ... respectively designate the corresponding equivalence classes. B := B(R)
denotes the o-algebra of Borel-sets on the reals.

For each t € T we assume that we are given a mapping

PPt Q x Fr — [0,1]

which satisfies the well-known properties:

(1) P7t(w,.): Fr — [0,1] is a probability measure for all w €
(2) P7t(., A) : (Q,F) — [0,1] is Fy-measurable for all A € Fr
(3) Jo P7t(w, A) P(dw) = P(C N A) for all C € F; and A € Fr.

The discussion of subsection 4.4.1 clarified that
P70(w, A) = P(A)

for all w € Q and for all A € Fp. Theorem 4.2.1 states that we can count on the existence
of the family
(P7)

if ) is endowed with a complete metric inducing a separable topology which generates the
Borel o-algebra Fr.

teT

6.2 Examples

Here is the martingale property which we gave notice of before:

Proposition 6.2.1 For A € Fr the discrete-time process (Pft(.,A)) is a martingale.

teT

Proof. Integrability follows from the fact that for all ¢ € T, Pt takes values in [0,1].
Thus, for a fixed t € {0,...,T — 1} it remains to show that

E[PT (L A) | F] = P7(,A), as. P.
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But since for all s € T, P¥s(.,,A) = E[14 | s, a.s. P, we deduce,

E[PT#(,A) | F] = E[E[la| Fipl | F
= E[la| F]=P"(,A), as. P.

O

As an immediate consequence of the preceding proposition we derive that for a fixed
random variable X on (Q,Fp, P), for all B € B and for all x € R the discrete-time
processes

(PXI}—t('?B))tg'I[‘ and (FX|~7:t("x))t€’]T

are martingales as well. As the following example states, this property is not inherited by
conditional quantiles.

Example 6.2.2 Let T =1, Q = {wy,wa}, P uniform on Q (, i.e P(w;) = 3, i € {1,2}),

and Fy the power set. Consider the random variable X : Q@ — R, w; — X(w;) :=i. For

level r = L, example 4.3.6 tells us that

Y
wxis, (3) ) = axis, (5) (o) € 1.2

arbitrary, whereas

and qx|F, (3) (W) = X(w) for allw € Q.

6.2.1 Dynamic Value at Risk

Let us fix r € (0,1) and consider the dynamic monetary risk measure
(VaRi 1, )ier (6.2.1)

on L*(Fr). For the conditional monetary risk measure ), ¢ VaR] ., 1(r=¢ on L>(Fy)
we have N B

> VaRf 1, (X)1—y = VaR;4,(X), as. P, (6.2.2)
teT

for all X € L>®(Fy). To verify the statement in (6.2.2) it suffices to show that for a P-

almost surely bounded random variable X on (92, Fy, P) there exists a nullset N = N(X)
such that

ZFX\ft(wax)l{T:t} = FX|.7:7—(W71') (6.2.3)
teT

for all w € N€ and for all x € R. Then,

Z Q;F(L']-‘t (wv 5)1{T=t} = Q;r(|]-‘7_ (w’ 8)
teT
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for all w € N€¢ and for all s € (0,1). Hence, for r the equivalence classes in L>®(F;)
induced by » ;. q;lﬂ(., 7)1{7—y and q;a]_.T(., r) coincide, i.e. (6.2.2) is valid. In order to
prove (6.2.3), fix a P-almost surely bounded random variable X on (2, Fy, P) and ¢ € T.
We show that there exists a nullset Ny = N¢(X) such that

FX|.7'—t (wa J;)]‘{T:t} = FX\TT (wv x)l{’r:t}
for all w € Nf and for all z € R. (6.2.3) will then follow as we set N = (J,cp N;. We claim
that for a P-almost surely bounded random variable Y on (92, Fr, P) we have
EY | Fi]l{r—yy = EIY | Frll{7=yy, as. P. (6.2.4)

We have already shown that the Fj-measurable mapping E[Y | F]li;—y is also F-
measurable since the decomposition in (2.2.2) is as well valid for E[Y | F]. Thus, the
assertion in (6.2.4) follows from the observation that for all events C' € F, we have
{r =t} NC € F; and hence,

E[E)Y | Fllf;—nlc] = E[EY | Fll{y—nnc]
= E[Ylync] = E[Y 1= lc].

For all x € R we may therefore derive

Fxiz(om) gy = P A{X <))oy
E[lix<ay | Ft]lir=y
= Ellix<ay | Fr]lioy
= PP {X <2}l
= Fxi7 (2)l—y, as P,

which yields the existence of N; and in turn verifies (6.2.2).

At first glance, the dynamic monetary risk measure (VaR} ;.. )ier on L*(Fr) for r €
(0,1) seems to project the idea of the ”classical” value at risk into our dynamic framework
in a reasonable way as the identity given in (6.2.2) may suggest. However, a major
drawback of (VaR; ;.. )ier is that we do not find the iteration condition of proposition
5.2.4 (and equivaleritfy time-consistency) to be satisfied as the following example states.
Example 6.2.3 Let T = 2, Q = {w1,...,ws}, P uniform on Q (, i.e P(w;) = %, 1€
{1,...,4}), Fa the power set and Fi generated by {Bi, B2}, where By = {wi,ws2} and
By = {ws,ws}. Consider the random variable X : Q@ — R, w; — X(w;) := i. We fix
the level r = %.In the notation of example 4.3.6 the probability measures P, and Pp, are
given by

1
PBl(wl) :PBl(WQ) = ia PBl(w3) :PBl(w4) =0, and
1
Pp,(w1) = Pp,(w2) =0,  Pp,(w3) = Pp,(w4) = 3
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Ezxample 4.3.6 further tells us that

1
Q;‘fl <2) =2lp, +41p,. (6.2.5)

Since () is the only nullset, (j}‘}.l consists of the element given in (6.2.5) only. We have

1
+ Z) =4
m (D17 <2> ’

1
+ _

The preceding example clarifies that (VGRZT;T)ISET? r € (0,1), is not time-consistent
in general, yet it turns out that (VaRj ;.. )ier does satisfy a weaker dynamic consistency
condition.

whereas

Lemma 6.2.4 For all v € (0,1), (VaRZT;T)teT is acceptance-consistent in the sense of
(5.2.3), i.e.

VaR{ i 1,(X) >0, as P, implies VaR;p,.(X)>0, as. P, (6.2.6)
for all X € L®(Fr) and for all t € {0,...,T —1}.

Proof. For all of this proof we fix X € L>®(Fr) and t € {0,...,T — 1}.

In a first step we assume that there exists X € X of the form X = Z?Zl aily,, a; € R,
A; € Fr such that A; N A; =0 for i # j and n € N. We may assume that a1 < ... < a.
From the definition of qjﬂ 7 (),

Q;Vt(r)(w) = inf {l‘ | PX\J-} (w>{X < :L‘}) > T‘}

= min {0 | Fx |5 (w, ;) > r}

for all w € €, we obtain

n

+ — .
Ix|F, (r) = Z azl{Fxm (wi1)<r<Fxz, (i)}

i=1

Since we have already established that for all z € R, (F X7 (s z))
may further derive

ter 18 @ martingale, we

n
T — .
QX\]-} (7“) = ZZ; aZ1{E[FX|ft+1(-7ai—l)|ft] §T<E|:Fx|ft+1(-7ai)|-7'—t]}’ a.s. P.
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Next, we show for arbitrary j € {1,...,n} that if q}l}_t (r) takes value a; with positive

probability, then {q}‘ Fir (r) < aj} has positive P-measure. From this we deduce

q;rq}.t (r) > ess.inf qj(l]_.tﬂ(r), a.s. P,

which yields the assertion for finite step functions X. Let us fix j € {1,...,n} and assume
that
P{E [FX|fz+1('aaj—1) ‘ Ft] <r<k [FX|.7:z+1('?aj) ‘ ft]} > 07

i.e. q;‘ 7 (r) takes value a; with positive probability. In this case we have in particular
P{r <E[Fxr, (o5 | F]} > 0, (6.2.7)

and obtain
P{T<FX|ft+1(.,a]’)} > 0,

since otherwise Fx|r, (., a;) < r, as. P, would imply that E[Fxr, (., a;) | Ft] <7,
a.s. P, which in turn would contradict (6.2.7). Finally, for all w € {7‘ < FX‘_’FtJrl(.,Oéj)}
we have

Cp,,, (@) = min {o | Fxz,, (@,00) > 1} < o

and hence, {q;—(|]‘—t+1 (r) < aj} has positive P-measure.

As for general P-almost surely bounded X, we may assume in the usual manner that
N :={X > ||X||z} is a P7*(w,.)-nullset for all w in the complement of a suitable nullset
N* = N*(N) and for all t € T. Note that indeed we may choose N* independently from
the fixed t € T since there are only finitely many such ¢. We will show that

a5 (r) = essinf g 7, (r), as. P.

To this end, take Fr-measurable step functions (X, )nen such that X, (w) \, X (w) for all
w e N¢ Then {X, <z} \ N C{X <z} \N for all z € R, for all n € N and hence,

Fx, 17w, z) = PP (w,{X, <z}\N) / PP (w,{X <z}\N)= Fxir,(w,z) (6.2.8)
for all w € N*¢ and for all x € R. Since in (6.2.8) we may exchange ¢ with ¢+ 1 we deduce

q}nm(r)(w) N q;rﬂft(r)(w) as well as (6.2.9)
G @) N dh, ()W) (6.2.10)

for all w € N*¢. From the first part of the proof we know that
q}nm (r) > ess.inf q;r(nmﬂ(r), a.s. P,
for all n € N and hence, we derive from (6.2.10)

q;nm (r) > ess.inf q}‘]_.“rl(r), a.s. P,
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for all n € N. Since the same is true for the limit given in (6.2.9) we conclude

qjq}‘t (r) > ess.inf q;r{|]_.t+1(r), a.s. P.

O

Definition 6.2.5 For every t € {0,...,T — 1} let r, € (0,1). As in (5.2.2) the one-step
transitions

¢t,t+1 (5(:) = q_—)a]:t (Tt)a

X € L®(Fip1), t € {0,...,T — 1}, induce a time-consistent dynamic monetary utility
functional (Yr1)ter. For allt € {0,...,T — 1}, —¢141 is a conditional value at risk
at level ry and consequently we call (= 1)ieT dynamic value at risk at dynamic level

(1"0, ceey T‘T_l).
6.2.2 Dynamic Expected Shortfall
Let us fix r € (0,1) and consider the dynamic coherent risk measure
(ESt 7. )ter (6.2.11)

on L*(Fr). For the conditional coherent risk measure >, p ES 1., 11— on L>(Fp) we
have for all P-almost surely bounded random variables X on (2, Fy, P) and corresponding
equivalence class X in L% (Fp)

SN B[-XIxg () | Fllpmy € > ES;p.(X)l—y, as wellas

teT teT
ZE[_XIX\]'} (T) ’ ft]l{’r:t} € ES:,Q;T()}:)7 (6212)
teT

in other words,
> ES; 1, (X)1rey = ES;p.(X), as. P, (6.2.13)
teT

for all X € L°(Fy). In view of (4.4.22) only the statement in (6.2.12) is to be verified.

To this end, fix a P-almost surely bounded random variable X on (2, Fp, P) and ¢ € T.
It suffices to show that,

El-XIx\7(r) | Fllir=y = E[-XIx£.(r) | Frllir=py, as. P, (6.2.14)

since then we derive from (6.2.4)

D EXIxg(r) [ Fllpmy = Y E[-XIxz(r) | Fllp—y
teT teT

= Y E[-XIxir(r) | Fllroy
teT
= E[_XIXL'FT(T) | fT]a a.s. P,



which again in view of (4.4.22) yields the statement in (6.2.12). We may assume that
Ix|7,(r) and Ix 7, (r) are constructed with respect to the conditional quantiles q}l £ (7)

and qjqﬁ(., r). Take a null-set N = N(X) such that

Fx|7,(w, 2) = Fx|F, (w, 2)

for all w € NN {7 =t} and for all z € R. Such N exists due to the statement in (6.2.3).
From this we may deduce q;rq}.t (w,r) = qj(lf (w,r) for all w € NN {r =t} and in turn

Ixir, (M) lr=ty = Ixj7, (N)lr=yy, as. P,

which eventually yields (6.2.14).

Again, the identity given in (6.2.13) may at first glance support the viewpoint that
the dynamic coherent risk measure (ES} .. )i, 7 € (0,1), provides a reasonable idea of
”how bad is bad?” within our dynamic térﬁporal setting. However, care must be taken in
general as (ES; ., )ter fails to even satisfy acceptance-consistency in the sense of (5.2.3).
Here is the couﬁtérexample taken from Artzner et al. [4]:

Example 6.2.6 Let T = 2, Q = {w1,...,ws}, P uniform on Q (, i.e P(w;) = %, i€
{1,...,6}), Fa the power set and F; generated by {B1, B2}, where By = {w1, w2, w3} and
By = {w4,ws,we}. Consider the random variable X : Q@ — R, X (w1) := —10, X (wq) := 12,

X(ws) == 14, X(w4) := =20, X(ws) = 22, X(ws) := 22. We compute ESSQ;%(X) and

EST, 52 (X). Note, that equivalence classes in L>(F), t € {0,1,2} consist of one element
b ’3

only since O is the only nullset occurring in this setup. In the motation of example 4.3.6

the probability measures Pp, and Pp, are given by

PBl (wl) = PBl (WZ) = PBI (w3) =

=)

, Pp(w4) = Pp,(ws) = Pp,(we) =0, and

o Wik

Pp,(w1) = Pp,(w2) = Pp,(w3) =0,  Pp,(w4) = Pp,(ws) = Pp,(ws) =

Wl

Ezample 4.3.6 further tells us that
dx|5 () = —101p, + —201p,.

for all s € (0,3) and
ax5 (8) = 121p, + 221p,.

forall s € [%, %) Thus, by example 4.4.12

_3/
2 Jo

Wl

G, (5)() A (ds) = —g @(—10 +12)1p, + %(—20 + 22)132> = —1q
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is the only element in ES} 2.2()~(), whereas
) 73

1 1 2
q;\fo(s) = =20, for all s € <0, 6) ; q;|]_-0(8) = —10, for all s € {6’ 6)

2 3 3 4
q;_(\]-'o(s) =12, for all s € [6’ 6> ) q}lfo(s) =14, for all s € [6’ 6>

implies that

2
3 (3 3/1
—2/0 0% 7 (5)() AH(ds) = —2<6(—20 — 10+ 12+ 14)1Q> =1g

is the only element in E 6‘2.2()?). To sum up, X is accepted at time t = 1, yet rejected
at date 0.

1413
For every ¢t € {0,...,T — 1} we let 1, € (0, 1) and shorten r = (rg,...,r7—1). Consider
the one-step transitions

X) := inf Ep[X F
bre41(X) $s5 it ol X | Fi

for all X € L*(Fi41). Then, for all ¢t € {0,...,T — 1}, —¢s 441 is a conditional ex-
pected shortfall ES;; . ., on L°(Fii1) at level r. As in (5.2.2) the one-step transitions
(At,t+1)teq0,...,7—1y induce a time-consistent dynamic coherent utility functional (¢ 7)ser-

Lemma 6.2.7 In the above notation we have

- ]
hir(X) = essinfBq | X +3 o] 1,(Q) | 7 (6.2.15)
L 1
- -
= essinfEg | X Yo 6.2.16
ess.inf Eq +;w]1,J(Q>!ft (6.2.16)

T

= E5t®t+1~~®T_1ST_1 X + Z ‘P}b_l,j(st Q41 Q71 ST—l) ’ Fil, a.s. P,
j=t

(6.2.17)

for all t € {0,...,T — 1} and for all X € L>®(Fr), where the probability measures Sy,
t€{0,...,T — 1}, are given by the densities Ix, r,(r¢) of definition 4.4.5 and

Xt = wt-‘rl,T(X) fOT t e {O, .. .,T — 1}

Proof. (6.2.15) and (6.2.16) are immediate consequences of theorem 5.3.5 and its corollary
5.3.6. (6.2.17) follows from theorem 5.4.3 together with theorem 4.4.10. O
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Theorem 6.2.8 In the notation of the above lemma 6.2.7 we have for allt € {0,...,T—1}
and for all X € L*°(Fr),

T
Est®t+1"'®T—1ST—1 X+ Z 90;#_1,]‘(575 Rp41 - Q-1 ST—l) | ft
j=t

= E |:E [IXtLT't (T‘t) | E-ﬁ-l] E [IXt+1|]:t+1 (Tt+1) ‘ ft+2] e

o B Iy iy, (rr-2) | Froa] Iy, rr-) X | Fo
(6.2.18)

= essinfEo|X | F|, as. P 6.2.19
gosinf B |X | 7 (6.2.19)

where

Q(r):={Q eP| Q€ Qs(rs) forall s {t,....,T —1}}
and the Q4(rs), s € {t,..., T —1}, are given as in definition 4.4.7. Note that Q(r) depends
on t.

For the proof of theorem 6.2.8 we will need the following lemma

Lemma 6.2.9 In the notation of the above theorem 6.2.8 we have for allt € {0,...,T—1}
and for all X € L>(Fr)
St ®py1 -+ @71 S7—1 € Q(r). (6.2.20)

Recall that Q(r) depends on t and that the measure St Q411 -+ - @p_1 Sp—_1 depends on X.

Proof. For all of this proof, we fix t € {0,...,7 — 1} and X € L®(Fy). For Q ¢ Q(r)
there exists s € {¢,...,T — 1} such that Q ¢ Qs(rs). We show that for such s there exists
M € Fg with P(A) > 0 such that

P! 111 (Q) = +o0 (6.2.21)

P-almost surely on M.
To this end, let us consider arbitrary Q ¢ Q(r) and s € {t,...,T—1} such that Q ¢ Qs(rs).

We set
_#  on {E[@m] >0}
¢~ { B | 7
1 else
and claim that for ' € (0,7),
s 1 1
Pr(.iez ) =E [1{52%} |fs} <. as P (6.2.22)
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Let us assume that (6.2.22) is wrong. Then there exists A € Fs with P(A) > 0 such that

B[l 15] >

P-almost surely on A. Thus,

Bleleay | 7] 2 E[:/l{£>rll}}“s}

P-almost surely on A. But now we derive

1=FE[|Fs|=FE 61{52%}|]:si|+E|:€1{5<%}|]:5, a.s. P,

> 1, as. Pon A >0, as. P

which is a contradiction and hence, the statement in (6.2.22) is valid. Next, we define for
real constants ¢, k > 0 and for r' € (0,75) the P-almost surely bounded random variable

X .= —c(&N k)l{ﬁzi,}

and derive from the statement in (6.2.22), from that fact that 1 < % and the observation
{Xx© <0} ={¢> 2} that

q;(d‘ﬂ (rs) =0, as.P.

Hence, the statement in (4.4.23) of corollary 4.4.11 yields
~ZE (€)1 | 7] € Bosnr(X)
re {exyp s 88+l ’
where X(©) denotes the equivalence class in L™ (Fi41) induced by X (). Further,
E [—X@ |f] :cE[g(gAkn ) yf] > ° E[(gAk)l | 7| as P
Q s {527} s| = 7“/ {527} s .S. .
Since Q ¢ Qs(rs) there exist v’ € (0,75) and a real constant k such that
1
P <(§ Nk) > r’) > 0. (6.2.23)
From this we derive that
M = {E [(5 AR ez | fs} > o} € F, (6.2.24)
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has positive P-measure since otherwise

0=E[B[€rDleay |1 7] = ElEAne,)
would contradict the statement in (6.2.23). But now we derive that the difference

Elenieay 1 7o (5 -2) € Bol-X | A+ oun(¥)

becomes arbitrarily large P-almost surely on M as ¢ tends to infinity. Hence,

@ﬁsH(Q) = _ess.sup {EQ[—X | Fs] + ¢s,s+1()?)} = +00
X€EL®(Fst1)

P-almost surely on M and the statement in (6.2.21) is obtained.
We conclude as follows: If we assumed that S; ®441 -+ @p_1 Sp—1 ¢ Q(r) then there
would exist s € {t,..., T — 1} and M € F, with P(M) > 0 such that

SDZZ)’S_I,_l(St ®p41 -+ Qp—1 S7—1) = +00
P-almost surely on M. But this would imply
T
> (St @1 @1o1 Sro1) = +00
j=t
P-almost surely on M which in turn would contradict the fact that

T
0o : Y P
L>*(F) > G%Sé%leQ X+ E tSDj—Lj(Q) | Fi
]:

T
= Es-ora5ra | X+ D0 1,8 @1 @r 1 Sra) | Rl as P
=t

where we have in mind the convention in (5.3.7) and where it remains to show that
St ®@py1 - @p_1 Sp—_1(M) > 0. But this follows as

{ElEnmie ) 17 =0}c {W’f”{ .1} =0
1)

except for a P-nullset and hence, by construction of M in (6.2

5 {(g AR ey > 0}

except for a P-nullset, where this time £ is given by

o (e[t 7] o)

we have

dSt @441 ®T 1571

ds S
52 E[ t1®t41" ®T1T1‘

1 else

78



Here is the proof of theorem 6.2.8:

Proof. We first show that 21811571 p_a1p0st surel equals
dP Yy

E [Ix7,(r0) | Fert] B [Ixyy 170 () | Fera] -
oo B I yimpy (rr—2) | Froa] Ing 7y, (rr-1). (6.2.25)

Recall, that by the definition in (5.4.16) dst@t“'é%T‘IST‘l P-almost surely equals

E [IXt+1\]:t+1 (TH—I) ’ ft—f—?] o
E [IXt+1\Ft+1 (Tt—l—l) ’ ft—f—l]

) E [IXT—QU'—T—z(rT—Q) | ]:T—l] IXT—1\]'—T—1(TT—1)
E [IXT72‘-7:T72 (TT*Q) ‘ FT*2] E [IXT—1|~7:T71 (TT*I) | ‘7:T*1]

E [Ix, 7 (re) | Fia1]

By lemma 4.4.6 we have for all s € {t +1,...,T — 1}
E [IX5|.7:5 (TS) ’ ‘7:8] = 1a a.s. P7 (6226)

and hence, the statement in (6.2.25) follows. (6.2.26) also yields

E|:E [Ixt‘}—t(Tt) | Ft-l—l] E [IXt+1|-7:t+1 (Tt+1) ’ ft—i—Z] e
B [IXT—QV:T—? (TT_Q) ‘ fT_l] IXT—l']'—T—l(TT—l) ‘ Fil =1, as. P,

and hence, the identity in (6.2.18) follows if we can show that

T
> ol (S @1 @11 Sr-1) =0, as. P. (6.2.27)

J=t

Since by lemma 6.2.9 S;®¢11---®p_157-1 € Q(r), it suffices to show that for all @ € Q(r)

T
> el (@ =0, as. P. (6.2.28)
j=t

To this end, recall, that for s € {¢,...,T — 1} we have by definition

Phsi1(Q) = _esssup {Eg[—X | Fi| + ¥ sr1(X)}
XEL®(Fst1)
= ess.sup {EQ[—)? | Fs] + <Z>s,s+1()?)}, a.s. P.
XeLo(Fsy1)
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Let us consider s € {t,...,T—1} and Q € Q(r). Then, Q € Q.(rs) and for X € L®(Fqi1)
we have

EQ[_)? | fs] + (ﬁs,s—‘rl()z) = Seesgi(r;f) ES[)? ‘ fs} - EQ[)} ’ fs]
< 0, as. P (6.2.29)
and hence,
Ple1(@) = _esssup {Eg[—X | F| + dooi1(X)}
XEL®(Fst1)

= ess.sup {EQ[—X | Fs] + ess.inf Es[X | .7:5]}
XELOO(]‘—S-&-l) SEQS(""S)

= 0, as. P,

where the last equality follows from (6.2.29) together with the fact that 0 € L>(Fsy1).
Hence, the statement in (6.2.28) is verified and the identity given in (6.2.18) is proved in
turn.
It remains to prove the equality given in (6.2.19). But lemma 6.2.7 states that the essential
infimum

ebee-%leQ X+ ;Soj—Lj(Q) | i

is attained by the measure Sy ®¢41 -+ ®@p—_1 Sr—1 and since Sy @41 -+ @p—1 S7—1 € Q(r),
it suffices to take the essential infimum over all @ in Q(r). Thus, we arrive at

[ T
. > P
e%SeJ??fEQ X + E t ‘Pj_Lj(Q) | Fi
]:

[ T
= ess.infFg | X + v Fi| = ess.infEp | X | F ) 6.2.30
Qed() ]Z?%LJ(Q)‘ | T @edm Q[ | t} (6.2.30)

a.s. P, where the second identity in (6.2.30) follows from the statement in (6.2.28) and
the proof is concluded. O

Definition 6.2.10 For every t € {0,...,T — 1} we take r, € (0,1), shorten r = (ro,
-.sr7—1) and consider the the mappings DES} 1.+ L°(Fr) — L (F),

X — DES;T;T()?) = ess.sup Fg [—)? | ft] )

QReQ(r)
where again we call attention to the fact that Q(r) depends on t. We call
(DES;TW)teT
dynamic expected shortfall at dynamic level r = (ro,...,r7—1), where DES}, ... is as usual

understood as the identity on L>(Fr).
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Chapter 7

Outlook

Coming to the end of this thesis, we see at least two major fields of possible further research
which we outline in the following.

As to the first one, we have to admit that we rather presented results on conditional
and dynamic monetary risk measures for bounded random variables than for bounded
discrete-time processes, although the latter would certainly be richer in mathematical
ideas as well as of more practical concern. When we explicitly constructed the monotone
hull of the Swiss Solvency Test risk measure I', and found it not to be capable of taking
into account the riskiness evolving from inter-temporal cash-flow streams, we attempted
to come forward with an alternative way of quantifying target capital. It was our aim
to construct a time-consistent dynamic monetary risk measure which translates the idea
of expected shortfall, that is "how bad is bad?”, into our dynamic temporal setting. We
presented dynamic expected shortfall as such a risk measure and, indeed, it seems to be
capable of being a possible substitute for I',. However, dynamic expected shortfall is up
to date defined as a functional on the space of bounded random variables, whereas I',
depends on bounded discrete-time processes.

Time-consistency and the equivalent iteration condition given in proposition 5.2.4 have
already been established by Cheridito et al. in the context of dynamic monetary utility
functionals for bounded discrete-time processes, cf. definition 4.2 together with propo-
sition 4.4. in [8]. Theorems 3.16 and 3.18 in [8] generalize the duality result of lemma
5.3.3 by providing representations of dynamic concave and coherent utility functionals for
bounded discrete-time processes that are continuous in a mild sense. Moreover, in [9],
Cheridito and Kupper prove a representation for such utility functionals which is similar
to the representations of theorem 5.3.5 and corollary 5.3.6. This theoretical background
seems encouraging for further research on a construction of a time-consistent dynamic
expected shortfall that depends on bounded discrete-time processes by means of a condi-
tional expected shortfall which, in turn should depend on bounded discrete-time processes
as well.

It seems suggestive to attempt a generalization of the results of chapter 4 yielding a
notion of a conditional expected shortfall for bounded discrete-time processes. Within this
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generalized setting, the probability measures over which the essential supremum is taken
in theorem 4.4.10 are likely to be replaced by adapted increasing processes of integrable
variation as dual representations in the form of theorems 3.16 and 3.18 in [8] are based
on linear functionals induced by such processes. The boundedness conditions of defini-
tion 4.4.7 imposed upon probability densities may in turn by translated into boundedness
conditions for adapted increasing processes of integrable variation. This might yield the
desired notion of conditional expected shortfall for bounded discrete-time processes by
taking essential supremum over adapted increasing processes of integrable variation which
satisfy the boundedness conditions. Moreover, one may even hope to to be able to provide
a result similar to the one of theorem 4.4.10 as one might be able to construct an adapted
increasing process of integrable variation for which the essential supremum is attained.
As soon as conditional expected shortfall for bounded discrete-time processes is well un-
derstood, one may define dynamic expected shortfall for bounded discrete-time processes
again by backwards induction. We shall then be able to generalize the results of chapter
6 as well.

Above, we briefly outlined how we believe that further research is likely to blossom
into a notion of dynamic expected shortfall for bounded discrete-time processes which
may serve as a possible substitute for the Swiss Solvency Test risk measure I',. However,
such a dynamic risk measure will be of practitioners concern only if it admits reasonable
interpretations as well as efficient computation algorithms. Characterizations and repre-
sentation theorems may contribute to this and we therefore present the following as our
second proposed field of further research.

Recall the representations

w— VaR,, (Px 7 w,.)) € VaRyry, (]SXIJ-}) forallt € T

and
w— ES,, (Pxr,(w,.)) € ESyry(Pxjz) forallteT

in terms of the static risk measures VaR,, and ES,, which were derived in subsections 4.4.1
and 4.4.2. In a slightly different context, Weber proves such a representation for general
distribution invariant dynamic risk measures in terms of static risk measures in his recent
paper [23]. Moreover, if the distribution invariant dynamic risk measure satisfies certain
dynamic consistency properties, then the representing static risk measures are independent
from date t € T. We suspect that such a representation is valid in our context as well,
however we propose a different approach to the task of a proof. By means of conditional
quantiles we believe that we are able to generalize the static case representation results for
distribution invariant convex risk measures that are continuous in a mild sense, as they
are presented by Follmer and Schied in section 4.5 of [17]. In particular, this would yield
a characterization of the represented distribution invariant dynamic risk measure in terms
of conditional expected shortfall. More precisely, the conjecture is a representation of the
form

W sup (/ ESs(Pxr,(w,.)) p(ds) — ﬁt(,u)> € ptﬂT(ﬁX‘ft) forallt e T
neM1(0,1) (0,1)
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for an arbitrary distribution invariant dynamic convex risk measure (p;,7)ieT that is con-
tinuous in a mild sense in terms of suitable penalty functions 3, t € T, where M;(0,1)
denotes the space of all probability measures on (0,1). It stands to reason that time-
consistency of the distribution invariant dynamic convex risk measure has strong conse-
quences on the representing static risk measures

sup < ESq(.) u(ds) — ,Bt(u)> , teT.
(0,1)

neEM1(0,1)

However, since Weber is working with different dynamic consistency properties than we
are, it is not clear whether the representing static risk measures will be independent from
t € T if the represented dynamic convex risk measure is time-consistent. Still, one may
hope for a strong representation result for distribution invariant dynamic convex risk
measures that are continuous in a mild sense.

And then, when such representations are established for bounded random variables,
it seems positively challenging to explore corresponding results in the context of dynamic
monetary utility functionals for bounded discrete-time processes.
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